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under certain condition ind captil ‘ cfion 1 inaflected b ire change 


R.. ENT demarm man “aring applications, par- ng, for the three most popular types of restriction, 1.e., capillary 


military, have ised consice le interest in hydro- orifice, and constant-flow control he bearing is treated as 
Phis typ ‘ , offers advantages in sucl , of t whole system, which includes a constant pressure 
generators, gyroscop« ipply, restrictor, and the bearing itself. This is obviously neces- 


the following d sary in any design analysis, since the tvpe of restriction direct] 
5) high load capacity influences the bearing characteristics 
rd 1) de sign flexi The 


ilts are presented in the form of design equations for 
flow, load capacity, and stiffness, for each type of restriction 


in variou Phe stiffness equation is of importance in calculations of the sys- 
ep bearing tem resonant frequency It also predicts the optimum filn 
electric analog f | : 

ctric analog field thickness for operation of the bearing at its maximum stiffness 
ferent thrust- 


which is particularly useful in the design of bearings which may 


inalytically ’ 
. il »)a range ol oads 

: a 
. Che results of experimental measurements on two test bearings 
eri ne of the ste p type ind one of the annular type are compared 
presented to the analysis, for all types of restriction. Details of the bearings 
resented 


1] ind of the experimental work are given in the Appendix 
capiliiar;r 


design equa 
re given “" Thrust-Bearing Configurations 


xperiments Two circular thrust-bearing configurations are considered. The 
innular bear first is the familiar step bearing Fig. l(a The second, which we 
ill an annular bearing, Fig. 1(6), is similar to the first and is a 


end of paper 


i presented at th common design for hydrostatic thrust bearings. It has a central 
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wd.‘ , = bearing pocket inner radius, in 
, in®/lb-se . 
128ul , oo bearing inner radius, in 
8(20)'/*C nde? 4 total bearing load, lt 
rifice-discharge cve le 3 a nde? ib ) ig le ) 
2Kiv/p 
tp K2, in.-* = lubricant viscosity, lb se« aq in 


in." = lubricant density, Ib/cu in 
diameter, in 


veceleration due to gray length, in 


lubricant-film thickness = number of pressurized pockets Subscripts 
’ , pressure, psi 


In (R,/R:) * In(RdR. pocket pressure, psi > = capillary 


R,? — R;? R; — R¢ 


flow, cu in/sec = constant flow 
= he bearing outer radius, in orifice 


In( R,/Re In(Rs/R, » = bearing pocket outer radius, in supply 
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(b) Annular bearing 


Fig. 1 Hydrostatic thrust bearings 


General Equations of Flow and Load Capacity 


Assumptions. In these and all subsequent equations, the follow- 


ing assumptions were made: 
| The fluid is incompressible. 
) Flow through the film thickness is laminar 
3 The bearing load resultant force is coincident with the bear- 
ing center line. 
t Bending deflections of the bearing and runner are ignored. 
5 The runner and bearing surfaces are parallel. 
Thus the 
analyses apply only at low speeds of rotation, where the ‘‘vis- 
cosity wedge’’ and “density wedge’’ do not contribute significant 
pressure generation. 


6 Hydrodynamic pressure generation is neglected. 


7 The pressure over the radial lands of an annular bearing is 
issumed to be pocket pressure, up to their junction with the 
inner and outer circumferential lands. Later, this assumption is 
found not to introduce serious error for a four-pocket annular 
bearing in which the width of the radial lands totaled 12.5 per 
cent of the pitch-circle circumference. For bearings with very 
wide radial lands separating the pockets, a more exact analysis is 
required. Fig. 2 shows electric analog plots of the pressure dis- 
tribution for several configurations. These plots, and several 
others, were obtained in the design of a radar antenna thrust 
44 in. IDand 52in. OD. It will be noted that the in- 
dividual pt xckets must be quite widely separated before apprecla- 
ble pressure is lost between them. 


bearing of 


8 There is one resistor per pocket. 


Annular Bearing Equations. 
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Derivations of flow and load equa- 
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tions for this type of bearing were conducted in a manner analo- 
gous to the well-known derivations for the step bearing [1] equa- 
tions; these equations are independent of the method of restric- 


tion 
oh l 1 ph? 
Q om = ( 4 = ( } 
Ou In (Ri, Re) In ( R; R, Ou 


TPo R,? —_ R? mu R;? _ R? 
In (R3/R, 


2 Lin(R,/R2 
In comparing these equations to the flow and load equations for 
the step bearing [1, 4, 5], it is seen that the step bearing is 
actually a special case of the annular bearing 


W = 


The geometrical 
constant K, and K: are evaluated for the step bearing by simply 
omitting the R; and R-eterms 
in the step bearing. 


These radii of course do not exist 


Equation (2) is compared to experiment in Fig. 3, for both 


step bearing and an annular bearing. Agreement between theory 


and experiment is seen to be good. 


Derivation of Flow, Load, and Stiffmess Equations for 
Capillary-Compensated Bearing 


Because of continuity, we may equate the bearing flow to the 
sum of the restrictor flows. Solving for bearing pocket pressure 
we obtain equations of flow as a function of load, and load as a 


function of film thickness. Differentiating the latter with re- 
spect to film thickness gives the stiffness equation for the system 
A capillary-compensated bearing will be analyzed as an example 
Bearing flow as a function of load is obtained by substitution for 
pocket pressure in the restrictor-flow equatior I 


Table 1. 


quation (3), 


Q = nQ nk,p, — Pp 
From Equation (2 

2W 

1wKs 


Therefore flow in terms of 


bearing of n pockets, is 


load, for 1 


z) 
wKs, 


, r 
Again equating bearing flow to restrictor flow, but 


mipensate d 


Q = nk (». = 


this time 
solving for pocket pressure, gives load as a function of film thick- 
ness 4 


Fig. 2 Typical thrust-bearing pressure profiles; each isobar represents 
10 per cent of pocket pressure; R,; = 26 in., Ry = 22 in. 
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Fig. 3 Pocket pressure versus bearing load 


, THEORETICAL 


EXPERIMENTAL 
ring is theref 


, 


wKs 


wt 


iffness of the bearing the first derivative with respect to 
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These equations together with the c rresponding equations 


for orifice—and constant flow—compensated bearings, are sum- a 
™m arized in lable ] 
The flow Equations ), " re compared to experi- 
mental results in Fig. 4, for i step be iring with the three types of an 1 ‘ i 1 i 
flow compensation being considered. Agreement between theory 7 oo 130 200 250 
| ‘ w*.040(.86S) 
und ¢ xperiment is good for both the « iplilary at d orifices some 
. c) 
deviation for the orifice-compensated bearing is seen at maximum me.4 $ > ee 
, : ig. tep bearin | 
load, but this is attributed to experimental error No theoretica ° P 9g w versus load 
(a) Capillary restriction, P, = 105 psig 
; (b) Orifice restriction, P, = 105 psig 
(c) Constant flow valve restriction, P, = 184 psig 


curve is shown for the constant w restriction, since flow can be 


ny value 

The load-capacity equation for capillary compensation, Equa- 
tion (5), is compared to experimental results in Figs. 5(a) and (b ment between the runner and the bearing pockets. Equation (9 
Fig. 5(a) is the performance of an annular bearing and Fig. 5(b shows that orifice compensation is dependent on both viscosit) 
is the same for a smaller step bearing. Deviation between theory and density of the 
and experiment in Fig. 5(a) is negligible. In 5(6), for the smaller coeft 


fficient, which is of course only true above a certain Reynolds 
bearing, agreement is not so good, but is still satisfactory. Note number determined by the type of orifice used 


in Equation (5) that load capacity of a capillary-compensated In Fig. i(d 
bearing is independent of viscosity. Although viscosity appears 
in the equatior it is canceled when multiplied by K;, which con- 


tains the reciprocal of viscosity 


lubric ant It ilso assumes a constant onfice 


, test results for a step bearing with constant flow are 
ompared to the load capacity predicted by Equation (13 The 
theoretical curve increases without limit, since Equation (13 
shows load capacity to be independent of supply pressure Prac- 


Performance of an orifice-compensated step bearing is com- _ tically, of course, some maximum supply pressure will be set for 


pared to that predicted by ] juation (9), In Fig. 5(c Deviation the svstem. and when pocket pressure reac hes this valu 


between theory and experiment is similar in both character and line losses), the bearing is operating at its maximum load capacity 


magnitude to that seen previously in Fig. 5(6), for the capillary- The value of this maximum load may be calculated from the 
restricted bearing This leads to the conclusion that the experi- 


minus 


general load-capacity equation, Equation (2 
ment contained some imperfections not connected with the It may be noted that the theoretical curves in Figs. 5(a) and (d 
method of restriction. The most probable imperfections of this do not extend to zero film thickness, giving the impression that 
type are bending deflections of the bearing parts and misalign- 


they have a different character from the S-shape of Figs ii b) and 
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Fig. 5 Tlrust-bearing load capacity 
(a) Annular-capillary restriction, P, = 160 psig 
(b) Step-capillary resiriction, P, = 61 and 105 psig 
(c) Step-orifice restriction, P, = 105 and 140 psig 
(d) Step-constant flow restriction, P. = 184 psig, Q = 0.126 gpm 
They of course do have the S-shape but are not drawn be- 
ond the range of the experimental data, to save space 
Some load tests also were conducted on the step bearing with 
hee Lhe 


was that the flow versus load relation was almost periectly linear 


valves as restrictors. The somewhat surprising result 
giving the bearing the characteristics of capillary restriction in- 
stead of the ¢ xpected orifice-restricted behavic: Since there is no 
general flow equation for valves, analytical expression for flow 
ind load « apacity were not derived 

and (14 


step bearing tested in this investigation 


Stiffness Equations (6), (10), were evaluated for the 


The results are shown 


> 


It was stated in [2] that a bearing supplied with con- 


in Fig. 6 


t flow is stiffer than other types. Our analysis for this bear- 
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ing shows, Fig. 6, that the ranking of the restrictors with respect 
to stiffness is not absolute, but depends upon the film thickness 
restrictor achieves 


The constant-flow a much higher value of 


stiffness than the other two restrictions, which are similar to on 


another in magnitude. The sharp cutoff on the constant-flow 
stiffness curve, at which film thickness and stiffness go to zero, is 
This 


characteristic obviously will be undesirable in many applications 


due to attainment of the maximum supply pressure 


and may offset the advantage of high stiffness 


Conclusions 


1 Cireular step, or annular-bearing systems using orifice, 
capillary, or constant-flow restriction, can be designed by equa 
tions given in Table 1. Good experimental verification was ob 
tained for these equations 

2 Each type of restriction imparts its own characteristics o1 
the bearing flow, load capacity, and stiffness, thus requiring cor 
sideration of the bearing system as a whole in any 


desig inaly Sis 


3 Capillary-compensated bearing systems are not affected b 
viscosity changes 
4 Constant-flow bearings will, in general, be stiffer than orifices 


or capillary-restricted bearings. The range of operation of the 


particular bearing design will determine the rank of the methods 
of restriction in regard to stiffness, Fig. 6 
5 Load capacity and stiffness of a constant-flow-restrict 
bearing are independent of supply pressure, but are limited by it 
maximum value 
6 Needle-valve restriction was found ¢ xperimentally to re 


semble capillary restriction closely. It was definitely dissimil 


to orifice restriction. 
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APPENDIX 
Test Description 


Two different thrust bearings were tested, and gave all the 
experimental results previously compared to theory. 

One bearing was the step bearing in Fig. 7(a). This was ac- 
tually three individual step bearings, each with R, = 0.625 in. and 
R, = 0.375 in. The bearing was purposely made this small to 
enable dead-weight loading up to its maximum load capacity 
over a range of supply pressures. The restrictor for each pocket 
was mounted externally to facilitate changing. 

Orifices used with this bearing were standard VDI type, 0.040 
in. diameter. Capillaries were made from commercial drawn 
copper tubing, 0.129 in. ID, and 60 in. long. Twenty-inch lengths 
also were tested, and gave results verifying the analysis, but are 
not reported on here for the sake of brevity. Constant-flow tests 
were conducted using commercial flow regulators, such as the one 
seen with the bearing in Fig. 7(a). These maintained constant 
flow with constant supply pressure and varying downstream 
pressure. 

The other bearing tested was a much larger annular bearing 
with four pockets, Fig. 7(b). Its dimensions were R, = 2.821, R, 
= 2.500, R; = 1.375, and Ry = 1.000 in. Width of the lands be- 
tween the pockets was 0.500 in. This bearing, with its larger 
area, had much more load capacity than the step bearing, as seen 
earlier in Figs. 4(a) and (6). It had built-in capillaries, in the 
form of drilled holes 0.031 in. ID and 0.240 long, one of which 
connected each pocket to a common supply annulus beneath the 
bearing. Because of this design, restriction could not be changed 
easily, and only capillary restriction was tested on this bearing. 

Both bearings were tested with the same shaft and runner as- 
sembly. The shaft was supported by two hydrostatic journal 
bearings in the housing located beneath the test thrust bearing 

Thrust-bearing alignment to the runner was accomplished 
under load by shimming beneath the bearing until the pocket 
pressures were equal. Pressure in the pockets was measured by a 
small drilled hole through the runner 

All tests were conducted with the equipment shown in Fig. 8 
The test bearing was mounted on top of the large structure at 
right. Oil was supplied at constant pressure by a fixed-displace- 
ment pump mounted on the reservoir at right rear, Fig. 8. The 
fluid passed through a filter, flowmeters, the restrictors, then to 
the bearing. It was then scavenged by the other pump at right 
front and returned to the reservoir. Oil temperature was meas- 
ured by a thermocouple installed in a tee in the supply line, and 
maintained within +2 deg F, during the tests. Nominal oil tem- 
perature and viscosity in the tests were 85 F and 42 centipoises 

ep). | +2 deg F corresponds to a viscosity variation of +2 cp, or 
+4.7 per cent of the nominal test viscosity 

Supply pressure was maintained by an internal relief valve ir 
the pump. It was always adjusted to within +2 psi of the de- 
sired value before data were taken, and was measured close to the 
entrance of the restrictors to eliminate the effect of line losses 
The flowmeters used were all calibrated to an estimated accurac) 
of 5 per cent of reading above '/; scale. Calibrations were carried 
out within +3 deg F of the 85 F operating temperature 
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(b) Four pocket annular bearing 


Fig. 7 Test bearings 


Loud was applied by hanging dead weights 


on the shaft. 


accurate to +3 
per cent A hydraulic jack beneath the weights re- 
Measure- 


ment of the amount of remaining load on the bearing was made by 


moved a portion, or all, of the bearing dead-weight load 


in electric strain-gage load cell installed in the shaft 


weights 


ibove the 
This output was either read directly, in flow tests, or 
put on the Y-axis of an X-Y-recorder in load tests, in which load 
versus film thickness was plotted directly on the X-)-recorder 
Film thickness was measured by a capacitance-displacement gage 
mounted above the runner. Output of the gage was amplified 
ind put on the X-axis of the recorder By slowly bleeding pres- 
sure from the jack beneath the weights, load was gradually ap- 
plied to The recorder then plotted film thickness 
Y-axis Y-axis 


the bearing 


against load ( Fig. 9 is an example of the data 
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Fig. 8 General view of thrust-bearing test 
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Fig. 9 Typical X-Y-recorder plot for step bearing with orifice restriction 
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»btained from this system rhis figure is a reduced-size repro- 


duction of a typical set of curves, for an orifice-compensated 


bearing with four different supply pressures. Each trace has two 
or three runs on it, showing the reproducibility of this method of 
data taking 

The capacitance gage was calibrated externally in a precision- 
then Zero film 
thickness was obtained by loading the bearing and shutting off 
After several the oil 


squeezed out from between the bearing lands and runner, and the 


microscope stage, mounted above the runner 


the oil suppl) minutes was virtually 
zero reading was taken 

0.0002 in. is noted at maximum load on the 
This 
is believed to be due to a lack of squareness in the pen movement 
of the X-Y-recorder, 


of the film-thickness measurement Jecause 


An error of about 
lower curve and decreasing amounts on the higher curves 


and is estimated to be the order of accuracy 
of the nonlinearity 
error at larger film thick- 


of the capacitance-gage output, the 


nesses is below the 0.0002-in. value 


DISCUSSION 
Alfred M. Loeb? 


This discusser and Mr. Stanley B conducted 


a similar investigation into the performance of hydrostatic bear- 


Malanoski have 
ings under various methods of compensation. This work, done 
at The Franklin Institute, has 
for the stiffness of a compensated hydrostatic bearing 


vielded the following equations 


ow 
oh 


where 


vs 
P 


Examination of the Elwell-Sternlicht equations shows that they 
may be reduced to this form. From this more simplified repre- 
sentation we conclude that 

1 Ata given film thickness, load and supply pressure similar 
bearings compensated by the three devices investigated may be 
listed in the following order of stiffness: valve, orifice, and 
capillary 

2 Ata 
capillary compensated bearings are as stiff as a valve compensated 
This 
means that at a given film thickness and load it would require 


given value of load and film thickness, orifice and 


bearing only when the supply pressure becomes infinite 


infinite power to enable either capillary or orifice compensated 
bearings to be as stiff as a valve compensated bearing This 
trend is shown in Fig. 10 

It is our opinion that in discussing the relative merits of the 
three types ol compensating elements, with respect to stiffness, 
it is best to select one operating point (constant film thickness 
and load as the basis for comparison Under controlled condi- 
tions vary one of the variables; for example, select a given load, 
film thickness point, and, at fixed supply pressure upstream of the 


compensating element, vary the load About this point it will 


2 Senior and De 


Assoc. Mem 


Research 


Philadelphia, Pa 


Laboratories for 
Institute 


Research Engineer 


velopment, The Frankli: 
ASME. 
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be found that the flow bearing is stiffest. So 


variables are involved in comparing the stiffness of a hydrostatic 


constant many 
bearing under the three methods of compensation that careful 
attention must be paid to insure that the comparison is valid 
Any one of the three bearings may be made stiffer than the others 
by proper adjustment of the compensating elements, supply pres- 
sure, etc., in a specific application 


t 


In discussing the relative merits of the three types of com- 


pensating elements with regard to stiffness, the authors state: 
shows that the ranking of the 


absolute, but depends upon the film thickness.”’ 


restrictor is not 
The authors’ 


own equations indicate that stiffness depends on many other fac- 


“Our analysis 


tors which are not common to all of the compensating element 
stiffness equations; for example, in the case given, flow control 
valve compensated bearings could be made stiffer merely by in- 
creasing the flow; this would move the constant flow curve of 
Fig. 6 above the others even at the impractically high film thick- 
ness range of 0.005 and above 

It would be interesting to know whether the authors investi- 
gated a bearing using the three methods of compensation at a 
load 
Fig. 6 this seems doubtful 

We would like to call th 


it covers the analysis of a four recess radial bearing employing 


given film thickness, und supply pressure. Judging trom 


ittention to the following reference; 


capillary and orifice compensation 

A. A. Raimondi and J. Boyd, “An 
Capillary-Compensated Hydrostatic Journal Bearings,’ Paper 
No. 54—Lub-17, the ASME-ASLE 
October, 1954; also Westinghouse Scientific Paper 60-94451-8-P1; 
13, no. 1, January, 1957 
Aside from ambiguity in the method of comparing the three 


Analysis of Orifice-and- 
presented at Conference 
also Lube Engineering, vol 
types of compensating elements as they relate to the stiffness per- 


feel that this 
a significant contribution to the art of hydrostati 


formance of the hydrostatic bearing, we paper 
represents 
bearing design. 

Malanoski has been sub- 
mitted to ASME for presentation at a future technical meeting 


The work of this discusser and 8. 


It will cover in detail our findings on this matter. 


. 10 Stiffness factor versus pressure ratio 
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Authors’ Closure 


We wish to thank Mr. Loeb for his discussion even though we 
do not fully agree with his comments on our Conclusion 
4. This conclusion was drawn from the numerical results pre- 
sented in Fig. 6, which was calculated for precisely the condi- 
tions suggested by Mr. Loeb. One operating point (W = 162 
lb, h = 0.00381 in.) was chosen as the basis of comparison on a 
particular bearing, and with fixed supply pressure (105 psig), the 
load was varied. The resulting load-film thickness curves for 
the three different restriction methods are shown in Fig. 11. 
Note the inversion of the order of the curves in going through the 
comparison point, and that the bearing has the same ultimate 
load capacity (242 lb) with all methods of restriction. The 
capillary and orifice curves are the same ones previously compared 
to experiment in Figs. 5 (b and c) for P, = 105 psig. Constant 
flow valves of the proper range were unavailable for experimental 
comparison at the crossover of the other two curves. 

The slopes of these curves are, of course, the stiffnesses of the 
bearing, as previously presented in Fig. 6. We have recalculated 
the values of stiffness shown in that figure to a higher accuracy, 
and the results are practically the same as before. 

In Fig. 6, it is seen that only at, or near, the comparison point 
h 0.00381 in.) is the order of stiffness that given in the dis- 
cussion: constant flow valve, orifice, capillary. Variations of 
the film thickness about this point of only minus 0.0005 in. or 
plus 0.0012 in. change the rank of the restrictors. Below 0.0033 
in. and above 0.0053 in., the constant flow bearing is obviously 
not the stiffest—it is the softest. We believe this one example is 
sufficient support for our Conclusion 4. 

Mr. Loeb’s conclusion that constant flow bearings are always 
stiffest was apparently drawn from Fig. 10 in his discussion 
Since both the ordinate and abscissa of this figure are functions 
The 
bearing will, of course, operate on these curves, but the effect of a 
load change on the stiffness is not apparent because of the non- 
linear relations between load, stiffness, and film thickness. 

In the end, any bearing analysis using Mr. Loeb’s technique 
vill result in performance curves such as our load capacity and 
stiffness curves. 


of load, it is not clear just how this conclusion was made. 


For this reason, we prefer the analytical ap- 
proach used in our paper, since this gives the necessary perform- 
ance curves directly, and the effect of a change in any variable 
can be seen immediately. 


Since the initial presentation of this paper, further experimental 
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confirmation has been obtained for the load capacity and flow 
equations of a multi-pocket orifice-compensated bearing. Two 
such bearings, using high pressure oil have been tested up to loads 
of 40 tons each, and the measured film thickness was 5.1 per cent 
lower than the theoretical value at this maximum load. Seven 
of these bearings will support the General Electric nuclear air- 
craft engine during thrust tests, to eliminate friction errors in 
these measurements. 

We are pleased to see Mr. Loeb’s mention of the Raimondi and 
Boyd paper on journal bearings 


This was, of course, not referred 


to in our paper since we restricted ourselves to thrust bearings. 
We consider that this present paper compliments the Raimondi 
and Boyd paper, making complete design equations available 
for both journal and thrust bearings of this type. We also 
wish to add another recent paper to our list of thrust bearing 
This is: T. Sasaki, et al 
Hydrostatic Thrust Bearings,” 


references. “Theoretical Study of 
Bulletin of the Japanese Society 
of Mechanical Engineers, vol. 2, no. 5, 1959 This 
paper extends the derivation of include 
spherical and conical shapes. 


in English). 


basic equations to 
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Precise Measurement of Clothes Insulation 


A. S. IBERALL 


Chief Physicist, Rand Development 
Corporation, Cleveland, Ohio. 


Mem. ASME It ha 


lism) and the potential difference between average 


berature 


ferred to as the comfort mode of operation of the human system 


heen demonstrated that tt ts poss? 
ohmic relation between time-averaged equilibrium 


During Controlled Operation of the Human 


, o 
ble to measure the resistance of clothing,as an 


values of the flux of power 
skin temperature and ambient tem 


metabo 


& 


Specifically, this has been demonstrated on the human in what has been re 


In this mode of opera 


tion, the metabolic level of activity 1s changed by signaling command to attempt to main 


tain a specific control level of the average 
approximately 0.1 deg C 


cent diffe rence in Clothes resistance 


With control attempted to 
heen achieved to resolve I] or 2 pe 


it-output data obtained during 


kin temperature 
sufficient precision has 
The d 


namic ind 


clothes measurements are presented 


Introduction 


a rwo previous papers 2; & the concept w is de- 


veloped that the specific nonlinear nature of human thermoregu- 


lation created the possibility of more than one state for acceptable 


self-operation of the humar In particular, two limiting states 


were pointed out ! survival’’ mode operation in which the 


human being remains xtremity heat exchange fluid is 


reduced 


temperature ind 


quiescent, ¢ 


<tremity temperatures drop essentiall to ambient 


little change oecurs in average metabolism 


h comfort’? mode operation in which the human being is active 


enough to maintain extremit\ 
ind the attendant 


circulation of heat « 


temperatures at comiort operat- 


ing point increase of metabolism, with good 


xchange fluid, provides the increased thermal 
to hold th level It 


out that for ordinary ‘‘comfort clothing’ the 


flux necessar temperature s also pointed 


second operating 


state provides a more plausible condition for clothes 


testing 
interest in military 
The 


iman 


Che first operating state ts of or other applica- 


ditions 


problem 
} 


tions under survival idopted lor in- 


vestigation was how t I wing for clothing tests 


in the comfort mode 


Method for Comfort Testing of Clothes 
In [2 


lothes in the comfort mode might be computed from 


, It Was estal lished provisionally that the conductance ol 


ui 


flux of power avaliable as metabolism iveraged over at 


least a 3 -hour period 


fraction of fiux that does not pass through clothing under 


test. This is taken, approximately, as the loss (very 


nearly constant) passing through the mouth 


iverage skin temperature operated very ne arly at a de- 


' This is the rs that describe 
neasuring clothes insulation 
Numbers in brackets designate References at end of paper 

Contributed by the Instruments & 
sented at the Annual Meeting 
December 4, 1959, of Tue 
l.NGINEERS 

Norte 
understood as individual expressions of their authors and not those of 
the Society. ASMI 
ber 1, 1959 


third of three pape a methodology fo 


Regulators Division and pre- 

Atlantic City, N. J., November 29 
AMERICAN Society OF MECHANICA! 
Statements and opinions advanced in papers are to be 
Manuscript received at 
Paper No. 59-—A-197 


Headquarters, Septem- 
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sired comfort set point, averaged over at least a 3'/:- 
hour period 
This 


some 


onstant effective temperature of environment. 


effective temperature must be standardized in 


fashion (involving constancy of air and wall tempera 


wind velocity, and humidity 


tures 


flux of power done by body in external work averaged 


over at least a 6 -hour pe riod 


average conductance of entire skin covering, including 


the air layers 


conductance ol 
The effe ct of subje« t 
size and the response of incremental portions of individual gar- 


In this characterizatior mlv an aver ig 


entire set of skin covering can be obtained 


ments to establish rules for specific conductivity was not in- 
vestigated 


To simplify the test method. the human svstem w is operated 


under no external work conditions, requiring that any external 
conditions of mechanical re 


Any net work dor e 


loading of the system must satisfy 


versibility, i.e., frictionless pulleys, and so on 
It is hy pot he sized that such work 


all into heat through the 


would thus have to be internal 
1s degrade d during the Irn ch anical © cle 
muscle mechanism 

For such operation, conductance becomes 


Mil —f) 
T 
body so that heat 


The 


system model that had been suggested, namely, that heat ex- 


The first problem was how to exercise the 


exchange would maintain constant extremity temperature 


change response and work response resided in the same site (exer- 


cise a foot to raise foot extremity temperature, and so forth 


proved to be wrong Attempting to raise the temperature of any 
specific region of the body without affecting others proved im- 
possible. Experiments suggested that there must be a tremen- 
dous amount of cross connection of heat exchangers in the body 
It became clear that ‘“‘control’’ skin temperature of the body is 
This latter con- 


constrictions are 


achieved from activity of the body as a whole 
blood 
clasping objects with the hands, ete 


clusion is not necessarily true if per- 


mitted (sitting on seats, 

The final system used the body in a “‘soft’’ constraint (i.e., no 
guiding restraints for the body periorming a gene ralized “‘walk- 
activity 


man being is best designed for 


ing-dancing’’ A reasonable supposition is that the hu- 


walking exercises, deriving hee t 


from the leg muscles. In any case, this was the only meurs | 
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which good control could be achieved without tiring the subject 
excessively. Thus it is quite probable that a treadmill with 
variable speed is the best drive fora human. This conclusion was 
not reached early enough in the program. 


Instead a series of 
dance records of varying tempo was used as input signals to vary 


the metabolic output. While erratic, rough step functions, pulses, 
wiggles, and sinusoidal changes in metabolism could be obtained. 

These experiments suggested the following somewhat more 
refined model of how thermoregulation is achieved in the human: 
There exists a cyclic chemical-engine sheath, the muscle system, 
that provides a constantly regulating flux of heat to fluid-ex- 
change conduits. A second sheath of valves, which may or may 
not be distinct from the first sheath, controls the amount of con- 
striction of the heat-exchange fluid conduits. The net effect of 
control of the velocity field and the heat input into the fluid de- 
termines contours of temperature throughout the body. Such 
contours of constant temperature are illustrated schematically 
(not quantitatively) in Fig. 1. It is obvious that there is little 
temperature drop in the internal contours, so that the large 
gradients occur presumably outside the muscle sheath. From 
the driving experiments, it seems reasonable that the velocity- 
field components are very nearly a parallel array rather than a 
series array. 

Chus as a first approximation, the heat exchanger may be 
imagined schematically as shown in Fig. 1. An outward and 
inward conduit of relatively large flow capacity and negligible 
gradient carries fluid almost to the outer muscle sheath where heat 
is fed in and the function takes place. 
Branching, very fine conduits then proceed, essentially orthogo- 
Near the 
surface, a heat exchange takes place through a liberal number of 
heat exchangers roughly parallel to the surface. 


control-constriction 
nally to the temperature contours, out to the surface. 


The tempera- 
ture contours appear to have nearly only one degree of freedom; 
namely, there is a one-parameter mapping of contours in which 
the temperature contours swell in and out; i.e., these are harmonic 
functions of the zeroth order. 

The net practical consequence of the latter result is that con- 
trol-point sensing on the body can be achieved by noting the 
difference on two contours of large temperature difference. In 
fact, it seemed that one approximate contour could be defined 
with adequate precision by the average of four extremities, and 
approximately balanced in surface area by the average of four 
stations on the torso. That the single-degree-of-freedom theorem 
is not absolutely true was born out by the fact that occasionally 
when departure from a suitable temperature-control band was 
imminent, there seemed to be a modest temperature oscillation 
between the hands or feet stations. However, when the control 
situation seems good, the hands and feet rise and fall in unison. 

It is obvious that there is no absolufe meaning to assign to the 
temperature of any broad area of the body, or in particular to the 
extremities. Experimentally, this did not seem to pose too great 
a problem on the torso, but it did on the extremities. Since 
clothes structures under test covered regions of the body other 
than the hands and feet (the problem could be more severe if 
one were testing hand or foot clothes structures), it seemed that 
the best procedure was to encase these portions in “‘adiabatic’’ 
enclosures. For test 


purposes, precautions taken were to use 


mittens; choose what might be a representative indicating sta- 
tion on the hands, the palmar surface of the middle finger on the 
third joint nearest the palm; use warm shoes; choose what might 
be representative of the foot above the arch (this station is reasona- 
bly well into the shoe 


covering 


and to use a light kerchief as a head 
To balance these extremity stations from a crude area 
point of view, four stations were chosen on the torso; one on the 
pectoral, one below the navel, one on the shoulder blade, and one 
it a point above the buttock 

Whereas at 


first, attempt atc mtrol was based on efforts to 
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. 1 Schematic model of temperature contours and parallel heat ex- 
ger in the h 





control each station individually to the same preassigned tem- 


perature by specific exercise with erratic results; when generalized 


exercise Was attempted, the response ol these stations settled 


down into much gentler variations nearly in the control region 
desired 

Having dropped an exact idea of what control function to use 
(since only mean temperature response to the metabolism pro- 
duced during a general activity level had been adopted for out- 
put-input parameters 
feet, 


, control consisted of simply noting hands, 


torso, and mean temperatures and schedule 


modest rate changes in metabolism so as to prevent rapid rate 


trying to 


changes in the relative positions of these four temperatures 


When it was realized that there appeared to be a considerable 
amount of correlated rise and fall in the hands and feet stations, 
with respect to the relatively constant average torso tempera- 
ture, the idea of a single-parameter family of temperature con- 
tours first became plausible, so that one could lump the hands and 
feet stations into a single extremity-station indication (modestly 
increasing the statistical reliability) and use the difference be- 
tween the extremities and torso as a set-point control indicator 


When it became clear that this set-point indicator could be 
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either negative or positive without requiring any appreciable 


metabolic distortion for either difference (i.e., set-point errors 


were as many times “‘sinusoidally’’ positive or negative), when 


control within appropriate limits seemed to have been achieved, 


this appeared to be reasonable proof that the heat-exchanger 


connections were parallel istifying the picture of temperature 


contours 


\ remaining uncertainty was whether there was a specific set- 


point level that one should attempt to control 4 series of ex- 


periments showed comparably equal linearity in response in a 


modestiy wide range around zero (i. 


extremities and torso 


equal te mperatures of 


Since it was realized that no absoluté 


meaning could be assigned to “extremity” or ‘‘torso’’ tempera- 


ture since it could var with specihe station location the set 


point was used only as a rough guide for control. In other words 


ill over the in the control band 


which the 


a “unllorm' temperature bod 
WSs 48 ZOOd 


by lLtol 


It was ultimately ( t valuatior 


8a temperature 


extremities might differ 
deg C from the torso 

ol good con- 
trol should depend on having 


narrow response in average 


skin temperature Since it becam lear that actually the torso 


in control, the 
-half 


unison 


temperature remaimed 1 mably constant whet 


extremity-torso diflerence iT the the ex 
Thus in 


used as a 


iverage one 
tremity-torso sum 


essentially rose ind teil m 


principle the extremity-torso difference was final 


slightly more sensitive rate-of-change indicator, and driving ther 


done only to a relative! x level of average skin temperature 


temperature control may be 


ra Williams 


mtrol 


The rationale for ski considered 


ind Horton [3 


existed 


Lo i 


based on the wor i She 


though the probability was 


rational, sell-consist« that 


derived during this u tigatior 1 best point of view one 


might take is that the work porte ere is vahdation from a 
physical point of view of the real significance of their data 


In the refe renced arti le 3 I able Zand i g 5 show the Varia- 
tion of selected skin temperature stations as a function of 


The 


were taken over a 


ambient 


temperature tor four quiescent subjects major significance 


of these data ts that the 4 to 6-hour observa- 


tion period ité 


it each 
perhaps a m 


ich ambient temperature; that the average rang: 


1 deg C, with 


that these data thus 


imbient temperature was relatively small 


ixiImum range of 2 deg © 


probably indicate the existence of an equilibrium state at each 
that the equi 
skin 


saturatior 


temperature with a small 


limit evcle of oscillation 


librium state at all itions indicates saturation of 


that 


occurs at specific ambient temperatures which perhaps depends 


tem- 
perature in the vicinity of 35 to 36 deg ¢ 
and skin station; that, for 


skin 
ce g ( 


on the localized environment (clothes 


lower ambient temperatures, the temperature diminishes 


rather rapidly (over perhaps a 7 range of ambient tem- 


perature) to ambient temperature. To avoid any inconsistency 


ting these 
that the 


in interpre conclusions in any quantitative sense, it is 


lefinit ambient temperature at which a particular skin 
station reaches ambient temperature is quite definitely different 


for each skin station, in equilibrium states 


How are these data to be interpreted? It is obvious that the 
taken her “equilibrium” data of 
the survival mode of operation; that one may postulate that these 
that this 
that 
or at least the knee of the curve in 
that the 
saturation range of 35 to 36 deg must be regarded as the evapora- 


point of view is that these are 


data show the range of operation of 


us the 


vasoconstriction ; 
range is to be re garded null-sensing control range, 


this range may be regarded 


which skin temperature rapidly diminished) as linear; 
tive control range, and the range below as survival mode opera- 
the 
While it is not the present domain of this 


tion (i.e., at constant power, ‘effective’ area available to 
heat exchange varies). 
paper, it is of interest to speculate that saturation may very well 


involve free liquid surfaces being available near enough to the skit 
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In that 
vasoconstriction presumably cuts down the heat-exchanger fluid 


surface to permit reasonably good evaporation case 
essentially to zero (the extremities drop to skin temperatures 
indistinguishable from ambient temperature). 

The best choice for the 
ture’’ for the comfort mode seemed to be 33.3 to 33.5 C (approxi- 


best average control skin tempera 
mately 92 F Experimental work, when the control techniques 
were achieved, seemed to imply that the “control band’”’ all over 
the skin might be as wide as 30 to 36 C. The best experimenta! 
interpretation that seems possible for this n imerical range is that 
in any test over a 5-hou. period, linearity in assessing conduc- 
tance could be assumed if no single skin temperature station fell 
36 C and 


outside of this range (i.e., one would saturate at 35 to 


lose control’ below 30 C In order to achieve this, it seemed 
necessary to attempt to hold an average skin temperature in a 
narrow +'/, deg C band, or weaker in a +'/, deg C band; and 
certainly one might expect trouble with a band as wide as +1! 
deg ( 


In rough summatr 


Fig. 2 represents schematically the system 
characteristics in the survival mode and comfort mode of opera- 


These 


steady-state limits of specific dynamic behavior 


tion for the vasomotor and “‘metabolic’’ contro] range. 


represent the 
of the It is obvious that these data are not meant to cast 


How- 


humar 


light on the evaporative control region of the human. 


ever, a few comments are in orde! 
As a good first approximation, it would appear that the 35 ¢ 
limit is rather ar 


his 


weight loss 


ibsolute limit for the beginning of evaporation 


was found as follows: It was found that the amount ol 


assessed as could be accounted for almost 


momture 


completely by the weight of water required to saturate the 


breath. Even in a few poor experiments, in which the subject 


vas driven to 35 C saturation In re gions in order to try to hold 


control temperature and although the subject complained of 


marked perspiration, the water loss from the skin was negligible 


This was interpreted that a stagnant, 5 to 20 grams of water 


could cover the skin or part of it, and, with a clothing covering 
that prevented good evaporation, give the impression of tremen- 
dous perspiration while still involving only minor heat losses from 
Thus as rough heat 


evaporation but practical conclusion 





SKIN TEMPERATURE SATURATION 


THROUGH EVAPORATION 


ISTIC SKIN 


— *C 


SKIN TEMPERATURE 








15 > + + > + ~~ + + - 
15 17 19 2) 27:20. 2.33 Be dt 





23 25 
AMBIENT TEMPERATURE —— °C 


Fig. 2 Operating steady-state characteristics of skin temperature for a 
particular skin station and a particular clothes load on a human—idealized 
model 
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transter from 
negligible. 


Description of a Clothing Test Program 


These ideas of evaluating clothes conductances were developed 


water loss in the comfort mode of operation is 


and modified in an extensive series of tests. Some selected data 
will be described to indicate the precision achieved, 

For this sequence of test, the following general data are per- 
tinent: Two subjects were used; one a male subject about 25 
years old, 6 feet 1 inch tall, large framed, weighing about 200 
pounds nude and the other a female subject about 37 years old, 
5 feet 2 inches tall, somewhat stocky, and weighing about 155 
pounds nude. 

The clothes tested consisted of the following: 

For the male, base clothes consisted of a light pair of cotton 
shorts; a light, short-sleeved cotton undershirt; light cotton socks; 
normal weight shoes; a pair of medium to heavy wool pants; 
a long-sleeved tee shirt; heavy cotton mittens; and a thin 
scarf uséd, peasant style, as a head covering. 

The female base clothes consisted of a fabric-lined Playtex 
panty girdle, a cotton brassiere, a tailored nvlon slip, nylon stock- 
ings, » medium-weight rayon dress (half buttoning down the 
front), medium-lined leather mittens, cotton socks, a lined half 
boot, and a thin head searf. The purpos* of the tests was con- 
sidered to be a determination of the differential change of con- 
ductance caused by incremental changes of such ‘clothing as 
jackets, coats, and a variety of clothing linings. 

Without attempting to editorialize, it is a technical judgment 
that there is no validity at this time to attempt any absolute, 
The 


only significance is the different change in conductance due to a 


precise characteristics of these or any other set of clothes. 


differential change in clothes, at some approximate level of total 
clothes structure. Thus in the tests, scrupulous attention was 
paid to reproducing the same base clothes structure and the same 
situation at all times. These tests, furthermore, may be regarded 
as tests on clothes structures for normal spring-fall wear in tem- 
perate climates. 

{ considerable numer of precautions were taken to insure a test 
room area of highly uniform temperature, low humidity, low 
wind velocity. The test objective sought was to attempt to hold 
room temperature constant at a preselected level to +0.1 deg C 
for a test period of five hours. 

The skin-temperature thermocouples consisted of a parallel 
irray of No. 30 thermocouple wires brought up to the subject in 
plastie tubing through a hole in the room wall. This system of 
eight thermocouples was arranged in a parallel array in which 
each thermocouple had an independent single pole, single throw 
switch. By closing these eight switches in desired arrangements, 
the desired “average”’ of any set of eight thermocouples could be 
achieved. Actually, because of the thermocouple resistance, such 
a network does not exactly average unless each of the thermo- 
couples is at the same temperature. However, for the resistance 
differences that actually obtained, and the temperature extremes, 
it was estimated both theoretically and experimentally that errors 
less than '/. per cent were introduced. 

iifforts to calibrate both the room temperature thermometer 
und thermocouple, and the skin thermocouples led to the conclu- 
sion that the absolute temperature determination could not be 
guaranteed to better than +0.25 deg C but that the differential 
reliability (room temperature in the 10 to 15 C range, skin tem- 
perature in the 30 to 35 C range) was as good as +0.1 deg C. 

The metabolism measuring system—actually the air consump- 
tion system-—consisted of a standard nominal 1.550 ecubie foot 
internal volume commercial air cylinder, a precision 0 to 3000 
psi pressure gage, a demand regulator, and a standard A-20 Air 
Force mask. Consumption from the tank could be determined 
from the decay of 


pressure indicated on the gage. The same 
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cylinder was used all the time and recharged each morning to the 
same value of pressure. The pressure gage used was a 6-in., 0 to 
3000 psi Heise gage calibrated in 5-psi intervals. A reading 
It is known that this gag 
has sensitivities of this order and accuracies of the order of 0.1 pet 


cent of full seale. 


sensitivity of 1 psi was achieved. 


The tank and demand regulator were mounted 
outside of the test room with about a 4-ft hose running through 
the wall to the subject. The air supply was thus at an essential! 
constant temperature, not at test temperature 

In making tests with a wind on the subject, a series of small 
blowers was used to produce 


an approximately wind 


pattern that was directed on the subject 


square 
The blowers had been 
adjusted to give a reasonably uniform feeling of immersion in 
wind over the torso section. The subject was instructed to sta) 
as carefully He was far 
enough away from the walls to avoid stagnation pressure against 
the walls. 


as possible within the wind region 


From smoke estimates, the free-wind velocity was 
estimated to be in the 8-10 mph range. While not an experiment 
of absolute accuracy (this would require full-scale wind tunnel! 
experiments), it is believed that the experimental situation was 
sufficiently reproducible among the experiments 

The actual test technique thus consisted of starting up the tem 
perature control equipment each morning at 
temperature reached the vicinity of the desired 
ture (in the range 10-15 C) in perhaps '/, hour 
a.m., the subject dressed in the desired set of 


8:00 am. The 
rontrol tempera 

At about 9:00 
clothes, and the 
thermocouples were mounted on him just outside the test cham 
ber. This required leaving the door open a crack and losing some 
temperature control. 

The subject then went into the test chamber; the mask was 
mounted on his face; the door was closed; and the experiment 
was begun. An approximate estimate was made of the probabl 
consumption level that would pertain to the particular experi 
ment. Obviously, during the early experiments, this estimate was 
not at all as reliable as later when a fair amount of experienc: 
This estimate, however, led to an initial 
The 
general instructions to the subject were to follow the rhythm and 
walk-dance (using the arms modestly) in accordance with the 
rhythm and tempo. 


had been obtained. 
choice of musical record tempo that appeared appropriate. 


This worked eminently well with the male 
subject, and ten tempos selected resulted in roughly reproducible 
15 per cent step changes in metabolism (the absolute accuracy ol 
this is not to be taken too literally). 

The female subject responded with much less precision. Step 
changes in records occurred with a frequency of one step per 100 
seconds to one step per 1000 seconds, centering close to one step 
per 200 seconds. 


Although in time of crisis, an entire “sinusoidal 


scan of ten tempos might be made in 1000 seconds; when good 
control was held, occasional changes of just +1 record step would 
be made for the full 5-hour period. It was clear that the ‘“success’’ 
of the experimental control depended on the experience of the 
driver. 

Whereas before the concept of null temperature control had 
been developed the subject “knew” his comfort better than the 
instruments, this dropped out by such control. However, the 
initial attempts at tempo-activity driving of the subject left him 
in some control of anticipating consumption rate changes. It 
wasn’t until enough confidence had been achieved in making 
ruthless and positive adjustments in tempo rate that the subject 
lost control of a feel for the situation. 

The first useful control technique consisted of using a series o/ 
nested scanning sweeps of air consumption rate It 
sumed initially that the 


was as 


desired rate was unknown tapid 


changes of record tempos were made around a broadly estimated 
Then a third 
By this means, it was at- 


level to attempt to determine a second better level 
scan was made around the estimate. 
tempted to arrive at a series of nested interval estimates of con 
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sumption rate.) The only defect in this method was the pre- ferences might be indifferently negative or positive when average 
cision achievable in five hours; namely, if a 3-hour dynamic cycle skin temperature was operated at the 33.5 C level, this seemed to 
existed, only 1.7 cycles were available. This produced ac- be appropriate. The best rule that seemed to have been pre- 
curacies of a few per cent in estimated clothes conductance. A __ liminarily justified is to keep all portions of the skin in the 30 to 
Inter method used was to best estimate the air consumption rate 36 C range. 
in advance and scan over a very narrow region. When performed One series of experiments on the female subject using open 
well, this resulted in accuracies of perhaps 1 per cent. In any shoes proved somewhat disastrous. The lack of insulation in the 
case, it was clear too late that a continuously adjustable tread- shoe permitted such relatively low foot temperature (28 C) that 
mill drive would probably have been preferable. To make this other temperatures had to be run too high to average (i.e., well 
eminently useful would have required also a continuous air con- against the 35 to 36 C saturation level). This led to gross errors 
sumption rate meter to use for control purposes as large as 10 or 15 percent. These experiments seemed to indi- 
in any case, for five hours, the subject was driven by record cate most dramatically that the 30 to 35 or 36 C operating range 
tempos to hold the average temperature as constant as possible. was most appropriats 
Secondary consideration was given to the torso-extremity dif- 
erences. As discussed previously, the initial problem was to de- 


termine the approximate control region over which linearity of Reduction of Experimental Data 


response existed. Since it was found that the torso-extremity dif- Data on two selected experiments are shown in Fig. 3. These 
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Fig. 3 Example of the experimental data obtained in clothing experiments 
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experiments were typical of the results when a good control situa- 
tion was achieved. The effect of learning to operate between the 
earlier and later experiments is quite apparent. 

Salient mean data from one of these two experiments are pre- 
sented in Table 1. The quality of the experiments is character- 
ized by estimates of the reliability of the measured quantities, 
extremes noted during the test period, and a verbal statement of 
the quality of the control situation. 


Table 1 Typical conductance date obtained on clothes structure 


Experiment 30—male subject 


Base clothes, light coat with wool interlining and regular lining 
exposed to moderate wind 8-10 mph. 

Subject weight, 196.3 lb nude, 8.8 lb clothes, 205.1 lb dressed. 
Loss in 14,100 seconds, 0.45 lb. 

toom temperature 15.0 + 0.06 C (good) 

Max. deviation +0.25, —0.25 C) 

Mean skin temperature 33.7 + 0.1 C (good) 

Max. 36.2 C hands, min. 32.2 C torso) 

Air consumption 5.31 + 0.01 psi/min (quite good) 

Max. 7.2, min. 3.2 psi/min) 

5.31 
33.7 — 15.0 
Reasonably well-controlled experiment; consump- 
tion rate range somewhat high; hand temperature 
was operated somewhat high, but no subjective 
feeling of perspiration. Results very probably relia- 
ble to +1 per cent. 


Relative conductance = = 


= 0.284 psi/min deg C 


(comments: 


Derived results 

telative conductance = 0.284 psi/min deg C 
Absolute conductance = 11.7 keal/hr deg C 
Metabolism = 248 keal/hr 

Moisture loss from lungs (computed) = 0.39 lb 
Potal moisture loss = 0.45 Ib 

Moisture loss from skin = 0.06 lb 

Clo value = 0.935 

Comfort temperature = 26.1 C (79 F) 

Minimum comfort temperature = 11.3 C (52.3 F) 


The mean data obtained from experiments on clothes struc- 


tures are presented in the form of relative conductance. Conduc- 


tance was defined as 


Here, the approximately proportional definition 


Oo 
K, = = : = 
l,- 1, 


is used, where 


G « 
K, = 


volume rate of air consumption 
conductance thus computed 


Actually 


the conductance was defined by 


: (dp/dt) 
K, = ~~ 
73 ee Fe 
dp/dt = rate of pressure decay of a standard (nominally 1.550 
cu ft volume) cylinder 


It is of interpretive use to relate these conductances nominally 
and further to relate these nominally to clo units and to other 
indexes of comfort. 

If the suitable, nominally standard set of numerical parameters 
is assured, then these relations can be derived: 


U= 


f=§ 


46.8 (dp/dt, psi/min) keal/hr 
0.118 
G = 8.5 (dp/dt, psi/min) grams/hr 


G = rate of moisture loss from the lungs 
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Study of the data obtained on moisture loss indicated that the 
moisture loss available at the skin (the assumptions made to 
derive this parameter must be regarded as quite nominal) 
averaged about 0.22 + 0.10 lb for the male subject and 0.7 + 
0.03 lb for the female subject during a 5-hour test period. With 
an approximate latent heat of evaporation of 540 kcal/kgram, the 
loss amounts to about 54 and 17 keal, respectively, for the male 
and female subject over the 5-hour test period 
maximum 


The potential 
from the skin 
a few per cent of the total transfer. 
Thus in the low temperature range, the moisture diffusive loss 
represents a negligible fraction of the heat-transfer burden. Thus 
it is borne out experimentally that copper man tests (involving 
nondiffusive heat exchange ) 


heat loss due 


amounted in rate to only 


to evaporation thus 


are probably quite reliable in the 
comfort region and should lead to results directly comparable 
with those reported here on a ratio basis. The nominal relation 


between absolute conductance AK and relative conductance AK 


can now be obtained: 


psi =) keal/hour 


deg C deg ( 


In Table 1 are given the relative conductance, the nominal ab- 
solute conductance, the nominal metabolism, the nominal amount 
of water that would be lost from the lungs, and the residual loss 
in weight not accounted for (and presumed to have been evapo- 
rated from the skin). 

Since the absolute conductance is still no more useful than the 
relative conductance on a ratio basis, it is of interest to derive 
some further results, in particular to obtain a nominal clo value 
For this purpose, two experiments were performed. In these 
experiments, the two subjects were dressed warmly 
From this, their 
metabolism” (rather air consumption corresponding to nominally 
resting conditions) was determined 
translated into nominal metabolism. 


ind allowed 
to remain quiescent for five hours. ‘basal 
These values may thus be 
These values also will be 
interpreted as that metabolism which lies just at the limit of 
i.e., that level at which no external activity 
is required to maintain comfort. 


vasomotor control; 
At this point the comfort mode 
and survival mode of operation coincide. 

Now the standard clo has been defined by Gagge, et al. [4], as 
the amount of insulation required to maintain a skin temperature 
of 92 F (33.3 C) with an ambient temperature of 70 F (21.1 C) 
with a metabolism of 50 keal/m*? hour. Consider first compatibil- 
ity between this definition and the experiments reported here 

The relative conductance is computed from A dp/dt)/(T, 
| 


If the “basal” air consumption values are substituted, then 


: 2.15 . 
K, oe : 0.174 for the male subject 


2.10 


— 0.169 for the femal 
33.5 — 21.1 


8 ibject 


Here a standard skin temperature of 33.5 C has been adopted, 
but tabulated data suggest that to assume that these basal 
conditions correspond to | clo is erroneous These values are 
lower than any obtained experimentally Thus instead, if a 
modified definition of 1 clo is adopted in which the ambient tem- 


perature is taken as 25 C nominal, then 


2.15 


Ky :- a 
33.5 — 26 


= ().253 for the male subject 


2.10 — . 
= (0.247 for the female subject 
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Without dwelling overly on the point, there is more rationality 
in regarding 25 C as the true end of vasomotor control (i.e 
than 21C. In these tests, 
i unit clo would correspond to the jacketed situation for the male 


, com- 


fort mode operation with no activity 


or a light coat for the female. 
The clo (a unit of resistance 
p it able 


reciprocal conductance) is com- 


Irom 


unit 7 imstulatior 
indetermined constant 
ective skin area 


absolute clo nits 


ichieve with the 


j t has to h 


In order to 


compatible 


lefinition given in value 


m-* hour 


deg C 


The clo unit h r 


x) & l 


12.2 xX 41.2 K 


If one assumed A = 2.1m? for the male subject and A 
these 


1.8m? 


for the female subject values were obtained by approxi- 


mate measurement), this leads to 


i] = 0.185/K, 


0.158/K- for the female subject 


for the male subject 


Che numerical value appears too low 
70 F 


definition, a 25 C ambient te mperature definition is used, then 


(s before, if instead of using the ambient temperature 


0.126 
K 
are obtained; or 


I 0.265/Kz for the male subject 
I = 0.227/K, for the female subject 

The numerical values seem approximately correct and will 
therefore be adopted as defining nominal clo values. These 
values are also given in Table 1 

One final parameter that may be of practical interest is a ‘“‘com- 


fort temperature”’ that will be defined as follows: Since 
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1/K “ip dt 


If a comfort skin temperature of 33.5 C is adopted and the 


measured basal (or at least resting) rate is adopted for each 
subject, then the ambient temperature can be computed for each 
set of clothes which would require no external activity, namely 
rest. This parameter will be referred to as the comfort tempera 


ture. This is computed from 


2.15 
for the male subject 


2.10 


RK, 


for the female subject 


Since three 


times normal metabolism is still a reasonable 


activity level, this may be used to define an approximate mini 


mum temperature for a comfort range. This is computed from 


6.45 
I the male subject 


’ 
emak 


These parameters are ilso shown in Table 1 


Summary and Interpretation of Experimental Program 


Summary of Mean Valve Date. 
this program are summarized in Fig. 4 
The ordinate used is the nominal clo unit described in the preced- 
ing section 


Some of the primary mean value 
data obtained from 


It must be understood that this nominal anit is not 
to be ascribed any certainty. It is used for its convenience in 
presenting relative data and as a first crude step toward examining 
the validity of an absolute unit. The comfort range tempera- 
ture defined in the previous section is also listed for reference 

The significant feature that should be observed in Fig 4 is that 
in a sequence of small to modest incremental changes of clothes 
the law is reasonably we ll obe ved that the sum of the resistance of 
two sets of clothes is greater than a single set. This thus provides 
one additional step of assurance toward the ultimate ability and 
objective of defining a physiological physical unit of thermal re- 
sistance. 

The experimental ‘“‘proof’’ of this result is not to be regarded 


lightly. The more specific result or “hypothesis’’ obtains that 


the experimental techniques employed have most likely achieved 
a potential relative accuracy of perhaps 1 to 2 per cent, quite 
probably better than 3 per cent, and certainly better than 5 per 
cent in a modest clothes resistance range 

The resistance additivity hypothesis has been examined in four 
separate sequences of garments: (a) The addition of jackets and 
linings to a set of base clothes; (6) The addition of linings in pants 
c) The addition of coats and linings to a set of base clothes 
d) The effect of moderate wind on clothes structures with coats 
and linings W he reas all ol these were done on a male subject a 
fifth sequence was attempted on a female subject to determine the 
effect of addition of coats and linings. Intercomparison among 
all of these sequences shows what may be regarded as a priori self 


consistency; namely, the following conclusions: 


1 Adding a jacket to a person dressed in a shirt adds about 30 
to 35 per cent insulation value. 

2 Adding a coat to a person dressed in a shirt adds about 50 
per cent insulation value 
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Fig.4 Relative insulation values of a variety of clothing structures under conditions of comfort mode operation of two subjects 


} Increasing the amount of clothing over the hip section is 
much less effeetive in providing added insulation. 

{ Linings are reasonably effective in significantly increasing 
the insulation value of light outer garments. In particular, the 
increase in insulation of a lined garment (particularly over the 
torso, whether in a coat or jacket) over just being dressed in a 
shirt is about 65 per cent. It is presumed that comparable 
changes would occur over a person dressed in a light dress. 

5 Wool interlinings in addition to a regular lining are only 
slightly better than a regular lining alone. 

6 With moderate winds, lined clothes structures may have 
only 80 per cent of the insulation value of the same clothes in a 
quiet atmosphe re 

7 In a wind, a wool interlining is modestly better than a 
regular lining 

The essential and moderate reasonableness of these results 
would seem to indicate the validity of the general program of 
nterpreting the response of the human. 


Summary of Time Dependent Dota. ©f maximum theoretical in- 
terest and significance to this inquiry is the dynamic data ob- 
tained during the control period. In the previous paper, the dy- 
namic course of ‘metabolism’ in time was reported for the 
survival mode. In the experiments here reported, the dynamic 
characteristics of the comfort mode were obtained. These data 
ire shown for a representative number of experiments in Fig. 5. 

Specifically, the “‘metabolic’’ data have been normalized to the 
mean value. The data shown are the normalized ‘‘metabolism,”’ 
the mean skin temperature, the temperature difference between the 
extremities and torso, and the temperature difference between 
the hands and feet. The first two may be regarded as input-out- 
put data; namely, the dynamic “metabolic’’ input required to 
hold a nearly constant output. The second two are designed to 
cast some light on the nature of the total response of the human 
distributed system. In Fig. 6, these latter two sets of data are 
lumped in toto. It may be noted that the basic result that oc- 
curred in these control experiments was (a) that the essential 
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characteristic of the extremities-torso difference was a mean 
zero difference but with indifferent scatter of about +1'/, deg ( 
(b) that the essential characteristic of the hands-feet differet.c 
was a slight decay from about a 3 deg C difference to about a | 
to 1'/, deg C difference. However, again the scatter about this 
mean decay was about +1'/; deg C. A more speculative possi 
bility was that the mean decay in the hands-feet difference had 
slight damped oscillatory nature, but this oscillation is on thi 
average well contained within the band of scatter 

The first result is slightly surprising, gratifying, and pregnart 
with implication. Whereas these comfort mode experiments | 
gan only with the idea of a control knee, the unknown was to ce 
termine how narrow and within what band might control be found 
Hard control conditions of trying to keep every measuring zon 
in a narrow band did not work. The complete soft restraint of an 
unguided, many-degree-of-freedom, generalized walking-dancing 
movement proved meaningful when it appeared clear that there 
might be characteristic relative temperature levels; i.e., the most 
noticeable was the positive hands-feet difference. At that point 
of discovery, it was significant to re-examine data in the literature 
and find the same difference in Sheard’s survival mode data 
However, at this point, this discovery posed the nasty problem 
of attempting to determine what the normal, simplest characteris- 
tic mean and normal mode dynamic patterns might be. Spe- 
cifically, the problem was should one or more control functions be 
attempted while attempting to hold the mean skin temperature 
constant? The only philosophy that seemed tenable was ‘‘don’t 
rock the boat.”” This gradually settled down to attempting to 
hold the hands-feet difference constant and to keep the extremi- 
ties-torso difference gently level. The very gentlest kinds of dis- 
turbances gradually revealed through the series of tests that ex- 
tremities-torso differences could be found or ‘“‘held’’ that were 
indifferently positive or negative; i.e., that the mean extremities 
temperature and the mean torso temperature could be the same. In 
other words, it was finally very plausible to consider the system of 


heat exchangers parallel connected. Thus the average zero (or 
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Fig. 5 Dynamic data obtained during comfort mode control: 
peroture difference E-T, and hands-feet temperature difference H-F 


very nearly zero mean) found indicates that what appeared in 
tuitively true during the experiments was in lact true. 
The 


intuitive results during tests appeared to be that a relative, uni- 


The average hands-feet difference is a little surprising 


form 2 deg C difference was being held Actually, more spe- 


cifically, it seemed during tests that it was desirable to drive for a 


hands-feet difference well-behaved, 


(It had 


been observed a number of times that when an oscillation started 


of 2 deg C if “quiescent,” 


simple-moded behavior was desired from the system 


in the hands-feet difference. control would become poor and the 


to 1'/, hour in control time would be lost There was perhaps 
the hint of a feeling that the difference might tend to get less 
Yet the average behavior seems at first glance a little different 

higher difference at first that decays to a difference somewhat 
lower than thought 

The following passing thought is offered. In these experiments, 
the state before the step junction was relatively inactive (i.e., 
sitting, or inactive standing); whereas the state after the step 
Is it reasonable that if 
the distribution system is parallel connected, that the mean tem- 


was quite active walking-dancing not 
perature achieved at the extremities might be comparable to the 
mean temperature achieved in the vicinity of the heart pump, 
but that a change in general activity pattern has to result in the 
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normalized metabolism M/M, average skin temperature S, extremities-torso tem- 


possibility of changed distribution valve settings? More 
specifically, is it not possible that shorter path, difference in flow, 
conductance, and so on, might result in a net higher temperaturs 
at the hands when the extremities are quiescent, but that the 
effect of calling feet muscles into very active play is either to in- 
crease the circulation or the feet-muscle metabolism to raise the 
temperature? Here again as at previous point, the problem is 
brought up to the point that physiology and physiological mecha 
both and 

physicist begins to tread on dangerous grounds 


Interpretation of Mean Valve Data. 


nisms must supply interpretation answers; and 


the 
mean value data obtained is toward correcting the definition of 
the clo 


been carried to a point where this can be done with precisiol 


A major application of 
At the present time, the expe rimental program has not 


Therefore, at best, some preliminary remarks may be made for 
provisional definition. 

One must first start with the observation that a unit of clothes 
insulation may not be defined at this time (or possibly at an) 
time) as a physical unit, only as a physiological physical unit of 
insulation. In other words, just as in the psychophysical color 
definition of the normal eye, one must proceed to first define one 
individual met by an experimental program carried out on a 


‘normal’’ population. However, the nonlinearity of the system 
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Fig. 6 Composite data of extremities-torso and hands-feet temperature differences showing course and average deviation of the mean 


requires a careful operation definition of the experimental condi- 
tions ol measurement. 

One may note from the survival mode experiments described 
in [2], that, for modest changes in clothes, there was negligible 
individual 
have to be perfectly specified with respect to a precise experimen- 


tal set of standard clothing. 


change in metabolism. Thus a unit met does not 
It was also shown that with large 
changes in ambient temperature, covering the so-called metabolic, 
vasomotor, and evaporative control regimes, the metabolism 
was an insensitive function of temperature. Thus, one may sur- 
mise that only a very loose definition of ambient test conditions 
e.g., a constant temperature, say, preferably in the vasomotor 
regime 26 to 28 C ambient temperature, wearing normal cloth- 
will serve to define ambient conditions for determination 
of one individual met 
the physiological state. 
One may suggest that, for normal clothing, the normal waking 
the 


sleeping state. 


ing 
The more difficult question becomes the 
specification of normal or “‘reference’’ 


state of man is of 


more pertinence than the normal 
The quiescence of a comfortable sitting state thus 
may be a most useful normal 

Therefore one individual normal met is to be defined as the 
metabolism, time averaged over a period of at least 3'/2 hours, of a 
comfortably seated subject, engaged in quiescent activity while 


dressed in normal clothes in a low 


922 


to moderate humidity, low 
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wind velocity, ambient environment regulated at a 


“effective’’ temperature in the range 26 to 28 C. Both the litera 
ture and the tests described in [2] suggest that there is a broad 


constant 


shallow minimum in metabolism in the ‘‘vasomotor’’ region that 
may best serve for a definition of a normal met; but it is certain!) 
worth while to repeat sufficient data over a temperature range to 
validate this minimum. 

The possible existence of a physiological normal met or a 
specific unit (i.e., metabolism per unit mass, or volume, or sur- 
face area) mav then only be explored by large-scale statistical 
determinations in a medically normal population 

The second requirement of suitable state characterization of 
the human source as a standardized unit is to distinguish between 
the total met and the fraction that becomes available for normal 
dissipation through the ‘‘skin.” (In power engineering concepts, 
one makes the distinction between the power available for useful 
In the 
first paper, the possibility of this distinction was created by sug- 


purposes and power thrown away in ‘“‘stack’’ products.) 


gesting that the lung surfaces be regarded as a re-entrant skin 
that may be treated as a source of stack products. It was sug- 
gested that theoretical reasoning implied, very nearly, a stack 
product loss of f{M, where f is a very nearly constant fraction 
The residual energy available as a ‘‘net individual normal met 

might thus be (1 — f)M. 


This must be determined directl 


Transactions of the ASME 





through measurement of 1 L, where L is the average power 


loss through the oro-nasal orifices. Tests on a large normal popu- 
lation would indicate whether a specific unit net met was justified 
the stack 
metabolism; i.e more 

whether the L that 


has a predictable modest ambient temperature and humidity co- 


and whether products were a constant fraction of 


whether L/M is a 


VW ratio is a predictable 


norma! constant 


correctly constant 
efficient 

At the present time, the current work will only justify proposing 
1 physiological physical individual unit of clothes insulation for 
the 
individual 


Tentatively 
The 


clothes in the nonevaporative 


the comfort mode of operation of the human 
following operational definition is proposed 
physiophysical clo value of a set of 
comfort mode operating regime is to be determined by operating a 

physiologically normal’ level in 


human being at an activity 


which no net external work is done) sufficient to hold the mean 


ce fined by a 


measuring stations on extremities and torso 


temperature sufficient’’ number of area- 


SKU 
weighted in what 
ce for the mean of 33.3 to 33.5 C, 


four hours, but probably not 


ippears to be & Tange of indiffere 
for a period of at least more than six 
hours, during which time no extreme 


the r 


or 3 t« > « 


temperature on the skin shall 
35.0 C ideally; 31.3 to 
certainly If the 
the value of the in- 

clo value J (of both 


have faller tside of ange 32.0 to 


preierably mean 
determined 
ther 


fined 


metabolism und 


met is measured the individu 


rs) is de 


individu: 
individual met 
i* re 


stack losses during me of individual met 


fraction equivalent to st VW 
individual metabo 

individual stack loss 

fraction equivalent 


temper 


an constant aml 


25.0 C reference 
dif- 
However, 


the 


adopted i rea a fai 


ot proved, but it i 
temperature be 
with the 


numerical 


2 


Gagge, Burt 


ference definition 
follows: A 
operation with normal quiescent 
25 


it may be nominally justified as normal clo unit 


should be computed lor comilort 


metabolism at normal room temperature (i. is much more 


realistic than 21 C 


It has not been proved but is suggested that the individual! clo 


value thus defined will be an insensitive function of ambient tem- 


perature, essentially to the point of considering it a constant 


or modest t« mperature ranges 


Chis latter point brings up the last mean value problem to be 


considered It is clear that the operation il definition of clothes 
clothes 


Thus there is 


resistance 
cold 


constancy” or 


was developed to account tor insulation in 


imbient environments i good chance for 


‘consistency”’ in value of a set of clothes insula- 


tion starting at some modest low temperature (requiring rela- 


tively high metabolism) and changing temperatures until a 


test temperature is reached that requires only normal metabolism 
8.4/. For higher tempera- 
tures, it must then begin to happen that the evaporative loss 


Then, approximately, 7, = 33.4 


essentially nonexistent at this point, must now begin. 


There are two interesting problems. The first is that it can 
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now be shown that the conductance is not necessarily a continu 


ous function. had rather 
high conductance to thermal flux but very low permeability to 
flow 
evaporative 

change in the 
the dyr 


perature 


Specifically, if a very thin garment 


the transition from nondiffusive, nonev iporative exe hange to 
large 
The second problem is 


exchange probably is evidenced through a 


garment ‘‘conductance 


how imic adaption of the system is made as the tem- 


changes from the one described up to this point At 
this point, there was precision in the defined skin temperature at 
0.1 deg C 


It is obvious that the evaporative power is somehow tempera- 


3.4 4 Events in the next phase are what is obscure 


ture dependent, but no one has suggested the dynamic events that 
are involved 
recent work 


evaporative power loss is linear with 


Benzinger, in 5), has purported to show that the 


and purely dependent on 


hypothalamus temperature [ nfortunately this is not proved 


2} and other data in the literature indi- 
The 
or vapor partial pressure) increases 
the 


Jenzinger’s data do not contribute any 


teference 


imically 
that the 


dyt 


cate metabolism remains essentially constant 


presence of evaporative flux 
How 


used up is not known 


the conductance much of vasoconstrictive range is 


picture of the vasodilation which itself must physically 
fl ud to the suriace 


wetted area with temperature (he 


bring 
evaporative Gagge’s description of an in- 
skir 
Benzinger would say hypothalamus temperature s also not 
mechanistic Thus for talk very 

tainly. It could be t temperature at 


tended by 


crease of said tempera- 


ture 
a model, one only 


may 


incerT 
that an increase in ambien 
negligible change in metabolism and zero to 


lothes 


positive 


conductance ‘auses an skin tem- 


upset In 
According to Benzinger, it would be 
fluid sufficiently t 


However, his 


equilibrium evaporative power is thus uniquely 


necessary to warm 


the fluid exchangs » effect a te mperature 
that an 


determined is 


the hypothalamus corollary idea 


not tenable. A specific link is required between the hypothalamus 
the mech there 


7 


ind BAY vasoconstrictive inism However 


the 


must be 


automatics 
ind the v 


dynam 


is power coupling betwee metabolic system 


The re 


oscillation that determines how 


ssoconstrictive svstem some sort ol 


the mean power level 


can be satisfied This dy pict irezdoes not exist 


the 


includes even the 


nami at present 


for the mect that can 


Thus at 


of dis 


inisms help explain evaporative 


bulanes present, the myster) possi- 


bility ontinuities in system operation from one regime to 


the next 
Interpretation of Time Dependent Doto. Analyzing the data ob- 
tained during controlled operation ol the human system poses 


| he 


Is it possible to infer the dynamics of a 


theoretical probl ms that are insolved today problem 


may be stated as follows 


nonlinear, self-actuated distributed system from some limited 


The the oretical 
hidde 


stem that have 


operating records? inswer is not known today 


For example, there is the question whether there are 


operating modes of the s\ not even been excited 


There is little doubt that sufficiently severe shock or pulse excita- 


tion can give some picture of the total complexity of the system 
that such difficulties could be dealt 


shown if 


but there is little confidence 
Thus the data 


gingerly as a subject 


with Fig. 5 may be only regarded 


for tho ight ind comparison with theory 


rather than as the subject of very extensive statistical correlation 
studies 
The analytic development f a dynamic theory of the operation 


of the system thus remains the true problem posed in this paper 
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DISCUSSION 
T. H. Benzinger® 


This paper is an interesting and commendable study of what 


s properly called “Pawlowian’’ temperature control. In this 
servomechanism, the effector component is conscious activity of 
skeletal muscles (the dancing movement in this particular in- 


stance). The co-ordinating center is the cerebral cortex, seat of 


The 


iverage setpoint of this Pawlowian thermostat or servomecha 


our consciousness. The sensory rec plor organ is the skin 
nism is a skin temperature of approximately 33'/. C 
Dr. Iberall’s 


established would certainly be 


if we accept 


findings To see this setpoint confirmed and 


will have to be 
since the author has calculated conductances 


important. It 
confirmed from 
respiratory volume of his subjects, that may be, although not 
necessarily is, Human heat production is 
commensurate with oxygen uptake, not breathing volume 


subject to error. 


Che Pawlowian servomechanism first described is separate and 
different (as I have pointed out in my paper at this convention 
from another mechanism: the autonomic or hypothalamic one, 
which controls in warm environment the unconscious activities of 


the sweat glands and the smooth muscles of cutaneous blood 


vessels. Thereby nol the cutaneous but the vital internal tempera- 
ture is regulated. 
cool environment has not yet been investigated with adequate 


The role of this hypothalamic mechanism in 


methods and has therefore not come up for discussion at this 
meeting. It would be a mistake to confuse the different mecha- 
nisms active in cold and warm environments. Cold regulation by 
movements, shivering, or nonshivering thermogenesis is always a 
function of striated muscles. It is therefore always related to 
ictivities of the cerebral cortex and the skin, no matter what the 
role of the hypothalamus in it will be found to be. 


With 


Iberall said that ‘‘Benzinger’s data do not contribute any picture 


reference to regulation in a warm environment Dr 


of vasodilation which itself must physically bring evaporative 
fluid to the surface.”’ Here is the picture my distinguished critic 
Was missing—human vasodilation in response to hypothalamic 
temperature—from the publication he quoted. This vasodilation 
is not needed ‘‘to physically bring evaporative fluid to the surface.”’ 
Two per cent of the liquid normally circulating in the skin per 
unit time would suffice to maintain sweating at a rate of two gal- 
lons per day.) The increased circulation is needed to bring the 
metabolic heat from the interior to the surface of the body, 
where it is absorbed in the transition of water from the liquid 


to the gaseous state 


Head, Bio-Energetics Division 
National Naval Medical Center 


Naval Medical 
Bethesda, Md 


Research Insti- 


tute 
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REST 
WORK, é6col/sec 
WORK, !2 cal /sec 


CONDUCTANCE, cal sec'deg’ ————> 


— ° 
36.40° 36.60° 36.80° 37.00° 37.20° 37.40°C 
INTERNAL TEMPERATURE ———> 


Fig. 7 Skin vasodilation, a response to the stimulus of cranial internal 
(hypothalamic) temperature (reproduced from Proceedings, National 
Academy of Science, vol. 45, 1959, p. 645) 


Thermal conductance, the index of cutaneous blood flow, was deter- 
mined on one individual in seven different environments ranging from + 10 
to +45 C for the nude subject, and at three different rates of metabolic 
activity (20, 45, and 70 cal/sec), by gradient calorimetry. Above the 
threshold, or “setpoint of the human thermostat,” 36.8 in this particular in- 
dividual, the vasomotor system responds with increased skin blood flow 
in the order of 0.25 cal/sec corresponding to 15 ml/min to every increase 
of cranial internal (hypothalamic) temperature by 1/100 C. The narrow 
spread between rest and work observations is caused by the well-known 
direct influence of temperature upon the vessels (not skin thermoreceptors). 


G. W. Molnar‘ 


Dr. Iberall’s terminology and approach to the problems of 
human thermo-regulation apparently are those of control engi- 
My ignorance of this field perhaps contributed to the 


difficulty I experienced in comprehending his paper 


neering 

Several items of detail give rise to questions. As an example 
there is the conclusion that heat transfer by evaporation of water 
from the clothed skin in the ‘“‘comfort 
negligible. 


mode of operation’’ is 
This item is of sufficient importance to warrant a 
\ related de- 
tail of interest is whether the female subject lost by evaporation 
from the skin only one third as much as the male subject did be- 


cause she wore a rubber girdle and nylon slip and 


full demonstration of the experimental evidence 


stockings 
whereas he wore cotton and wool clothing 

The basic criticism, however, is directed not at the details but 
at the foundation of the whole project, namely, Equation (2 
The question centers around the meaning of the constant A 
The author defines K as the average conductance of the entire 
If so 
then the temperature difference to employ in Equation (2) is 
not ( T. — T 
ture and environmental temperature, but instead (7, — 


skin covering. Skin covering apparently means clothing 


, the difference between the skin surface tempera- 
sa r’.) 


the difference between skin surface temperature and clothing 


surface temperature. 


‘U. S 


tucky 


Army Medical Research Laboratory, Fort 


Knox, 
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Let K’ be the conductance of clothing and H be the heat trans- 
fer coefficient. Then: 


KT, — T..) = H(T 


Hence, by simple algebra, 


That is, Dr. Iberall’s K is not simply the conductance of clothing, 
but instead a compound of clothing conductance and the heat- 
transfer coefficient. 

If H had been uniform and constant in the experiments, then 
perhaps it would be acceptable to consider K as a constant multi- 
ple of kK 


was neither uniform over the 


In the reported experiments, however, the air flow 


whole body, since the forced flow 
was directed at only the torso, nor was it constant since each 
dance-walk step altered it. This exercise was probably particu- 
larly disturbing to the heat-transfer coefficient under the skirt of 
With the heat-transfe1 


uniform and altering erratically, the 


the femal coefhicient thus being non- 


use of K as 


seem that 


1 measure of K 


1s subject to question It may H can be considered 


is a constant obtained as an average, since the t mperatures and 


heat input are also used as averages According to the title, how- 


ever, the special feature of this report is precision, which is de- 


batably consonant with aver izes 


As to the definition of clo, is it worth the effort of re modeling? 


Darwin's observations on the naked Indians of Tierra del Fuego 
£ 


come to mind, namely, their wearing of only a piece of otter skin 


of handkerchief size on the back and their shifting it from side to 


side according to the ch inging direction of the wind How mean- 


ingful would the usual clo determination be as to the insulation 


provided by this piece of fur? The meaningfulness would depend 
upon the validity of the operations employed in a calculation of 
clo, in particular (1) the 
and (2) the 


the total area of the skin 


averaging Of skin suriace temperature 


division of the total heat transfer from the skin by 
It has become an ingrained custom to 
proceed along these lines but are we not sac rificing precision lor 
tranquillity when we do so? 

Finally, Dr. Iberall’s hypothesis of a 3'/.-hr period for thermo- 
regularity processes is intriguing and is deserving of further and 
study 


exhaustive the extremi- 


Quite possibly some parts, e.g., 
ties, have a shorter period and other parts a longer period and all 


periods might vary with the thermal environment. In our usual 


comfortable environment the internal t mperature evcles on a 


24-hr basis 


Author's Closure 


Since one of my purposes in presenting this series was to bring 
a systems approach to the biological scientist, I am grateful for 
such capable discussion 

tegarding Dr. Benzinger’s remarks: The average set point of 
33 5 deg C for “comfort’’ control was not established solely by me 
Burton, Bazett definition of the clo refers to a 
standard average skin temperature of 92 F (33.3 C 


operational” definition 


The Gagge, 
I am not 
certain, however, that they provided an ‘ 
Sheard’s (et al.) data suggested that 33 
34 C was the vicinity of the knee of the skin regulating curve 
I was not certain whether this should be used as the dynamic 
20-37 C range, I determined 
provisionally that 30-36 C was a roughly usable control range 
(i.e., all skin stations had to be 
approaching “‘linear”’ 


of this temperature 


operating point. By scanning the 
kept in this range if something 


behavior was desired). It would be de- 
sirable, for dynamic purposes, to confirm if the narrow set point 
33.56 + '/, C is 


fluctuating data 


range of required for good “averageable”’ 


An argument on the significance of the hypothalamus is at 
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cross purposes with mine. I have demonstrated that the number 
of degrees of freedom of the thermoregulation of deep body tem- 
perature is the same for the quiescent subject whether in the 
warm or cold, and that related dynamics are to be noted in active 
operation of the human. Also demonstrated is that an apparent 
psychological concept, comfort temperature, can be physically 
defined as a mean skin temperature in the band 33'/, + '/, C. 
The problem still remains of describing the dynamics of the sens- 
ing and control mechanisms by which the thermoregulation of 
deep body temperature takes place, and by which the skin tem- 
perature is determined. It does not follow that the requirement 
for confirming set point temperature range has any bearing on 
whether conductance is computed from respiratory volume or 
any other variable 

Dr. Benzinger puts it that the hypothalamus, in the warm en- 
vironment, controls the unconscious activities of the sweat glands 
and the 


regulating the internal temperature. 


smooth muscles of thereby 
It is clear that this is Dr 


Benzinger’s thesis in a number of recent papers 


cutaneous blood vessels, 
The sharpness 
of the experimental data that Dr. Benzinger brings forth on a cor 
relation between evaporative flux and hypothalamus temperature 
is impressive. However, these data do not contribute a picture 
of the total control process There is pertinence of this problem 
in the area I explored, because in the evaporative mechanisms lies 
the source of skin temperature saturation 
33.5 C or more generally 30-36 C), kept 
one away from much skin evaporative loss. The thing that was 


skin evaporative loss started 


I found staying on 
the knee of the curve 
inclear was where In order to 
discuss this intelligently, one must do this in terms of mechanisms 

Evaporative loss comes from water covering the skin. For 
free convection, it is possible to estimate that about 80 keal/m 
hr would come from a 33-35 C surface evaporating into dry air 
The data of Winslow, Harrington, Gagge at 100 per cent wetted 
40 C indicate about 70 keal 


numbers are essentially equal 


irea at m? hr As a rough approxi- 


mation, these 


The main 
is that Gagge showed that the evaporative loss was essentially 


negligible up to approximately 31 C 


point 


ambient temperature and 
rose linearly to about 40-42 C where it intercepts the free evapora- 
tion estimate for a 100 per cent wetted surface. Validly, Gagge 
developed the concept of 


that 


an effective wetted area However 


this does not prove percentage wetted area 1s the actual 


mechanism used. There are two possibilities; varying the sur- 
face area wetted in space or pulsing the water in time 


did not prove either. 


Gagge 
He did show that against variations in 
heat 


amount of water evaporated ) and not the percentage wetted area 


ambient humidity the loss remained constant (i.e., the 


This implied, as it must, an active sensor and mechanism for 
producing this balance This re- 


quires a dynamic description of the operation, not a static one 
Benzinger’s data 


1.e., most likely & controller 


do not contribute any picture of vasodila- 
tion which itself must physically bring evaporative fluid to the 
surface.”” Vasodilation cannot respond solely as a regulator func- 
tion to hypothalamus temperature. If the ambient temperature 
is fixed, the activity level fixed, so that the mean metabolism is 
fixed, the skin temperature is fixed (very nearly, it is saturated in 
the 35-36 C range) so that the conduction heat loss and, say, free 
convective heat loss is fixed, the evaporative heat loss must be 
(If Dr. Benzinger can tie this control func- 
tion back to the hypothalamus, he is welcome to try it by de- 
scription How 


affecting the forced convection, ) radia- 


adjusted by residue 


and by experimental demonstration. ) 


changes in wind velocity 


against 


tion wall temperature, humidity, ambient temperature, transient 
changes, the water loss changes in some fashion to change the 
heat loss 


as required, has not been described. Dr. Benzinger 


states that only a small per cent of the normally circulating 
liquid would suffice to maintain an enormous amount of sweating 


Actually this is the point and the difficulty this 


925 


How, with 
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potential enormous reservoir of water available to overflow is the 
small infinitesimal rate of water which is so carefully regulated 
determined? 

On Dr. Molnar’s discussion: The following is a demonstration 
that the heat transfer by evaporation is negligible. 


Metabo- 
lism 
(from air 
consump- 
tion ) 
keal/hr 
220 
203 

48 222 
59 32 215 
4] 22 195 
1S 193 
35 193 
11 2 196 
$1 2° 192 
62 57 
15 


41 


Heat 
loss 
(if 
water ) 
keal/hr 
42 
36 


26 


* Total 
weight 
loss 
gr/hr 
77 


67 


Zoi 
243 
248 


* From five-hour data. 


The conclusion drawn from these data was that the total loss 
in weight is substantially all accounted for by the moisture loss 
from the breath and that the residue left for heat loss by evapora- 
tion from the skin is almost indifferently zero (or perhaps slightly 
positive) at the accuracy of these experiments. 

He questions whether the female subject (F) lost only ! 
much as the male (M) because of a girdle. 


as 
These numerical data 

However, the inter- 
pretation is that the heat loss from skin evaporation is negligible 
(a few per cent of the total metabolism), and that some measure 
of the total inaccuracy of the situation might be gained by a 
quantitative idea of what the actual losses are. 


were presented to be scrupulously precise. 


The numbers 
stated were taken to mean that a crude average of about 0.03 
lb per hour moisture (0.03 lb per hour) were found during the 
experiments. These 14 gr/hr represent an average of about 7 
keal/hr available from moisture evaporation out of approximately 
200 keal/hr. The essential argument is not that this is a negli- 
gible error (after all, a resolution in conductance of the order of 
| per cent is being claimed), but that a change of burden from 
evaporative-free to a small amount of evaporative heat transfer 
will not change the test clothes resistance much because the 
resistivity of this avenue 
different from the others. 


of heat exchange is not tremendously 

Actually, Dr. Molnar’s point is well 
taken in raising a question about the girdle. When the question 
of clothes was first discussed, the subject wanted the particular 
girdle as being comfortable. Its rubber nature was at first in- 


spected with horror. However, discussion with a number of 


women elicited that the girdle at one time was made up in all 
rubber. However, women complained. Its present structure is 
rubber completely pock marked with holes and lined with fabric 
Women who use it say it is comfortable. 


tegarding K, Dr. Molnar says that I define it as the average 


onductance of the entire skin covering, which apparently means 


‘lothing. I apologize for the confusion; but the entire skin 
‘overing means clothes plus everything else that goes into the 
‘onductance as measured by the potential difference, skin to 
umbient temperature at infinity. This included air layers. 

In attempting a distinction between ‘the conductance of cloth- 
ing,’’ the heat-transfer coefficient, and ‘‘a compound of clothing 
conductance and the heat-transfer coefficient,’’ Dr. Molnar falls 
into the type of pitfall that it was the entire purpose of my paper 
to avoid. The body is an active physiological engine that has a 
variety of mechanisms available to modify its heat partition 


among different types of heat transfer. 
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breath) 
keal/br 


ture has not indicated how and to what extent these mechanisms 
are brought into play. In a previous paper, it had been demon- 
strated that equipotential surface temperature operation of the 
human might be a satisfactory operating test condition for the 


human. Having limited the degrees of freedom of the human, 


Heat 
loss 
(from 


Max skin 
temp noted 
in test 
period, 
deg Cc 


Evaporative loss 
from skin 

Per cent of 
keal/hr metabolism, 
16 35.7 
12 36.2 
0 35.9 
7 , 36.2 
—|] 36.0 
3 : 36.4 
—4 36.2 
—1 36.2 
0 36.2 
‘ : 35.4 
35.1 


36.2 


it was then desirable to see what the response of the physiological 
engine might be. From this point of view, the load is everything 
This is the 
seeking to 
to find out if 


was the same 


interposed between skin temperature and infinity 
common idea developed in electrical engineering of 
determine the characteristics external to a source 
it can be treated as an external impedance. This 
end Theory sufficient guide to guarantee 
homogeneity in the potential of temperature fi.e., K(7, To) 
and thus the validity of a “conductance” concept 


chosen here. was 
However, it is 
not sufficient to guarantee constancy of conductance. The pur- 
pose of the research was to find out if conductance obeyed a well- 
The data said it did. A modest number of 
measurements indicated that change in conditions for a given 
set of clothes—in the comfort zone 
in conductance. 


ordered sequence. 


resulted in negligible change 
Thus the beginnings of some physiological and 
physical modeling of the process have been started 

Dr. Molnar indicates again attention to the same pitfall when 
he is concerned with the heat-transfer coefficient 
due to the walk-dance movements. 


being erratic 
(He erred in inferring that 
the experiments were done with forced flow. 
of experiments thus run were reported to indicate the change of 


One small sequence 
conductance due to wind.) First from self-consistency within 
the data, the effect of a “8-10 mph” wind was described as the 
order of a 25 per cent change in total conductance. This might 
suggest that the change thus from a “zero’”’ velocity wind to a 
modest “‘effective” velocity of walking-dancing might be con- 
by velocity. For 
human experiments involving an active engine, zero velocity 


siderable. Consider what is meant zero 


cannot mean absolutely quiet. If one were testing a physical 
engine or electronic gear, one might permit a fan to operate dur- 
ing the test period. The usual question is thus one of standardiz- 
ing the operating conditions of the disturbance. Experimentally 
the final results in additive clothes structures ordered correctly 
with no inversions or deviations with more than 1 or 2 per cent 
in error. Theoretically there is the nature of the heat transfer 
As one might expect from a body as tall as the standing human 
and with temperature differences in the range observed (10-20 C), 
the Nusselt number is in the range, 300-400 (the Prandtl-Grashof 
number product is of the order 10%-10!*), 
driven, free convective pattern. 


well- 
The forced convection around 
such a body (flow perpendicular to the plane of the body) for 
velocities in the miles-per-hour range will obey a power law of 


indicating a 


variation with velocity (with Reynolds number) with the ex- 


ponent in the 0.5to0.8range. Winslow, Herrington, and Gagge 
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made measurements and reduced the data toa 0.5 power ( laminar 


flow) law. While the net effect of superposition of both a free 
convective and a forced convective field is not precisely known, 
it may be expected that the resulting data look fairly linear with 
velocity. Thus at low apparent velocity, there is little change in 
Nusselt number. One might even adopt the result found here 
that there is about 25 per cent change in Nusselt number (or 
actually even somewhat higher) between zero and 8-10 mph 
velocities. However, the question is what is the ‘zero velocity” 


condition. The walking-dancing ‘‘oscillation”’ is certainly not the 


heat transfer of a truly still purely free convective pattern, but 
lized value. In most other 


it tends to be a more nearly stal 


breaking friction in a mechanical system, removing 
electronic, and servo design), 
This point of view, plus the belief 


phenomena 
backlash in 1 modest jitter helps 
produce a more stable value 
that modest motion is the normal use state, suggested the measur- 
ing rationale. The test of its validity, again, depended on how 
an ine reasing sequence of clothes ordered and how the conduct- 
Under both these tests 
necessarily im- 


How- 


ance changed for change in conditions 
test 
mediately comparable with, sa 


the jitter condition is useful. It is not 
the results of a treadmill 
ever, on a ratio basis, it should be q lite close 

As to the definition of the clo, Dr. Molnar asks whether it is 
worth remodeling. His example and discussion is precisely half 
why the clo needs remodeling three- 


the reasor The reasons are 
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fold 
physiological physical conductance of an entire skin covering 
(b) It points up that there are 


(a) This paper justifies how and in what averaging sense 
may be measured. operating 
physiological conditions under which the concept of conductances 
is moot. (c) It suggests that there is a wide gap between a 
specification of a physiological physical unit of total conductance 
of a particular set of clothes covering for a particular human and 
the physical unit conductivity of a portion of garment. It is 
the latter gap that is most disconcerting to the physical scientist 

Regarding the demonstration of a 3'/.-hr period, I must refer 
Dr. Molnar to the previous two papers which hy pothesized the 
three-hour period and 
It is 


an approximate!) 
and 3 hr « 


need and reason for 


found experimentally 2, 7, 35-minute ycles 
this statement that I am offering as a precise substitute for such 
vague statements as I feel Dr. Molnar has made of “‘quite possibly 
some parts have a shorter period, and other parts a longer period 
and all periods might vary with the thermal environment,” and 
“in our usual comfortable environment the internal temperature 
cycles on a 24-hour basis.”” However, precisely because of the 
provocative nature of the experimental demonstration, I thor- 
oughly agree that it must be further and exhaustively studied 
This problem, however, poses very specifi requirements that 


must be met by a measuring system; and these must be under- 


stood 
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Radial Distributions of Temporal-Mean 
Peripheral Velocity and Pressure for Fully 
aw. warris' # Developed Turbulent Flow in Curved Channels 


Assistant Professor of Civil 

tanh Godin teen Experimental results are presented for the radial distributions of pressure and 

B. C., Canada. Mem. ASME peripheral velocity for the turbulent flow of water in two closed curved channels of rec 
tangular cross section and large depth-to-width ratio. The traverses were taken at 
the equatorial section of the channel and sufficiently far around the curve for the effect of 
curvature on the mean motion to be fully established. The two channels employed had 
widely differing mean-radius-to-width ratios mn. The data obtained for a wide range of 
flow rates in the channel with a larger mn indicated that Reynolds similarity extsted 
between the flows inthis channel. These data are compared with the pressure and velocity 
profiles predicted by potential flow theory and with a semiempirical logarithmic veloc 
ity distribution 

Results obtained for the channel with smaller n showed that at above a certain 

Reynolds number an anomaly occurred in the flow, manifesting itself as an unstable 
““belt’’ of faster moving fluid, which moved outward from the inner wall as the Reynolds 
number was increased. This effect, considered to be the consequence of upstream stall 
was accompanied by an adverse longitudinal-pressure gradient at the inner wall of the 
channel. It appeared to be eliminated by the insertion of an upstream splitter vane 


- PAPER DESCRIBES an experimental study of the 
radial distribution of temporal-mean peripheral velocity; static 
pressure; and total head for the turbulent flow of water in each 
of two closed channels whose vertical walls were concentric 
circles extending over 270 deg of are. The channels, each of 12-in 
depth, were 0.780 and 1.933 in. wide and had respective mean- 
radius-to-width ratios n of 5.934 and 2.095. The radial distribu- 


At present, Visiting Associate Professsor, The University of Texas Fig. 1 Equatorial section; definition of variables 
Austin, Texas ; : ; 
Contributed by the Hydraulic Division and presented at the tions were taken at the equatorial sections of the channels at 
Annual Meeting, Atlantic City, N. J., November 29-December 4, position 9 = 180 deg, see Fig. 1. Simultaneous measurements of 


1959, of Toe American Society oF MECHANICAL ENGINEERS. the longitudinal-static-pressure gradients at the inner and outer 


Note: Statements and opinions advanced in papers are to be walls were taken, in order that anomalies in the velocity profiles 


understood as individual expressions of their authors and not those = : 
of the Society. Manuscript received at ASME Headquarters, June such as would result, for example, from boundary-layer separation 
29. 1959 Paper No. 59—A-51. at the inner wall, could be correlated with the pressure gradient 


Nomenclature 


inner radius of channel tion of channel at meas- inner wall of the channel 





outer radius of channel uring station at 6 = 180 as datum - 
width of channel deg, in fps, eo Fig. | : = total radial-static-pressure 
R, + Rs m = Spatial mean value of J differential across chan- 
= mean-radius-to- over channel width at nel at 6 = 90 deg, in feet 
2d measuring station, fps of water 
width ratio of channel radial and vertical com- => 


: ote = radial-static-pressure 
radial position of repre- ponents of velocity at differential across channel 


at 8 = 180 deg, in feet of 
water 


sentative point in chan- representative point, sig- 


nel, see Fig. 1 nifying secondary flow 
distance of representative time in seconds longitudinal-static-pressure 
point from inner wall of g = acceleration of gravity 
channel = r — R,, see ¥ Vd of channel between @ = 
Fig. 1 = channel Reynolds 

ig. y 90 deg and @ = 180 deg, 


number, v is kinematic in feet of water 


differential at inner wall 


angular position of repre- 
sentative point measured viscosity of water = longitudinal-static-pressure 

from inlet, see Fig. 1 total dynamic head in feet differential at outer wall 

temporal mean _ traverse of water at representa- of channel between 6 
velocity at representative tive point r relative to 90 deg and 6 = 180 deg, 
point on equatorial sec- the static pressure at the in feet of water 
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Fig. 2 Basic curved channel showing partition plate and splitter vane 


1 curved channel of cross 
was two dimensional has been 
1 more recently by Eskinazi and 

Yeh 
Wattendor! 


ital head in e: 


the profiles of mean velocity and 


nels of 5-em width and n = 8.5 and 


1.5, found that ever f curvature the profiles of the 


ity wer t y depen t the curvature He 


at the 


veloc 
outer wall 
point of maximum velocity 
The profiles of J } . 


is similarity over the 


innel 
> 
i Reynol 


For the channel of larger 


ities emp! ( ! im 


iture. the ve tv profile outw ird from the point 
| 


Maximum ity wa tantially the constant-angular- 


ntum ve potential-flow, cyclic, irrota- 


nal motion alx center of curvature 
f the channel 


ind Yeh 


-wide channel of 


Eskinazi r the case of air flow in a 


idius (n = 9.5), not only the 
nporal-mean-velo¢ profile but the characteristics of the 
nulence itself, of which the mean-velocity profile is the re- 
While it was appare description of the effect of curva- 
ture and channel width on the ultimate mechanism of the turbu- 
ence must precede a full description of the mean-flow profile, the 
ed for a working knowledge of the latter for engineering design 
ed the author to attempt to develop a semiempirical formula for 
the radial distribution of V/V, on the basis of a vorticity-transfer 
theory with a mixing length postulated as dependent on the chan- 
nel curvature [4 rhe distribution obtained was capable of 
heing fitted to the experimental distributions of Wattendorf and 
of Eskinazi and Yeh except in the region near the inner wall of 
the channel where the actual velocity gradient was markedly less 
than required by the logarithmic formula of the theory 
lhe purposes of the present work are to implement the existing 
data on two-dimensional flow in channels having relatively large 
mean-radius-to-width ratio and for which positive longitudinal- 
ressure gradients exist at both the inner and outer walls 


iwcertain whether Revnok similarity between flows in a 


Numbers in brackets designate References at end of paper 
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ge of utility 
velocity dis 


investigation of the 
in-radius-to-width 

a channel of 

-layer separation 
This 


in adverse pressure gradient 


inner channel 


phenomenon will be accompanied by 


it the inner wall 
The data of Moore and 


[10] have shown that stall in straight-walled diffusers may be 


ind by secondary flows 


Kline [9] and of Cochran and Kline 
eliminated by the insertion of vane clusters immediately down- 
stream from the throat of the diffuser [5 

In the present study, the effect on the stall in a curved channel 
of a splitter vane, curved to the shape of the streamlines of the 
channel flow and inserted at the entrance to the curved channel, 


will be noted 


Apparatus 


The measuring section of the apparatus is shown schematically 
in Fig. 2, while Fig. 3 shows the experimental layout. The basic 
curved channel was bounded by concentric circular walls of radii 
R, = 3.082 in. and Rk, = 


bounded by walls of radii R,; = 


and the narrower channel, 
and R, = 5.015 in., 


constructed from it by the insertion of a partition plate 


5.015 in 
4.235 in was 

Static pressure taps were situated on the inner and outer walls 
of each channel, at the equatorial section, at 6 = 90 deg and @ = 
180 deg, see Fig. 1 

The traversing unit is shown in Fig. 4. A plate holding either 
the pitot tube or the total head tube was drawn outward along 
guides by the rotation of the graduated drum running on a center 
screw, and enabled the position of the measuring probe in the 
channel to be determined to 0.001 in 

For measuring the radial distribution of peripheral velocity 
Pitot tube 


tvpe 1 was used in the main flow region and near the inner (con- 


the two pitot tubes shown in Fig. 5 were employed 


vex) wall of the chanrel while pitot tube type 2 was used near the 
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Fig. 4 Traversing mechanism 


outer wall. The pitot tubes were calibrated by traversing per- 
pendicular diameters of the flow for flow through a long straight 
pipe discharging into a weighing tank, and were checked against 
each other while measurements in the curved channel were being 
taken. The pitot-tube coefficients exhibited a mutual variation of 
-ome 5 per cent over the range of velocities considered, as a result 
of the radial pressure gradient occurring in the curved channels. 

For measuring the total-head profile, the total-head tubes 


-hown in Fig. 5 were used, and also pitot tube type 1. 


Fig. 5 Instruments 


| Pitot tube type 1; 2 Pitot tube type 2; 
4 Total-head-tube type 2 


3 Total-head tube type 1; 


lotal-head tube type 1 passed through holes in the inner and 
outer walls of the channel and bridged the channel. Capable of 
being rotated about its axis until maximum pressure was indi- 
cated, it enabled the resultant flow direction to be determined 
and allowed a check to be made on the two dimensionality of the 
mean flow at the point. 
530 
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Due to its relatively large size this tube gave erroneous read- 
ings near the channel boundaries and for such readings the smaller 
total-head tube type 2, also shown in Fig. 5, was employed. 

Fig. 6 shows the total-head distributions near the inner wall of 
the 0.78-in-wide channel for V,, = 14.75 fps, obtained with these 
two tubes and with pitot tube type 1. Distributions taken with 
the pitot tube and the small total-head tube agreed and fell on a 
curve which passed through the point representing the directly 
measured static pressure of the wall. It was concluded that these 
readings were sensibly correct. 


Hft 
70 


Fig. 6 Total-head distribution in 


vicinity of inner wall of channel 
using total-head tube type 1 
using total-head tube type 2 
using total-head “leg” of pitot 
tube type 1 


X static pressure at inner wall 


02 03 O04 


X inches 
Vertical traverses with a pitot tube of type 1 were taken at 
various positions along the radius, for both channels, in order to 
check the over-all absence of secondary flow 


The Static-Pressure Distribution and Secondary Flow 


If viscosity and the turbulence terms are neglected the equa- 
tions of motion of the fluid, see Fig. 1, are 
ou _ ou _ ow _ OU 
- + [ - + W J 
ot or roe Z r ay 


op 


oV ap 


oV V 
4 ro06 


OV 
or $f 


ol 


ow 


+ ~ } 


Oz ‘ 


Op 


ow 
= 
Oz 


ot 


W 
4 
or r 


V ow 
od 
Here z refers to the 


ind 6. 


In the absence of secondary flow, and if the flow is steady, 


direction perpendicular to the plane of r 


equations (1) integrate to 

(2) 
where H is the total head at the representative point. Note that 
p and H are considered relative to their values at the inner wall 
of the channel, and are measured in feet of water 


The first of equations (1) then reduces to the equation of radial 
equilibrium 


(3) 
and by (2) and (3), one has, 


(H — p) 


dp 2 
dr +1 


This first-order linear differential equation has solution 
1 if 
r? JR, 


2Hrdr 
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Iquation (5) allows the static-pressure distribution to be com- 
puted from the distribution of total head without employing the 
measured velocity at the point 

In this work the static pressure p is to be computed first from 
the independently measured profiles of V and H using equation 

’) and second from the measured profile of H only, without hav- 
ing recourse to the profile of V, using equation (5 

At the onset of secondary flow, equations ( will both 
give erroneous values of p, but the errors will be different 

If, in particular, as the result of a stall at the channel wall 


ipstream from the 


2) and (5 


measuring section, the streamlines are con- 
verged together so that there is a local belt of high velocity, and 
it the same time the profile of the total head H is not appreciably 
iffected, then in this region the values of p as obtained from (2 
will be less than those obtained from (5). 


Results for Channel | 


Che channel with radii R 1.235in., R 5.015 in 
5.934 will be referred to as channel I and the char 
R }.082 in., R ’ 

s channel T] 


and n 
nel with radii 
5.015 in., and 


2 095 will be referred to 


BR 


X wneches 


Fig. 7 Radial distributions of peripheral mean velocity for channel | 
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The radial distributions of temporal, mean-peripheral velocity 
obtained for channel I are shown in Fig. 7. V,, is the spatial 
mean velocity at the equatorial section as obtained from the 
velocity profile by graphical integration, and Np, is the Reyno.Js 
number based on V,, and the channel width 

Fig. 8 shows the radial distributions of the total head H and 
static pressure p 

Fig. 9 shows the radial-static-pressure differentials across the 
channel at 6 = 90 deg and @ = 180 deg and also the longitudinal- 
static-pressure differentials between 6 = 90 deg and 8 = 180 deg 
at the inner and outer walls 


p.H ft of water 
0 qo 6) © abex ‘ ‘ 
o8 i “ 74 | VEIBS3tA Nellixid 94/5 2186s Nzi3ixlO 
6) 4 . 72) 4 , 92 + 
4.0 V.* 700th N= 42x 70 . 
<te tp suee! 6B a8 
| 66 86 
64 84 
i= 877s Nz526I0°.  ¢2 82 
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p.H ft of woter p.H ft of water 
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54 
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Fig. 8 Radial distributions of total head H and static pressure p for 
channel I 


, H measured with 


static pressure obtained directly from p = H — 2 
9 


total-head tube type | 


static pressure obtained directly from p H 2 “ H measured with 
9 
total-head tube type 2 


static pressure obtained from total-head profile using equation (5) 
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Fig. 9 Total radial differentials of static pressure and longitudinal differentials of static pressure at channel! 


walls for channel | 


Che radial distribution of static pressure was extracted from 
measurements of the total head by two separate methods: (a) 
by subtracting the measured velocity head from the measured 
total head at each point according to equation (2), the points 
« obtained in this way are shown as small circles or squares in Fig. 8; 
and (6) by assuming radial equilibrium and using equation (5), 
evaluating the integral graphically. In the latter method no re- 

ourse to the measured velocity distribution is made—the points 
obtained in this way are shown by the larger circles. 

he static pressures computed from total heads measured with 
the two different total-head tubes are in agreement. The static- 
pressure distributions obtained by the two different methods are 
ilso in mutual agreement and each passes through the points 
corresponding to the independently measured static pressures at 
the channel walls. This agreement indicates that the assump- 
i.e., that 
that the co- 
efficients of the pitot tubes and total-head tubes were not subject 


were valid for flows in the channel 
radial equilibrium existed, and 


tions of equation (5 
shows further 
to variations appreciably beyond those found in the original 
calibration. 

That radial equilibrium existed in channel I is further indicated 
by the general agreement between the experimental distributions 


, P/V” ; 
V/V,, and and those computed on the assumption of 


«<Q 


potential-flow, cyclic, irrotational motion, see Figs. 10 and 11 


It is seen from Fig. 10 that for channel Reynolds numbers from 
1.20 XK 10% to 1.39 & 10° a single profile of V/V 
ind Reynolds similarity exists 


is obtained 


m 


lhe curved line in Fig. 10 is the plot of 


| R, log, ee n 4.84 
= 0.048] 1 4 + , 
rT r 
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R, log, (R: — r) 
a voars| 1 4 we 


0.0644 


where 
4.235 in 
5.015 in 


= 4.585 in. (approximately 


Distributions (6) and (7) are of the form devel 


the author [4], where it was shown that they 


ped earlier by 
fitted the experi 
mental velocity distributions of Wattendorf and of Eskinazi and 
with the 


| distributior 


Yeh in substantially the same way that they compare 


They fit the observe 
quite accurately over the main body of the channel and near the 


present experimental results. 
outer wall but fail at distances within 0.15 in. of the inner wall 
the value of V/V 


, becoming increasingly less than required by 
the theory as the inner wall is approached 

The dotted line in Fig. 10 is the distribution obtained by 
neglecting the logarithmic term in equation (6 Chis term be- 
comes negligible at distances from the inner 


This distribution 


wall greater thar 


0.25 in 


is a potential-flow distribution about a vortex filament ay 
(Note that the average value of V/V, for 
the distribution is somewhat greater than unity 


propriate strength. 


For potential-flow, cyclic, irrotational motion with mean ve 


locity V,,, the velocity is given by 
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Vv 
Fig. 10 Radial distribution of v for channel | 


Dotted curve is potential-flow theory distribution Fig. 13 Radial distribution of dimensionless static pressure for channel 
Full curve is logarithmic distribution equations (6) and (7) 1. Full curve is potential-flow theory distribution equation (10) 


= we Rian oN 


'§ x10" 
— aX 10100 Nigar! 


Lets B43 Nt! 40n10" = 
Set nen 
+ RAD TE2t. Nel 13x19" 


<< * 648%, NaS 
at 148 310° 
> an Ac Finale, NE SB4n IFT +s, :. 


53405 Nt 295419" +o 


—~> <n 
“G Bion Ng 759310". ]  . 


‘UFWOSR NS oan 
5 Me 280 Sig 4ttx10* 


21010 Ns 313x10° 
Listy Ne 234110" | 


THs NJ IBBLIO" 





06 07 08 09 10 I! 2 


Fig. 12 Radial distributions of peripheral mean velocity for channe! fi 


The dimensionless radial-pressure differential between the inner 
wall and a point distant z from the inner wall is given by 


p d? | 


= = lhe experimental values, see Fig. 0 
Ve? R, |? LR? (R, 
= log, - : 


29 R Ape -— 


= O30) «ar 
The “‘free-vortex’’ pressure distribution given by equation (10 
is shown by the full line in Fig. 11 


, and represents the experimen- 
tal results with good accuracy 


, except near the inner wall where 
the experimental points fall slightly low Results for Channel I! 
For the total, radial, static-pressure differential 


across the The radial distribution of peripheral velocity for 
channel, equation (10) gives 


shown in Fig. 12 


channel IT is 
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Fig. 13 Radial distributions of total head H and static pressure p for channel Ii 


static pressure obtained directly from p = H — 


v2 
2c’ H measured with total-head tube type | 
9 


y? 
static pressure obtained directly from p = H — 2c’ H measured with total-head tube type 2 
9 


static pressure obtained directly from p 


H 


v2 
oo ~, H measured with pitot tube type |! 
9 


static pressure obtained from total-head profile using equation (5) 


The 


points shown by small circles, dots, and squares are determined 


Fig. 13 shows the profiles of total head and static pressure. 


directly from the measured total head and the measured velocity 
according to equation (2), while those shown by the larger circles 
were obtained from equation (5) by graphical integration of the 
total-head profile. 

For channel Reynolds numbers above 9.48 X 10‘ the flow pro- 
files indicated the presence of a belt of faster-moving fluid whose 
distance from the inner wall increased as the channel Reynolds 
number was increased. 

The profiles of static pressure exhibited a corresponding hollow 
when determined directly from the velocity and total-head dis- 
tributions. No such hollow was obtained when the static pres- 
sure was computed from equation (5). This difference indicates 
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the presence of secondary flow at the equatorial section of the 
channel in the region of the fast-moving belt of fluid. 

Fig. 14 shows that the longitudinal-static-pressure gradient is 
now adverse at the inner wall. 

A further reference to Fig. 14 shows that the observed anomaly 
in the velocity and static-pressure profiles is not particularly re- 
flected in the total-radial-pressure differential Ap. One sees that 

ra 
° . . m 
Ap remains a linear function of ry and that 
“4 
Apguiso ac 
Vm 


29 29 


Aponso de 
PMes .. 0.905 
V.? 


m 


& 


and = ().930 
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Fig. 14 Total radial differentials of static pressure and longitudinal differentials of static pressure at 
channel walls for channel Il 
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Conclusions 


The experimental data for the ra 


nd velocity for flows in t 
ielded the following informa 
For the narrower channel 
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given by equation (11) is 


Aas woul i 


-pre ssure pro- 


at 


the channel 
1.42 X 


anomaly 


The static pressures 


and total head using 


ibsence 


yw 


» of the vane 


re the profiles to the stable 


lows in the narrow channel 


gradient at the inner wall was 


was used, dp, being —0.05 ft of 


the absence of the 


irved channels 


nolds similarity 


lial distributions of pressure 


considered, 


existed over 


the various flow rates considered, both for the pressure and 
velocity Except in the neighborhood of the walls the velocity 
distribution approximates quite closely to the potential-flow dis- 
tribution 


The velocity distribution follows a logarithmic form as given by 
the author [4] except in a region near the inner wall, where the 
velocities are less than required by the theory. It would seem 
that for a proper representation in this region it is essential to 
consider the effect of the curvature on the turbulence mecha- 
nism 

The pressure distributions and the total-radial-pressure dif- 
ferentials are in close agreement with results obtained for poten- 
tial theory circulatory flow about a vortex filament 

No indication of separation at the inner wall of the channel was 
observed for this channel although measurements were made at 
spatial mean velocities ranging from 7.00 fps to 23.12 fps, cor- 
responding to a channel Reynolds number range of 4.20 K 10* to 
1.39 X 10 

For the wider channel, at Reynolds numbers above 9.48 X 10‘ 
the flow profiles exhibited a belt of faster-moving fluid whose dis- 
tance from the inner wall increased as the channel Reynolds num- 


ber was increased. This was accompanied by on adverse pressure 
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Fig. 15 Profiles of peripheral mean velocity, total head H-, and static 
9.53 fps 
v2 


pressure p for channel Il with splitter vane inserted, for V,, = 


and Ny. = 1.42 X 10°. Static pressure obtained directly from p = —. 


29 
@ H measured with pitot tube type 1 
H measured with total-head tube type 1 


gradient at the inner wall of the channel, pulsations in the velocity 
in the region of the faster fluid, and the presence of localized 
secondary flow. This phenomenon is considered to be the conse- 
quence of transitory stall at the inner wall of the channel. 

The anomaly in the flow profiles was eliminated by the insertion 
of a 6-in. splitter vane at the entrance to the channel, but the ad- 
verse pressure gradient at the inner wall persisted. 

The results are subject to a qualitative interpretation on the 
lines of the model proposed by Kline [5, 11, 12]. 
layer separation and small back flow w, (Kline’s notation) is as- 


A boundary- 


sumed to be initiated at some point upstream from the measuring 
At this point a small area of stalled fluid will occur; 
some or all of the stalled fluid will be removed by entrainment 
If the back flow w, at the point of stall in- 
ception is greater than the rate of entrainment w, of the stalled 


section. 
in the main stream. 


fluid, the stall grows, and the mean flow is forced away from the 
wall. The downstream streamlines are pressed together and the 
flow profiles exhibit the superimposed belt of faster moving fluid 
in Fig. 12. 

This state of affairs does not occur in the narrow channel be- 
cause then, due to the greater velocity of the mean flow in the 
region near the inner wall of the channel, more efficient turbulent 
mixing and entrainment takes place and w, is always far greater 
Any localized back flow is im- 
One may 
say that the outer wall of the channel is still close enough to 


than any possible back flow w,. 
mediately swept away and no finite stall can develop. 


direct the mean flow to sweep away possible back flow. 

In the same way the splitter vane directs the mean flow and 
causes a greater velocity near the wall which in turn establishes 
. hecessary to prohibit the local 
upstream inception and growth of the stall and the consequent 
deformation of the downstream flow profile 


the greater entrainment flow w 


536 / sepTEMBER 1960 


Acknowledgments 


Acknowledgment is made to the National Research Council of 
Canada for their grant with which this work was carried out 

The author also wishes to acknowledge the invaluable assistance 
of Messrs. John L. Irvine and Mark S. Chappell in the instru- 
mentation of this apparatus. 


References 


1 F. L. Wattendorf, ““A Study 
Fully Developed Turbulent Flow,” 
(London), series A, vol. 148, 1935, p. 565. 

2 8. Eskinazi and H. Yeh, ‘‘An Investigation on Fully Developed 
Turbulent Flows in a Curved Channel,"’ Journal of the Aeronautical 
Sciences, vol. 23, 1956, p. 23. 

3 H. Yeh, W. G. Rose, and H. Lien, “Further Investigations on 
Fully Developed Turbulent Flows in a Curved Channel,” ONR Re 
port, Nonr-248(33), September, 1956. 

4 A. W. Marris, “On Fully Developed 
Curved Channels,’ Canadian Journal of Physics, vol. 34 
1134. 

5 8. J. Kline, “On the Nature of Stall,’ JourNat or Basic EN 
GINEERING, series D, Trans. ASME, vol. 81, 1959, pp. 305-320. 

6 8S. J. Kline and R. C. Dean, Jr., “The Central Unresolved 
Fluid-Mechanics Problems of the Mechanical Engineer,” cor 
densed in Mechanical Engineering, vol. 80, Dec., 1958, pp. 54-55 

7 R. W. Detra, “The Secondary Flow in C j thesi 
Swiss Federal Institute of Technology, Zurich 

8 Y.Senoo, ‘The Boundary Layer on the End Wall of a Turbine 
Nozzle Cascade,"’ Trans. ASME, vol. 80, 1958, pp. 1711-1720 

9 C.A. Moore, Jr., and S. J. Kline, “Some Effects of Vanes ar 
of Turbulence on Two-Dimensional Wide-Angle Sul 
U. 8. NACA, TN 4080, June, 1958 

10 D.L. Cochran and 8. J. Kline, ‘The Use of Short 
for Producing Efficient Wide-Angle Two-Dimensional 
fusers,”’ to be published as NACA, TN 4309. 

11 §8.J. Kline, “Some New Conceptions of Stall Including the Be 
havior of Vaned and Unvaned Diffusers,’’ progress Report to N AAC 
under Contract, NAw-6500, March, 1957. 

3s &. d. Kline, “Some New Conceptions ol 
Stall in Turbulent Boundary Layers 


Sciences, vol. 24, 1957, pp. 470-471 


of the Effect of Curvature on 


Proceedings of the Royal Society 


Flow 


1956 


irve 


1952 


Pipes,” 


sonic Diffusers 


Flat Vane 
Subsonic Dif- 


er 
, 


Mec} 


* Journal 


DISCUSSION 


Frank Kreith® 
The 


of measurements of velocities and 


author has presented the re a ! 
turbulent 


Our understanding of the flow phenomena it 


pressures in 
in curved channels 
curved channels is quite incomplete at this time and experiments 
of the type Professor Marris has yo rformed are indeed valuabl 


j 


As in many other experiments in unexplored 


ireas, the i ler 
pretation of a measurement is often predicated on an assumed 
model of the phenomenon under study. In the experiments per- 
formed by Professor Marris, pressure measurements were used to 
calculate velocities under the assumption that the flow is two 
dimensional, some checks were made on this assumption, and 
subsequently, observed anomalies, such as those shown by the 
velocity profiles in Fig. 12, were then interpreted in the light of 
the original assumption 

This discusser would like to ask whether the interpretations of 
the experimental measurements would be appreciably altered if 
one would abandon the assumption of two-dimensional flow and 
admit, as indicated by the static pressure measurements, the ex- 
istance of appreciable circulation. In fact, the deviation from the 
two-dimensional flow might by itself be an area for further re- 
search of considerable interest. It would then be possible to see 
whether secondary flow is ‘‘confined to the equatorial sections of 
the channel” or fills the entire channel. From the measured 


static pressure gradient, it does not seem at all unreasonable to 
of Mechanical 
Assoc. Mem 


Engineering, University 


ASM I 


§ Professor 


Boulder, Colo 
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suspect that circulatory flow existed throughout the channel 
even at velocities below 7 ft/sec, but could not be detected with 
the experimental technique used in this study. 

It would also be of interest if the author would present in his 
closure a few typical pictures of the illustrative movie which he 
showed during the presentation of the paper. These pictures 
should add valuable information to the separation phenomena 
reported in the paper 


Author's Closure 


The author thanks Professor Kreith for 
point about secondary flow is a valid one. 
To check this point, the author has measured the profiles of 
peripheral velocity not only at the equatorial section of the chan- 
nel but at levels above and below the equator. 


his discussion. His 


The profiles 
taken at these levels exhibited the same general features as those 
at the equatorial section but showed a slight over-all upward tilt 
toward the outer wall. The author 
channel of the same radii as the present one, 


also made traverses in a 
but of twice the 
depth, and the profiles again showed the same characteristics 
The effect of such secondary flow is to change slightly the orienta- 
tion of the whole profile, and appears to be of smaller order than 
the phenomenon producing the peaks of Fig. 12. 

After extensive measurements in channels of width 1.5 in. and 
2.0 in. in which the velocity “peaks’’ of Fig. 12 persistently ex- 
hibited themselves, the author has been forced to the conclusion 
that the peaks and the corresponding low pressure pits of Fig. 13 
are not a consequence of flow but result 
change in the pitot tube coefficient at 


rather from a sudden 
a particular Reynolds 
number based on the lengths of pitot tube stem protruding into 
the flow 

A pitot tube of the type used, while of a shape facilitating radial 
that the 


wake from the stem. 


traverses, suffers from the disadvantage static pressure 
A change 


change the static pressure read 


tap is in its own wake and in the 
the character of the wake 


ing 


lhe pitot tube entered the channel from the outer wall as shown 


Fig. 16. The anomaly in the velocity and pressure profiles 
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Fig. 17 


first manifests itself near the inner wall at which position the stem 


length s in the flow is long enough to produce it 


Fig 17 shows a correlation between a “critical velocity at 
which the velocity and static pressure profiles show the anomalous 
change in gradient, and a Reynolds number based on this critical 
velocity and the length s of the pitot tube stem spanning the flow 


For velocities V and stem-lengths s such that 


Vs ( Vs ) 
Vv v 
« coefhicient has the value 0.885 
‘ities and stem lengths such that 


the pitot tube coefficient fell to approximately 0.85, giving rise 
to the peaks of Fig. 12 and the low pressure troughs of Fig. 13 

Readings taken in the outer region of Channel II with the 
two different pitot tubes agreed, because in this region both V and 
s were small. The peaks were not manifest in the 0.78 in. wide 
Channel I, even though the velocities in this channel were higher 
than for Channel II, because of the shorter length s of pitot tube 
stem spanning the flow. The anomaly was missed in the original 
calibration for the same reason. 

The tube shape of the velocity profiles of Fig. 12 ms be 
judged by extrapolating the curves from the “dimples’’ on the 
inner wall side of the peak to opposite foot of the ; eak 

With the correction the velocity profiles for Channel II exhibit 
1 Reynolds similarity 

since presenting this paper the author has checked the static 
pressure distributions qualitatively by examining the free sur- 
face of low velocity flow in a curved channel. On entering the 
curved section the water near the inner wall is rapidly accelerated 
by the sudden drop in pressure. The water in the outer region 
A deep 
pit of low pressure is formed in the inner region of the channel 
The water in the outer region is at an over-all high pressure. At 
a point about 150 deg around the channel the pressure differential 
between the inner and outer regions is too great to be maintained 


of the channel is likewise retarded by the rise in pressure 


by the curvature and a fully developed stall vortex is formed near 
the inner region The effect of the vortex is to reduce the pres- 
sure differential between the inner and outer regions but not to 
destroy it 

The vortex, resulting from a greater initial acceleration of the 
inner flow than can be supported by the curvature must be re- 
The smaller the width to 
radius ratio of the channel the nearer the entrance will be the 


garded as an entrance condition. 


point of formation of the vortex. 
The flow regime in the curved channel is comprised of two 
regions, an outer region of high diffusivity, high stress transfer, 
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gentle gradients of velocity and pressure, and an inner region of 
low pressure, fast flow, high stability, and of a turbulence that 
is highly strained in the flow-wise direction. 

The adverse flow-wise pressure gradient at the inner wall shown 
in Fig. 14 suggests that for the 2-in. wide channel the stable 
inner wall boundary layer is progressively thickening, and perhaps 
separating. 

Fig. 18 shows the radial distribution of angular momentum ob- 
tained for 0.78-in. wide Channel I. The angular momentum is 
essentially constant across the center section of the flow verifying 
the “free vortex’’ velocity distribution for this channel. Fig. 19 
shows the angular momentum distribution for the 1.93-in. wide 
Channel II of the same outer radius. From Rayleigh’s criterion 

13 | that a radially increasing angular momentum gradient implies 
stability, we infer that the curvature has increased the stability 
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Fig. 20(a) Dye injected at inner wall 


Fig. 20(b) Dye injected at outer wall 


of the flow in the center region of the flow. The peak arising 
from the change in the pitot tube coefficient should again be dis 
regarded. This stabilization must be regarded as a flow-wise 
progressive effect of a curvature modified turbulence on the cur- 
vature modified mean flow. 

As suggested by Professor Kreith, “‘stills’’ taken from motion 
pictures of dye traces at the inner and outer walls of the channe 
are shown in Fig. 20(a and 6). Dye injected at the inner wall 
remains in a band about the inner wall demonstrating the high 
stability and low radial diffusivity of this region. Dye injected 
at the outer wall is rapidly diffused across the outer region of the 
channel. 


Additional Reference 


13. Lord Rayleigh, “On the Dynamics of Revolving Fluid 
Proceedings of the Royal Society (London), series A, vol. 6, 1916, pp 
148-154. 
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Flow Phenomena of Partially 


L. A. MAROTI’ 
G. DEAK? 


Enclosed Rotating Disks 


The flow of air in the space between a rotating disk and a stationary side wall placed 


F. KREITH® 


parallel to its surface has been investigated over a range of Reynolds numbers from 3 X 
10° to6 X 10° at clearance-to-diameter ratios from 0.0125 to 0.0625 


When the size of 


the stationary side wall was larger than the diameter of the rotating disk the flow in the 
gap was found to be periodic; several distinct and separate inflow and outflow regions 


were observed to rotate in the same direction as the disk, but at a slower speed. 
ber of flow regions was found to be a function of the disk speed and the gap size 


The num- 


The 


frictional torque on the housing was also measured and the effect of source flow on the 
flow pattern was studied qualitatively 


Bass ORIGINAL OBJECTIVE of this study was to inves- 


tigate the effect of the gap size on the induced flow pattern and on 
the frictional resistance of fully and partially enclosed rotating 
disks 


which had been observed in a st 


This information was needed to explain certain anomalies 
idy of heat transfer from par- 
tially enclosed rotating disks [1, 2] and will be described more 
fully in another paper 

At the time the experimental equipment was designed, it was 
believed that the flow patterns in both fully and partially en- 
closed systems would be qualitatively similar to those described 
by Soo [3] Schultz-Grunow [4]. 
operation in a fully enclosed system the actuating frictional 


and Since in steady-state 
torque of the rotating disk on the enclosed fluid must be equal 
and opposite to the frictional resisting torque exerted on the 
fluid by the stationary surfaces of the chamber, it was decided 
for convenience to measure the torque on the stationary housing. 
It was further planned to determine the torque of the rotating 
disk in a partially enclosed system, that is, in a housing with two 
walls parallel to the surfaces of the disk but without a cylindrical 
enclosure around the rim of the disk, by measuring the torque on 
the stationary walls and adding to it the rate of angular-momen- 
tum dissipation of the fluid leaving through the gap between the 
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Nomenclature 


radial and 
tangential-velocity profiles were a part of the original objective 
this procedure seemed rather convenient, especially because it 


stationary side walls. Since the measurements of 


required only simple instruments and equipment already availa- 
ble. In order to reduce the correction to the torque measured 
on the stationary walls, these walls were made larger than the 
disk. With this setup, 


converted into a fully enclosed system by placing a shroud around 


a partially enclosed system could be 


the disk between the stationary side walls. 

The first disk and housing combination built, Fig. 1, consisted 
of a 20-in-diameter, '/;-in-thick plexiglas disk rotating between 
The side walls were 
The 
spacings between the side walis, and between the side walls and 
the disk, were adjustable so that the gap could be set symmetri- 
cally or asymmetrically on the two sides of the disk 


two 25-in-sq walls also made of plexiglas 
attached to each other by 4 bolts, one in each corner 


When the plastic disk was set into motion the flow pattern was 
found to be radically different from what had originally been 
expected. Instead of 
stationary side walls and a steady radial outflow along the sur- 
faces of the rotating disk, the flow at any point around the per- 
imeter alternated periodically between radial inflow and outflow 
The fluctuations were so intense that they 


a continuous radial inflow along the 


were originally 
detected by holding one’s hand near the gap. 

At first it was thought that the periodic behavior of the flow 
might either be caused by the radial asymmetry of the side walls 
or might be the result of a misalignment in the hub of the plastic 
disk which caused it to wobble slightly. In an effort to eliminate 
the periodic flow another disk and housing assembly was designed 
and built. 
machined on its shaft to prevent any misalignment. 


The second disk was made of aluminum and was 
It was 
16-in. in diameter, '/:-in. thick, and its surfaces and its rim ran 
true to within 0.001 in. The side walls were again made of 
plexiglas, but were circular in shape with a dismeter of 24 in. 
The side walls were attached to each other with eight equally 





number of flow regions = pressure 
= torque coefficient 
relative core speed 
frequency of flow reversals 
torque 
speed of disk 
flow-region rotational speed wall 


Journal of Basic Engineering 


pressure as a function of radius 
= pressure at the center 
variable radius 
radius of disk 
Reynolds number 
axial spacing between disk and end 


= tangential velocity 

= radial velocity 

= distance from disk surface 

= speed of core rotation 

= kinematic viscosity 
density 

= angular velocity 
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Fig. 1 Schematic sketch of 16-in-di 


























spaced sleeved bolts, but to assure complete axial symmetry 
around the rim of the disk 16 additional were 
equally spaced around the bolt diameter. Furthermore, a hole 
was drilled into the center of the front plate so that a dummy 
shaft could be installed to obtain also geometrical symmetry of 
the housing on both sides of the disk. 

When the aluminum disk in the second assembly was set into 
motion the periodic flow pattern was again observed. At this 
point it was decided to change the objective of the work in order 
to study this unusual flow phenomenon. 


sleeves 


The measurements of 
the frictional resistance had to be relegated to a secondary role 
because the equipment was clearly not suitable for measuring 
the torque of the rotating disk with unsteady flow around its 
rim. It should therefore be emphasized that the torque coeffi- 
cients reported in the latter part of this paper refer to the friction 
exerted by the fluid on the side walls and that the frictional 
resistance of the disk is larger by an amount equal to the net 
radial-momentum dissipation rate which could not be measured 
because of the unsteadiness of the flow. The measured torques 
represent therefore only lower limits of the actual torques of the 
rotating disk. 

Once it was established that the periodic flow was not caused 
by asymmetry of misalignment of the equipment, but was a 
regular and reproducible phenomenon, steps were taken to 
the nature of the flow in more detail. However, 
before proceeding with the detailed study of the periodic flow 
it was decided to ascertain whether the same type of periodic 
flow occurs also when the surface of the disk is horizontal. This 
point was verified by means of another disk assembly which had 
originally 


investigate 


been designed for a heat-transfer 


scribed in Reference [1] 


study and is de- 
It was found that periodic flow does 
indeed occur also when the disk surface is horizontal and a large 
plate is placed above the disk parallel to its surface, but periodic 
flow was only observed when the size of the stationary wall was 
larger than the diameter of the rotating disk. With a stationary 
side wall of the same size, or smaller, than the rotating disk no 
periodicity in the flow could be found. This was also verified 


later on the larger assembly with the disk surface in a vertical 


340 
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Fig. 2 Experimental apparatus with 16-i disk 


position. All of the results reported in the subsequent portion 
of this paper were obtained with the 16-in-diameter aluminum 


disk rotating between two stationary 24-in-diameter side walls. 


Instrumentation and Experimental Technique 


A photograph of the experimental equipment used in this 
study is shown in Fig. 2. 


A 16-in-diameter, '/:-in-thick alumi- 
num disk was mounted on a shaft which was driven through a 
double pulley arrangement by a '/:-hp d-c motor. The speed of 
the disk was controlled by adjusting the armature resistance of the 
motor and measured by means of a Strobotac 
walls were 24-in-diameter plexiglas disks. 


The two side 
They were attached to 
each other by eight sleeved bolts with 16 additional spacer sleeves 
equally spaced around the bolt circle. 
walls could be varied by inserting suitable spacer sleeves. 


The gap between the 
The 
position of the walls relative to the disk could be adjusted by 
means of a screw arrangement. The entire housing was mounted 
on ball bearings, but motion was prevented when the disk was 
rotating by counteracting the torque exerted by the fluid on the 
walls with a known weight placed at the appropriate distance 
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from the center of rotation on a wooden balancing beam attached 
to the housing. After suitable calibration the product of the 
weight and its moment arm were exactly equal to the torque on 
the housing. 

In the plastic disk facing the observer in Fig. 2, seven '/,-in 
holes were drilled and tapped along one radius at 2, 3, 4, 5, 6, 7, 
and 8 in. from the center, and two additional holes, 120-deg apart 
on the 6-in. circle. The holes were used to insert the fittings for 
the instruments used to survey the pressure and to visualize the 
In the center of the 
disk a 1*/s-in. hole was provided which could either be used for 
injecting smoke or for installing a dummy shaft to obtain meridian 
symmetry. 


flow by smoke injection or yarn motion 


Three different methods were used to measure and observe the 
periodic flow. The pulsation frequency at a given point along th 
periphery was first measured by means of a stethoscope and an 
electric When the open end of the 


stethoscope was placed into the gap between the disk and a side 


timer. rubber hose of a 
wall the variation of the noise generated by the periodic pumping 
was clearly audible. In order to reduce disturbances of the flow 
as much as possible, a 5-in-long |} ypodermic needle was attached 
to the end of the hose from the stethos ope 
times the flow changed direction during a given interval was 
counted 


Then the number of 


The frequency range observable with this method 
was limited to between 80 and 280 cpm. At lower frequencies 
the pumping became inaudible and at higher frequencies the ear 
could no longer distinguish between consecutive flow reversals 

The stethoscope could also be used to determine the number of 
inflow and outflow regions present in the gap at one time. By 
attaching a separate probe to each ear and holding one probe at a 
given location while moving the other around the periphery until 
the noise in both ears was synchronized, the number of locations 
at which noise synchronization occurred could be determined. 
The noise pattern could also be recorded on an oscilloscope by 
attaching a microphone to the probe and photographically 
recording its output on the screen during 1 sec 

The periodicity of the flow was next observed and measured 
by placing a piece of No. 50 denier white nylon yarn in the gap 
and photographing its motion. 
through the eye of a needle into the 
gap through the available ports. The yarn was designed to have 
& minimum of friction at the point of attachment, and it aligned 
itself very rapidly with the direction of the flow. 


moving pictures, the flow reversals could easily be 


One end of the yarn was passed 


which was inserted 


By taking 
observed 
By means of still pictures with exposure times long compared to 
a flow-reversal cycle, the total included angle of the velocity 
vectors for the inflow and outflow could also be measured 

The third, and in many ways the most satisfactory, method of 
studying the flow consisted of injecting smoke into the air and 
taking moving pictures of its motions. The smoke was produced 
by a smoke generator shown in Fig. 3. It consists of a series of 
cigar-shaped copper tubes attached to an air line which, after the 
The 
smoke was passed through a bottle filled partially with water to 
cool it and to remove the bulk of the tar. 


tobacco in the tubes was lit, continued to smoke the cigars. 


It was then injected 
into the air in the gap between the rotating disk and the front 
cover plate, either at various points through the wall using bent 
copper tubes of 0.05-in. OD and 0.034-in. ID or fed directly 
through a rubber hose into the hole in the center of the front 
plate. 

control. 


The smoke generation and injection required careful 

When too much smoke was used it had too large an 
initial velocity to follow the flow accurately, but when too little 
was used the flow pattern was barely visible and could not be 
photographed. The location, both axial and radial, at which 
the yarn was placed or the smoke injected, could be varied since 
there were pressure ports every inch along one radius from 2 to 8 
in. from the center and the probe itself could be moved radially. 
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Fig. 3 Smoke generator 


Fig. 4 Smoke-in‘ection tube, yarn holder, and stotic pressure fitting 
Photographs of the yarn holder, the pitot tube for smoke injec- 
tion, and the fitting used for static pressure surveys are shown in 
Fig. 4 

The motion pictures were taken with a Cine-Kodak Special II 
camera on du Pont 931 A film 
groups and may be obtained on a loan basis by writing to the 
Engineering Station, 
Boulder, Colo 


They are available to interested 


-xperiment University of Colorado, 


Experimental Results 


Radial-Flow-Reversal Frequency. The experimentally measured 
frequencies of the radial flow reversals at a given point on the 
periphery of the disk are plotted as a function of rotational speed 
in Figs. 5to7. Each of these graphs shows the data for a given 
gap size, namely, for '/s, '/«, */s, , 3/4, and 1 in 


. respectively 
The constant 


parameter for each curve is H, the number of 


inflow or outflow regions present in the gap. The experimental 
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Summary of frequencies of radial flow reversals 
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frequency data are summarized in Fig. 8 where the faired lines 
drawn through the data shown in Figs. 5 through 7 are repro- 
duced. 

An inspection of the graphs in Fig. 8 shows that the frequency 
of the radial flow reversals increases linearly with the speed of the 


disk. 


gated 2, 3, or 4 separate inflow and outflow regions can rotate in 


Furthermore, within the range of the variables investi- 
the gap. The number of such flow regions present at any time 
depends both on the speed and on the gap size; it tends to 
increase with increasing speed and to decrease with increasing 
gap size. Since the ratio of stationary-wall diameter to rotating- 
disk diameter was not varied it is not known whether this pa- 
rameter also exerts an influence on the flow pattern 

A photograph illustrating the physical appearance of the flow 
regions is shown in Fig. 9. This picture was taken with a 0.01- 
sec exposure while the disk was rotating at about 1000 rpm in a 
gap of approximately 1 in. Smoke was injected through a hole 
The thick line 
nter of the disk 


tube from the smoke generator An 


in the center of the side wall facing the camera 


leading from the bottom of the picture to the ce 


is the rubber inspection of 


the smoke pattern in the 1 shows that there are three 


from the 


2. . 


separate and distinet itflow regio n which smoke 





Fig. 9? Smoke outfiow at 1000 rpm in a 1-in. gap 


Fig. 10 Smoke outfiow at 740 rpm in a '/s-in. gap 
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central core flows radially outward. The three regions are not 
equally spaced from each other and their boundaries are some- 
The reason for this irregularity is that the operat- 


ing characteristics under which this picture was taken fall into a 


what ragged 


transition region in which the number of flow regions changes 
from three to two as shown in Fig. 7. Fig. 10 is a photograph 
taken at 740 rpm with a gap size of '/s in., operating conditions 
falling in the three-region range, and here the three outflow 
Unfortunately, the smoke- 


injection rate for this picture was not sufficient to demonstrate 


regions are nearly equally spaced 


the vortex pattern on the surface of the rotating disk as clearly 

asin Fig.9. A close inspection of Fig. 9 shows that in addition to 

the three outflow regions which fill the entire cross section of the 

gap, there appear to be nine regularly spaced vortex rings carrying 

fluid outward in the boundary layer attached to the surface of the 
These 


nature to those observed by Stuart, et al. [5] and by Kreith, et al 


rotating disk vortex patterns seem to be similar in 


[1] on a rotating disk in an infinite environment. However, on a 
disk rotating in an infinite environment Stuart observed 13 such 
ring-shaped vortexes while there are only nine in Fig. 9 

The photographs in Figs. 11, 12, and 13 were taken at 740 rpm 
and a gap of '/, in. with three pieces of yarn placed in the flow 
field halfway between the rotating and the stationary dis! Fig 
11 was photographed with an exposure of 0.01 sec with all three 
yarns in a radial-outflow region. The photograph shown in Fig 
12 was taken with an exposure of 0.004 sec with the three yarns 
at radial distances of 5, 6, and 7 in. in a radial-inflow region 
Fig. 13 is a 4-sec time exposure showing the extreme variations 
The angle included 


in radial flow direction at 4, 6, and 7 in. radii 


between extreme inflow and outflow velocity vectors is about 55 


deg at all three stations. The 0.004-sec-exposure photograph in 


Fig. 14 shows the appearance of the smoke injected at radial 


distances of 4, 6, and 7 in. into a radial-inflow region in a '/--in 


gap while the disk is rotating at 740 rpm. These pictures are 


Fig. 11 Three yarns in the center of a ' /.-in. gap at 5, 6, and 7-in. radii 
in radial outfiow region at 740 rpm in disk speed 
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Fig. 14 Smoke injected int> the center of a '/,-in. gap at 4, 6, and 7-in. 
radii at 740 rpm disk speed (direction of disk rotation counterclockwise) 


10 
8B 7 














Fig.12 Three yarns in the center of a '/»-in. gap at 5, 6, and 7-in. radii 
in a radial inflow region at 740 rpm disk speed 














Fig. 15 Comparison of torque on housing in completely enclosed system 
with data from Reference [6] 


merely intended to illustrate the type of information contained 
in the motion pictures which, as mentioned previously, are vvaila 
ble on « loan basis 
Torque Data. To check the torque-measuring technique the 
space between the two stationary plates was closed off by placing 
a wooden ring of 23-in. ID symmetrically around the rim of the 
disk. After careful checking with the stethoscope and smoke 
injection did not reveal any signs of unsteady flow in the system 
the torque was measured. For the disk rotating in this entirely 
closed housing the results are presented in Fig. 15. In this figure 
the measured torque coefficients are compared with the average 
of the data obtained by Daily and Nece [6] in a similar system 
with a clearance-to-disk diameter ratio of 0.0127 over a Reynolds- 
number range from 1 X 10 to 5 X 108. Although the system in 
Reference [6] had a smaller tip clearance, the two sets of data 
agree within 20 per cent, and since Daily and Nece [6] have 
investigated the torque characteristics of disks rotating in fully 
enclosed systems with great care over a wide range of variables, 
no additional tests in entirely closed housings were conducted 
Measurements of the torque on the housing were taken, however, 
in partially enclosed systems with symmetrical gaps of '/s, '/4, */s, 
and '/, in. on both sides of the disk. A set of typical measure- 
metts for a gap of '/, in. are presented in Fig. 16 by plotting the 
Fig. 13 Time exposure of three yarns inthe center of a'/2-in.gapat4,6, "que coefficient k = 5M /(2rw*plt*) as a function of the Reyn- 
and 7-in. radii at 740 rpm disk speed olds number Re = wh?/v. The rest of the data are summarized 
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Fig. 16 Wall torque coefficient for disk rotating in partially enclosed sys- 
tem with 4-in. gap as a fun tion of Reynolds number 
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Summary of wall torque coefficients for partially enclosed sys- 


in Fig. 17. A complete presentation of the measurements on 


which these curves are based may be found in Reference [7 


Radial Pressure Distribution and Core Rotation. Whien the gap be- 
iry wall becomes sufficiently 
the 


which rotates almost 


tween the rotating disk and the station 


large, there exists, as shown in References [4] and [6], in 


center of the gap a region, called the ‘“‘core,”’ 
Daily and Nece [6 


some net radial flow in the cor 


as a solid body found that even when there is 
theoretical analvses based on the 
of solid-body rotation in the core lead to satisfactory 


When 


pe riodic, as in the « xperiments ae 2¢ribed in this work, the 


assumption 


results in completely enclosed systems the flow is 


con- 
cept of a core rotation can at best be applied to the tangential- 
Althonr gh 


not investigated in detail, no 


velocity component this velocity component was 


observations were made to indicate 
that it was subject to penodic fluctuations. Moreover, since the 
maximum radial-velocity component does not exceed 38 per cent 
of the tangential-velocity component, as shown by the time 
exposures with the yarn in the flow, and the maximum time-aver- 


age radial-velocity component is probably less than 20 per cent 


Journal of Basic Engineering 





| 


2 | 
| 
il nae 
Pcs} — . 
14- 5 


Fig. 18 Radial pressure distribution in o partially enclosed system with 
,-in. gop at three disk speeds 














‘ 


of the velocity it was decided to measure 


the radial static- pressure 


tangential component 
distribution along the stationary wall 
The 


that used in Reference [6 


in order to obtain an estimate of the core rotation 


experi- 
mental procedure was quite similar t« 
Assuming that the 
is solely the the fluid- 
t fraction K of the disk 


gradient is given by 


to measure the angular rotation of the core 


radial pressure gradient dp/d result of 
mass rotation whose angular velocity is 


ingular speed w, the 


pressure 


dp i 
= K%w*pr 
dr 


which, when integrated from the center to r, vields 


P, — RP. = pK*w*r?/2 


The flow rotational speed ratio K is then 


The pressure in the center, p,, is a fictitious quantity in the 


experimental system and was obtained indirectly by extrapolating 
the measured static-pressure distribution to zero radius as shown 
18 for one 


in Fig gap siz . in 


butions were measured at speeds between 650 and 1300 rpm for 


Radial static-pressure distri- 


gap sizes of ‘ », and 
19, 20, and 21 


on « logarithmic seale against the local disk velocity (wr 


I 2 in. and the results are shown in Figs 
where the 


pressure difference P, — Pp.) 8 plotted 
for the 


three geometrics investigated 


Discussion of the Experimental Results 

An inspection of Fig. 8 and Table 1 shows that the fre quency 
of the radial flow reversal increases linearly with the rotational 
speed and that the number of flow regions tends to increase with 
increasing rotational speed, but to decrease with increasing gap 
size. The rotational speed of an individual flow region N can be 
obtained from Fig. 8 by dividing the frequency L & H, the num- 
945 
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Fig..19 Radial pressure difference versus local disk velocity in a ' 
gap 
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Fig. 20 Radial pressure difference versus local disk velocity in a * 
gap 
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Fig. 21 
gap 


Radial pressure difference versus local disk velocity ina 


Table 1 Number of inflow and outfiow regions at various speeds 


and gap sizes 


H V, rpm 

y 4 500-1000 

; 1000-1400 
300-1200 
500-1000 
250-800 
250-650 
350-500 
330-1400 
300-600 
130-280 
100-1300 
100-1700 


flow 
flow 


low regions present at one time 


N = 
H 
Fig. 22 shows the rotational speed of any single flow region in a 
given gap size as a function of the disk speed. It is apparent 
from this graph that the rotational speed of any i dividual flow 
speed at a rate which 
depe nds only on the gap size, but is ind pe ndent of the number of 


region increases linearly with the disk 


flow regions present. 


23, a cross plot of Fig. 22, 


Using the disk speed as a parameter, Fig 

shows the effect of the gap size on the 
rotational speed of an individual flow region. One observes that 
the rotational speed of a flow region decreases faster with increas- 


} 


ing gap size at higher disk speeds than at lower disk speeds 


Observations similar to those made in this study have also 
been reported by Dr. Senoo in a study of vaneless diffusers [9]. 
In a series of experiments in which a ring-shaped screen was 
rotated between two stationary disks having a larger diameter 
than the screen, Dr. Senoo observed one rotating inflow region and 
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Fig. 22 Rotational speed of single flow 
regions as a function of disk speed 














0 Ya V2 


Fig. 23 Rotational speed of single flow regions os a function of gap size 
one rotating outflow region. At ascreen speed of 25 rpm ina 1-in 
yap the flow loop rotated at about l rpm. This corresponds to a 
ratio of loop to disk rotation of about 0.04, which is not very differ- 
ent from the value of 0.05 observed with a similar gap size in the 
experiments reported here. Dr. Senoo also observed that, when 

net positive outflow was imposed on his system, the periodic 
low disappeared when the angle between the net-velocity vector 
These 


were qualitatively reproduced in the experimental 


ind the tangential-velocity component exceeded 20 deg 
observations 
system used in this study by drilling a hole in the stationary disk 
ind removing the dummy shaft. It was found that with increas- 


1g source flow the number of flow regions increased, but the 


When the source 


imposes a definite radial-outflow component, 


itensity of the radial flow reversals lecreased 
flow, which of course 
became sufficiently intense the radial flow reversals disappeared 
However, no reliable quantitative measurements of this phenom- 
enon have vet been taken 
In the literature the only mention of unsteady flow in a rotating- 
disk system was found in a paper [8] describing an experimental 
study 


of air flow between coaxial rotating disks. In this system 


coarse random fluctuations were always observed in the core of 


field exce pt when the two disks rotated in the same direc- 


ment of the 


the same speed, but no measure 


In all other studies t 


fluctuations 


l 
nen 


he disks were either rotating in 
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1200 


i400 n-RPM 


an infinite environment or in a completely closed housing. I: 


neither of these cases were periodic velocity fluctuations reported 


In order to find an explanation for the existence and the motion 


t} 


of the radial flow regions the rot ational speed of the core was 


calculated from the measured radial pressure distributions and 
lations were compare d with the rotational 
The j 


cal ulated 
values of the static 


the results of these caleu 


speed of the individual flow velocities 


regions 
of the core are based on time-ave rage 
Since the of the 


register fl 


pre S- 


sures response static-pressure manometer was 
ictuations due to variations in the 
the calculated 
are larger than the actual velocities by the squares of 


other 


not sufficient to 


radial flow velocity, the squares of tangential 
velocities 
the time average of the radial velocities In words, the 
the calculated 
In this tabulation the 


ratios of flow 


somewhat less tl 
ilated in Table 2 
and the 
disk velocity are summarized for gap-to-diameter rutios of 0.0156 


actual core rotation is probal ] 
values which are tab 


ratios of core-to-disk velocity 


regions to 


0.0313, and 0.0625, together with the corresponding ratios cal- 


culated theoretically for 


An inspec 


s complete ly enclosed system in Refer- 


ence tion of Table 2 shows that the core-velocity 


ratio ( iror th t - i” measurement increases 


gap 
increasing 


with 
j 


decreases 


size, b | flow-region velocity ratio 
Moreover, the 


4 flow region is always less than the angular velocity 


Sle 


with gap size angular 


velocity of 
between them tends 


of the corre spol ding core, but the difference 


to dis sppear» 


as the gap is narrowed Final 


ly, the core in a 


vartially open housing rotates at a substantially slower rat 
: I £ 


ympletely enclosed system, although core velocities 


measured in a compl te ly enclosed system 


than in a cc 


were apprecial ly less 


4] than the predicted values shown in Table 2 


Table 2 Comparison of flow region and core rotation 


0.0156 O 0.0625 
experimental 0.152 0 0.091 
experimental 0.183 0 0.215 


I 
theorv, reference [6 0.500 0 0. 460 


formation on the characteristics of the radia 


Additional i 


flow 


; 


eda iror time 
gap 
radial velocity in the gap reach« 


regions was obtair exposures of the yarn at 


various axial location acro the Such photog iphs 7 


showed that the 34 Maximum at 


about of the gap distance from the rotating disk and that th« 


ratio of the radial to the tangential velocity decreases wit] 


increasing disk speed. By combining the information gleaned 


from the yarn motion with all the other observations, a qualita 


tive velocity profile of the inflow and outflow regions was con- 


} 


structed. Fig. 24 is a sketch of the velocity profile in a typical 
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Fig. 24 Qualitative sketch of tangential and radial velocity profiles 


outflow and inflow region. The solid line in Fig. 24(a) represents 
the shape of the radial velocity profile in an outflow region 
between the rotating disk on the left and the stationary wall on 
the right. The dotted line in Fig. 24(a@) represents a similar 
profile for the inflow region. A definite outflow region was always 
observed in the vicinity of the rotating disk where the centrifugal 
force induces a continuous radial motion in the boundary layer 
ittached to the surface of the disk. The numerical values of the 
ordinate were taken from time exposures of the yarn at 740 rpm 
it a radial distance of 6 in. in a '/;-in. gap and they represent the 
flow pattern at the instance at which the outflow and inflow reach 
24(b) 
shows the tangential velocity profile with a typical core in the 
center of the gap 


their respective maximum under these conditions. Fig 


Fig. 25 is a sketch of the flow regions seen by a 
stationary observer facing the surface of the rotating disk in a 
three-region regime The contours of the flow regions are curved 
in the direction of motion This can be seen from the motion 
pictures as well as from a close inspection of Fig. 12, where, as 
shown schematically in Fig. 25, the downward deflection of the 
yarn on the 5-in. radius is less than that of the yarns located 6 
ind 7 in. from the center 

To determine the variation of the radial outflow velocity with 
time at a point on the periphery the stethoscope pickup was 
placed with the inlet facing radially inward. Then the pickup 
was connected to a microphone whose output was first amplified 


snd then recorded on the sereen of an oscilloscope with a 1-see 


Outflow Region 


“Direction of Rotation 


Fig.25 Qualitative sketch of flow region shapes (H = 3) 
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sweep. Since the noise produced by the 


been found to be proportional to its velocity the pattern ou the 
velocity 


screen of the scope gave information of the radial air 


the time during which the flow was radially inward or outward 


in one cycle, ind the Irequency of the fluctuatior Fig 26 


shows photographs of the noise pattern at 840 ar 


“wet Sec. 


Fig. 26 Polaroid photograph of noise fluctuation in '/;-in. gap at 1200 (a) 
and 840 rpm (b) disk speed, with I-sec oscilloscope sweep. Same, 
using 16-in-di ter stati y plates at 840 rpm disk speed (c). 
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. '/ein. gap. It can be seen from these records that during one 
cycle the inflow time is about twice as long as the outflow time 
snd that the radial outflow velocity increases gradually up to its 
maximum value and then decreases at approximately the same 
rate. The frequency as well as the information pertaining to 
de duced agrees 


with the conclusion drawn previously from observations made with 


flow pattern from the oscilloscope records 


smoke and yarns. It is also apparent, as mentioned previously, 


that the radial flow intensity increases with increasing speed. 
For comparison a similar oscilloscope record obtained with the 

\6-in-diam disk rotating between two stationary 16-in. side walls 

s shown in Fig. 26(c Although the noise was amplified 10 


times as much as in Fig. 26(a and b) only random fluctuations 


typical of turbulent flow could be found. There were no traces 
of radial inflow and outflow variations at any point in the gap 
The only definite conclusion that can be drawn from the torque 
measurements (Fig. 16) is that at a given Reynolds number and 
geometry the torque of a disk rotating in a partially enclosed 
The 


apparent at low speeds 


system is larger than in a completely enclosed system 


difference in the torque is, however 
where the dissipation of angular momentum outside of the hous- 
ing is relatively small. At higher speeds a larger portion of the 
fluid rotating between the disk and the wall left the system with 
substantial angular momentum so that the torque on the housing 
became increasingly smaller than the torque of the rotating disk 
Qualitative measurements of the torque with source flow indicate 
that at a given speed and spacing the torque with source flow is 


ess than the torque without 


Summary and Conclusions 


An experimental study of the flow induced by a disk rotating 
between two parallel stationary W ills showed that the radial flow 
across the gap at any point changes direction periodically when 
the walls are larger than the diameter of the rotating disk, but is 
steady when the diameter of the 
that of the disk 


nature to stall phenomena observed in 


walls is equ il to or less than 
The unsteady flow appears to be similar in 

vaneless diffusers, but 
regularly spaced vortex rings similar to those observed previously 
by Stuart [5] on a free rotating disk were also present in the 
of the rotating disk 


reversals vere 


boundary layer at the surface 


The 


various methods and it was found that in the gap between the 


periodic flow studied quantitatively by 


rotating disk and the stationary walls multiple symmetrically 


The 


speed and the gap size 


number 
The 


flow regions rotate in the same direction as the disk; their speed 


spaced inflow and outflow regions are present 


of flow regions depends on the dish 


increases linearly with the disk speed and is independent of the 


number of flow regions present, but decreases with increasing 


gap size. The inflow regions are approximately twice as large as 
I 5 PI g 


the outflow regions. Superposition of source flow decreases the 


intensity of the flow reversals and eventually produces steady 
The torque of the 


a partially open housing with unsteady 


radial outflow when of sufficient strength 
disk in flow is larger 
than the torque under similar conditions in a completely closed 
housing. Superposition of source flow in a partially open housing 
reduces the torque on the housing 

Since the ratio of wall to disk diameter was not varied, it is not 
known what influence, if any, this parameter has on the torque 
and on the flow pattern. This question, as well as influence of 
source flow on the torque characteristics and the stability limits 


she yuld be explored 
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DISCUSSION 
J. E. Coppage® 


The authors have done a commendable job in exploring the 
somewhat surprising phenomena which they have discovered in 
their rotating disk experiments. Among other things, their work 
illustrates once again the importance of understanding unsteady 
flow behavior as a requisite to the proper appreciation of virtually 
all real fluid flows 

Two specific comments have occurred to the writer. First, an 
examination of the geometry of the experimental apparatus shows 
that the width of the disk is large compared to the axial spacing, 
ranging from 0.5 to 4 times the spacing. The flow going outward 
over the disk would thus experience an abrupt expansion ol a 
magnitude which would certainly involve separation and eddy 
formation of the sort generally found in the wakes of bluff bodies. 
The frequency of the eddy shedding may, in part, be responsible 
for exciting the system to the periodic flow found experimentally 
The main concern, however, is that the disk width is a pertinent 
parameter which should either be eliminated (by making the 
width small relative to the spacing) or investigated systematically 

Secondly, the significant increase in torque coefficient for the 
partially enclosed system as compared to the completely en- 
closed system would suggest that investigation of the ratio of 
stationary wall diameter to disk diameter would be rather im- 
portant. Disk friction in turbomachinery can sometimes be a 
critical item, and information of this type would prove very 
useful. 

*Chief of Aerodynamics, AiResearch 
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R. E. Nece® and J. W. Daily’ 
The authors’ exploratory studies described in this paper pro- 
At- 


tention has been focussed upon an interesting unsteady flow 


vide additional information concerning rotational flows. 


phenomenon, and the need for further research in this area has 
In the following, the writers wish to bring up 
for further consideration some aspects of the fluid mechanics of 


been pointed out. 


the system as presented in the paper. 

The first of these deals with the time-average frictional torques 
Fig. 16 has been replotted, and 
0.0313 
(obtained in the authors’ study of a partially enclosed system) 
0.0255 (References 
10}* for a completely enclosed system), the theoretical 


summarized in Figs. 16 and 17. 
in addition to the experimental wall torques for S/R = 


and the experimental disk torque for S/R = 
6 | and 
expressions of Cochran and Karman for the torque of a free disk 
with laminar and turbulent boundary layers, respectively, are also 
plotted. Using the notation of this paper, these equations are: 


1.55 Re-’/? (Cochran) 
= (0.0585 Re~/* (Karman) 


Laminar flow: K = 
rurbulent flow: K 





$/R*0.0225, ENCLOSED DISK 
DATA, (REF. 6) 


-——~ COCHRAN ~ FREE 


4 — $/R*0.0313, 
DISK THEORY 


PARTIALLY ENCLOSED _ 
DISK, WALL TORQUE 


NX ‘ pata 
* 
+4 


~~ KARMAN ~ FREE 
DISK THEORY 


4 


| ENCLOSED DISK 
SEP. LAM. BOUNDARY 
LAYERS , ROTOR AND 
STATOR , APPROX. LIMITS 


ne: a a a! 
4 6 86 10% 4 6 610° 


2 

wk 
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Fig. 27 


Chese latter have been verified; 
one such investigation is given in [11]. 
The data of Fig. 16 show that, at the higher Reynolds numbers, 


the frictional torque on the stationary disk is smaller than that on 


expressions experimentally 


the comparable fully enclosed disk; this is to be expected, since 
as the authors point out some of the fluid rotating between the disk 
and end wall leaves the system with substantial angular momen- 
tum. If this excess of angular momentum is sufficiently large, 
then the frictional torque on the rotating disk is greater than on 
the comparable fully enclosed disk. 

The data in Fig. 16 show, however, that at lower Reynolds 
numbers the resistance of the stationary wall is larger than that 
Ifa 
net increase in angular momentum of the fluid is assumed, then 

At Re 


5 X 10‘, for example, where the flow over a free disk is laminar, 


on the limiting free disk for the same Reynolds number. 
the torque on the partially enclosed disk is even greater. 


the measured wall torque for the particular geometry tested is 
twice that of a free disk; as Reynolds numbers decrease, this 


ratio becomes larger. It is also of interest to note that, as 


Reynolds numbers decrease further, the value of the resistance 


Assistant Professor of Civil Engineering, University of Washing- 
ton, Seattle, Wash. Assoc. Mem. ASME. 
Professor of Hydraulics, Department of Civil and Sanitary Engi- 
eering, Massachusetts Institute of Technology, Cambridge, Mass. 
Mem. ASME. 
’ Numbers 10 and 11 in brackets designate References at end of this 
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coefficient K for the end wall of the partially enclosed disk in- 
creases in the same fashion as that for a fully enclosed disk with 
laminar Couette flow in the gap between disk and end wall. 

Time-average torques greater than for free disks, and the shayx 
of the K versus Re curve at low Reynolds numbers, cannot be ex- 
plained in terms of equivalent time-average steady-state flows 
The writers inquire if the authors have available any experimental 
data in the way of transient velocity profile measurements or 
transient torque measurements, not listed in the paper, which 
could tend toward a quantitative description of the torque be- 
havior as given in the paper. 

The second area of questioning concerns the influence of th 
geometry of the test rig upon the fluid motion. Perhaps vane- 
less diffuser instability may account for the periodicity observed 
in the gap between rotor and stator, but this remains to be 
demonstrated. The sharp edge of the stationary shroud also 
It might also be asked 
how much effect the ring of spacer bolts holding the side walls 


affects the return flow back into this gap. 


together had upon the periodicities, since these spacers provided 
a certain amount of obstruction to the radical components of 
flow from the disk. 
ing disk diameter equaled or exceeded the side wall diameter; it 


No periodicity was observed when the rotat- 


would be of interest to know if, for these tests, any discrete con- 
nections between the outer walls were located beyond the tip 
radius of the disk. 

A third item concerns the “nine regularly spaced vortex rings 
carrying fluid outward in the boundary layer page 543 and 
Fig. 9), and whether these were due in part to geometry or e1 
tirely to a basic instability of the flow at the laminar-turbulent 
transition in the boundary layer. 
that the 


pressure holes drilled in the front cover plate 


Perhaps it is only coincidental! 
number of these rings was the same as the numbe: 

The writers in- 
quire if it was possible to make any observations of smoke pat 
terns in the gap between the disk and the back cover plate, wher: 
there could be no effect of possible disturbances caused by suc} 


openings 
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P. D. Richardson’ 


The authors of this paper have presented some very interesting 


Nece, ‘‘Chamber Dimension Effects o 
Rotating 
ENGINEERIN(‘ 


tesistance of Enclosed 
Basi 


and valuable observations. In connection with these, I should 
like to mention some of the results of research performed in Eng 
land at Imperial College, where investigations of the flow and 
heat transfer associated with rotating bodies have been made for 
some years. 

When a disk is rotated in a fluid close to stationary parallel 
surfaces, it is found that the fate of the outflow from the disk rim 
is critical in determining the flow pattern and consequent heat 
transfer. An isolated rotating disk can be considered as a source 
of a radial jet which has a tangential velocity component at all 
radii. 
showed that vortexes formed as the boundary layers on the disk 


Experiments with disks having simple rectangular rims 


surfaces flowed over the sharp edges of the rim; when the disk 
was thin those from the opposite edges tended to interfere with 
Jn the region radially just beyond the rim considera- 
The 
center plane of the disk becomes distinctly more radial with in- 


each other. 


ble entrainment occurs. mean direction of flow in the 


crease of radial distance from the disk rim. The rate of change 
of direction with respect to radial distance increases as the disk 


9 Division of Engineering, Brown University, Providence, R. I 
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Beyond this 


which extends radially outward roughly 30 per cent of the disk 


thickness decreases region ol high entrainment, 


radius, the streamlines in the center plane of the jet tend to be- 
radial) and the 


velocity and radius tends to become constant 


come straight (but not truly product of total 


This is a property 


of purely radial turbulent jets, according to the theory of Squire 


12 Measurements on a disk jet are rather difficult to perform 


at large radii, for the high entrainment reduces the velocities in 


volved very rapidly 


Secause the disk jet is characterized by low velocities 


it is very 


sensitive to pressure differences across it. If a coaxial nonrotat- 


ing plane of larger diameter than a rotating disk is moved slowly 


from infinity toward the disk, it has at first no significant effect 


on the flow 
reduced te 


When, however, the distance of separation has been 


the order of the disk radius, the inflow to the near side 


of the disk is critically restricted between the edge ol 


the plane 


and the disk jet, and small pressure differences so caused are suf- 


ficient to make the jet to the plane If the plane is 


subsequently moved away ym the dish the jet remains at- 


tached at distances of separation considerably greater than that 
The 


geometry rather 


ich I 1 I ’’ or critical distance ip 


to be than disk 


primarily function of 


The relative ition of the rotating core was 


mnsiderably 


vould seem to he al 


When a 


their effect o1 isk jet 


the disk speer 


disk rot two ec th ustant circular 


planes appears to be very different 


from the case above the regions between the planes 


is characterized by un uly motions, insight into which is given 


by this paper Visualization of the flow radiallv beyond the rim 


revealed a pattern resembling 


Irom a& tangential direction > 


that observed in a col n of fi 


tid enclosed within an open-topped 


ich the 


Thi 


tube and heated from below, to wl present case bears a 


parual an slogy 


Instabilities attributed to effects within the rotating core have 


ilso been observed in configurations where the disk is enclosed 


Davies [14 


in a housing with a rim observed that his motor-disk 


assemblies (suspended on a torsion wire for torque measure- 


ments) deve Lope da wobble oscillation of inere asing amplification 


disk was so enshrouded Richardson [13] found 
alia, that this 


1 disk 


when the inter 


‘aero-gyrodynamic’’ effect could be demonstrated 


by rotating above a liquid surface in a deep cylindrical 


glass jar; a plane wave develops and rotates in the jar 
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The authors have found an interesting unsteady flow phenome- 


non in a rotating system. Similar phenomena have been ob- 


served in other rotating systems. It is worthwhile to review them 
The best known similar phenomenon is rotating stall, or stall 
propagation in an axial flow machine That is, when a machine 


operates at less than critical flow rate the stalling of one blade will 
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Mechanical Engineering, Massachusetts 
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successively stall adjacent blades so that a stall zone will rotat 
with an angular velocity of the stall zone different from the angu 
lar velocity of the rotor. The propagation velocity and the 
number of stall cells are influenced by the adjacent blade rows to 
a certain extent, but most people agree that the main cause of the 
stall propagation is the stall of the blades in the blade row 

Stall propagation was also observed in radial-flow machines, but 
few data have been published. It is said that the critical condi 


tion of stall propagation very much depends on the diffuser 


geometry 
As the 


served in 


authors mentioned, another stall propagation was ob- 


a vaneless diffuser In order to induce an axisym- 


a cylindrical ring of screen was driven around 
When the 
decreased and the limiting streamlines on the side walls became 
flow 


an inflow region oc 


metric swirl flow 
the axis instead of an impeller radial flow rates were 


almost circumferential, the axisymmetric 
That is 


circumilerence 


pattern dis 
appeared in the following manner 


cupied about '/, of the and an outflow region 


occupied the rest, and the flow pattern rotated with an angular 


ve lox itv which w is abo it ‘ of the screen ve locity This ex 


sts that the source of stall propagation in radial- 


flow machines is not necessarily the stall of the impeller blades t 


periment sugge 


i vaneless diffuser 
The authors 


flow 


‘an be a sou of stall propagation 


mentioned that in their apparatus no unstead 


diameter of the 


that the 


was observed when the casing Was equa 


source of 


the rotor diameter. It may mean unsteadiness 
ind the unsteady flow betweer 


the diffuser ur 
the present unsteady flow is the 


exists outside of the rotating disk 
the rotor and the casing 18 a 


If this is the cas 


consequence ol 
steadiness 
same kind of flow as the unsteady flow in a vaneless diffuser, and 
the unsts ady how phe nomena should be related to the mean flow 
and the geometry of the diffuser rather than to the geometry of 
the rotating disk and the side wall. 

If the flow between the 


source of the unsteady flow 


rotating disk and the side wall is 
however, it is quite different fron 
the unsteady flow in a vaneless diffuser because, as the auth 
verified, the tangential veloc ity increased with the radius betwee 
the rotor and the side wall, whereas outside of the rotor or i: 
vaneless diffuser the tangential velocity decreases with the radi 
The writer hopes that the authors and others, inspired by this 
paper, will investigate the source of stall propagation and inter 
tion of vaneless diffusers and rotors with different geometries 
eventually contribute to the understanding of stall propagation 


the radial-flow machines 


Authors’ Closure 
The authors wish to thank all of the discussers for their thought 


paper 
The majority of the questions raised in these discussions can, ur 


ful comments which constitute a valuable addition to the 


fortunately, only be partially answered at this time and additior 
research will be necessary to provide satisfactory explanatio ie | 
most of them 

The explanation suggested by Messrs. Coppage and Richards 
The senior 
author hopes to examine them in the near future at the Universit 


on the origin of the periodic flow may well be valid 


of Colorado and also plans to study the effects of the ratios of 
the disk diameter to the stationary wall diameter and to the disk 
It is unfortunat 


that Dr. Richardson’s work has not been published and the authors 


width on the torque coefficient and the flow. 


hope that he will make the details of his study generally availabk 
so they can serve as a guide for future investigations in the field 
William Janser Inc ssibl 


less Diffuser,’’ M.I.T. Gas Turbine Laboratory 
1* The following paper predicts that 


Fluid Flow in a Radial \ 
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if the flow pattern rotates fa 


mpre 


flow pat- 
Rotating Wakes 


the nonaxisymmetric 


and ¥ 


or this ratio is of the order of unity, 
tern disappears. R.C. Dean, Jr 
Vaneless Diffusers 


Senoo 
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The authors agree with Professors Nece and Daily that the 
shape of the K versus Re curve at low Reynolds numbers cannot 
be explained in terms of equivalent time-average steady-state 
flows. Unfortunately, no additional data of transient velocity 
profiles and no transient torque measurements are as yet availa- 
ble. However, the movies mentioned in the 


smoke paper 


suggest a possible explanation of the observed trend of the K 
versus Re curves 

If the flow pattern is steady, the torque on a rotating free disk 
On the other hand, if the 


low is unsteady the torque on the rotating disk may be larger 


constitutes the upper limiting value 
than in steady flow. The reason for thisis that the time average 
tangential velocity gradients near the outer rim may be larger. 
On a free disk in steady flow fluid is drawn toward the disk over 
the entire disk surface. 
uniform at a given radial distance and radial outflow takes place 
The 
situation is different in unsteady flow. The motion of the smoke, 
as well as the oscillograph record in Fig. 26, indicate that in the 


The tangential velocity component is 


over the entire disk surface within the boundary layer. 


inflow regions the tangential velocity gradients at the disk sur- 
face may not be much larger than on a free disk. In the out- 
flow regions, however, the gradients may be appreciably larger 


ind thus produce a larger time-average torque. 
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The influence of the spacer bolts in the test rig was carefully 
investigated and found to be negligible. 
but only six of them actually supported the plates; 
18 were “blanks,”’ 
In one test the blanks were removed one by one and no changes 
In another test the bolt circle 
was increased 8 inches by means of four extension bars mounted 
As before, the flow pat- 


There were 24 spacers, 
the remaining 
inserted merely to obtain axial symmetry 


in the flow pattern were observed. 


on the outside of the stationary plates. 
tern remained the same as with the 24 spacers in their regular 
position. 

It is indeed coincidental that the number of vortex rings as well 
as the number of pressure holes were the same. The possible 
influence of the pressure holes was investigated by injecting smoke 
through a hypodermic needle between the disk and the back cover 
plate which had no holes. Inasmuch as the number of vortex 
rings was found to be the same as on the front surface of the 
disk, the pressure holes could not be responsible for the presence 
of the vortex rings. 

Professor Senoo’s review of rotating stall phenomena and thei 
relation to the results presented in this paper is greatly appre 
ciated. he authors join Dr. Senoo in his plea for additional re 
search \ ch may lead to a better understanding of unsteady 


flow phenomena in rotating systems. 
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Roughness Effects on Frictional Resistance 


R. E. NECE! 


Assistant Professor of Civil Engineering, 
University of Washington, Seattle, Wash. 
Assoc. Mem. ASME 


J. W. DAILY 


Professor of Hydraulics, Department of 
Civil’and Sanitary Engineering, Massachusetts 
Institute of Technology, Cambridge, 

Mass. Mem. ASME 


of Enclosed Rotating Disks 


The effects of surface roughness on the frictional resistance of enclosed rotating disk 
have been studied experimentally. 
Reynolds numbers 4 X 10° to6 X 10° for three different relative roughnesses a/k of 
1000, 2000, and 3200 at three axial-clearance-to-disk-radius ratios s/a of 0.0227 
0.0609, and 0.112 for a constant, small, radial tip clearance 
posstble basic flow regimes in the axial gap between the disk and casing wall was verified 
Empirical expressions have been presented which predict the initial point of onset of 


Torque data were obtained over the range of disk 


The existence of four 


turbulence in the flow within the boundary layer on the disk, the point at which the 
surface roughness becomes fully effective, and the magnitudes of the resistance coefficients 


in the zone of fully rough turbulent flow 


The similarities and differences between 


smooth and rough-disk torque behavior, and to a limited extent boundary-layer behavior 


have been noted 


| PAPER CONCERNS the effects of roughness on the 
frictional resistance of disks rotating within an axially symmetric 
right circular cylinder. The study represents another phase of 
an investigation of the fundamental fluid mechanics associated 
with the rotation of enclosed disks; the 
have been presented in [1].? 


results for smooth disks 


disks 


Contrary to smooth-disk in- 


Prior frictional-torque tests of enclosed rough have 
yielded rather limited information 
vestigations, in which a number of fluids have been employed in 
the tests, experiments with enclosed rough disks seem to have been 
limited to water. Results of early tests for which no quantitative 
description of surface roughnesses was employed, are given in [2] 
data for one surface texture, for which an effective roughness 
Free rough-disk 


torque data have been presented more recently in [4] 


magnitude was assumed, are reported in [3 


In the light of the available information, this study (originating 
in 1955) had as its objectives a further experimental investigation 
with a limited number of controlled variables, namely surface 
roughr ess and axial clearance between the disk and stationary end 


walls of the chamber, over 


a wide range of Reynolds numbers 


The resulting test data are presented empirically, and results are 


! Formerly Assistant Professor of Hydraulics, Department of Civil 
and Sanitary Engineering, Massachusetts Institute of Technology 
Cambridge, Mass. 

? Numbers in brackets designate References at end of paper 

Contributed by the Fluid Mechanics Subcommittee of the Hy- 
draulic Division and presented at the Annual Meeting, Atlantic 
City, N. J., November 29-December 4, 1959, of THe AmeRIcAN 
Society or MEecHANICAL ENGINEERS 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions 
of the Society 
1959 


of their authors and not those 
Manuscript received at ASME Headquarters, Janu- 


ary 6 Paper No. 59—A-55 


Nomenclature 


discussed in the light of the modes of flow which may occur 
within the casing 

Experimental torque data were obtained, for the case of equal 
roughnesses on both the rotating disk (rotor) and the stationary, 
circular end wall of the stator), for the three relative 
roughnesses a/k of 1000, 2000, and 3200 at the three average ad- 
justed axial-clearance ratios s/a of 0.0227, 0.0609, and 0.112 over 
10? to 6 X 10°. For 
for the relative roughness a/k = 


casing 


the range of disk Reynolds numbers 4 
three comparable s/a values 
1000 only, data were also obtained for the rough-disk, smooth- 
end-wall case. The small radial tip clearance was constant at 
c/a = 0.00637 for all runs, and the cylindrical surfaces of the 


chamber were smooth in all runs 


Experimental Equipment 


Test Stand and Accessories. The test rig used was one which al- 


lowed the usual disk-friction torque measurements to be made 


at different speeds. Procedures used in obtaining these torque 


data are the same as those outlined in [1]; a more complete de- 
scription ol both the test apparatus and techr 1ques ts 1m luded in 


) 


A plane bronze disk of 19*/,-in. OD and '/,-in. thickness was 


used in these tests. Three smooth bronze sleeves of lengths #/,, 


1'/., and 2'/, in. and of 19%/,-in. ID provided finite changes in the 
The disk 


2-in-diam stainless-steel shaft driven by a d-« 


axial spacing s between the disk and casing end walls 
was attached to a 
motor with a 125 to 2000-rpm speed range. Axial symmetry of 
shafts to 


The major details of the test- 


the casing geometry was obtained by attaching dummy 
the front cover plate « f the casing 


chamber assembly are indicated in Fig. 1 





radius of disk, ft = * 
disk radial tip clearance, ft 
torque coefficient, defined by M 
== C,'/:pw%a®, on two faces of 
disk 
average height of roughness pro- 
tuberances, ft 
maximum 


height of roughness 


protuberances, ft 
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root-mean-square 
roughness protuberances, ft 

effective height of roughness pro- 
tuberances, ft 

admissible roughness height, ft 

frictional torque (moment 

integer number 


numerical constant 


height of radius, ft 


R = disk Reynolds number = wa?/i 
ixial clearance between disk and 
end wall, ft 
kinematic viscosity, ft?/sec 
ft-lb mass density, slugs ft? 
function ol 
= angular velocity, radians/sec 
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Fig. 1 Schematic drawing of test chamber assembly 


rest fluids were water and three solvent-refined, paraffin-base 
commercial lubricating oils; the numerical designations of these 
oils on the figures give their approximate viscosity, in SSU, at 
100 F. No through-flow circulation was allowed during the test 
runs, although a recirculation system equipped with a heat- 
exchanger was provided for cooling the test fluid between runs. 
lemperatures were recorded by mercury thermometers mounted 
in recesses on the end wall; these thermometers were calibrated 
igainst thermocouples located in the fluid-filled chamber over 
the range of fluids, geometries, and speeds used in the tests. 

lorques were measured by means of four SR-4 bonded strain 
gages connected in a battery-powered bridge circuit and mounted 
shaft. 


from this circuit were taken off through slip rings mounted on the 


» the inside wall of a recess in the Voltage differences 

ift; a d-c galvanometer served as the indicating device. As 
the shaft recess containing the strain gages was situated on the 
iid side of the shaft seal, 
to fluid friction on the disk 


the only torque measured was due 
surface; no deductions were necessary 
wv bearing and/or seal friction. However, a correction was made 
wr the friction on the 4/,-in-wide smooth perimeter of the disk as 
described in 


Reference [1]. This correction, a deduction, was 


omputed assuming two-dimensional laminar or turbulent flow in 
the '/j¢-in. radial gap and with the laminar wall shear for a linear 
velocity with the 


responding to the smooth-wall resistance of a duct at the equiva- 


distribution and turbulent wall shear cor- 


lent Reynolds number. Therefore all results given in this paper 
re for the frictional effects on the two circular surfaces only of the 
Determination of local fluid-velocity direction and magnitude 

provided for by a 2-hole cobra probe and a modified pitot- 
These 0.035-in-OD probes could be 
nted at three radial locations on the cover plate of the 
mber 


tatie tube, respectively. 
These probes, and their associated transducers and in- 
[1] and [5 


Surface roughnesses for these rough-disk 


tors, have been more fully described in 
Surface Roughness. 
were obtained by cementing commercial waterproof grit 
papers to the surfaces of the disk and cover plates. A neoprene 


bonding cement was used as the adhesive, and Duco cement 
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Fig. 2 Definition sketch—roughness dimensions 
applied in a fillet around the edges of the paper served as a 
sealer. 

The surface roughness of each of the three papers used was 
measured by means of a roughness indicator employing a 0.0005- 
in-diam needle which travels across the surface, the amplitude 
of the needle’s axial displacement being recorded in terms of a 
calibrated trace on a Sanborn recorder. A trace for each paper 
was analyzed; the results are listed in Table 1! 
tuberance dimensions are shown in Fig. 2 


roughness pro- 
The mean particle size 
corresponds to the sieve opening of the stated mesh size. A sieve 
analysis of a small sample of grit from the #60-mesh size indicated 
this to be adequate for a mean particle diameter; based upon this 
sieve analysis of the #60 sample, it was assumed that the same 
The 
maximum total thickness of the grit plus paper was determined 
by a direct micrometer measurement of the combined thickness; 
the value of hmax was deducted from this combined thickness, the 
remainder being arbitrarily selected as the net 


correspondence held true for the other grit mesh sizes. 


paper thick- 
ness. This thickness was used in calculating the adjusted values 
of s/a listed in Table 2 for each of the nominal clearances of the 
experiment. These values are, of course, subject to errors in as- 
sumed paper thicknesses. For example, at the minimum axial 
clearance (nominal s = 0.250 in.) one half of the calculated paper 
thickness for the largest grit size (#60-mesh) is equivalent to 3 
per cent of s; the relative magnitude of possible errors in calcu- 


lated s/a values then decreases with increasing 


Table 1 Surface characteristics of grit papers used in rough-disk tests 


460 120 #180 
0.0098 0.0049 0.0031 
0.0053 0.0021 0.0014 
0. OO682 0 0026 0.0018 
0.013 0 0058 0 0040 


Mean grit particle diam, 
2 KX Rave, UM 
2 X /ems, In 
Amax, 0 
Total max 
paper, in. 
Net paper thickness, in 


thickness, grit 
0 .U2ZS 


0.015 


0.018 0.016 
0.012 0.012 


Table 2 Rough-disk s/a ratios 
—- Adjusted val , s/a 
#60-mes} 

disk, 60-mesh, 
smooth wall disk and wall 
0.250 0.0255 0.0240 0.0224 0.0230 
0.625 0.0637 0.0621 0.0606 0.0612 
1.123 0.115 0.114 0.112 0.112 


Nominal #120 and 
#180-mesh 


disk and wall 


Nominal 


8, in 8/a 


clearances 


In order to relate the data obtained from these disk-friction 


tests to other hydraulic data for rough surfaces, it was desired, if 
possible, to express the roughness in terms of the equivalent 
Nikuradse sand-grain diameter. A comparable comparison had 
previously been made by Young in connection with wind-tunnel 
surface-drag measurements on camouflage used on air- 


surfaces [6]. 


paints 


plane In these tests the equiv ulent sand-grain 
diameter k was determined from an analysis of the drag data on 
the basis of the Prandtl-Schlichting resistance formula for sand- 
roughened plates ( [7], pp. 448-449), which in turn was based upon 
Young found that the 


average ratio of k as thus determined to the mean surface projec- 


results of Nikuradse’s pipe measurements 


tion as determined from a statistical analysis of traces recorded 
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by a roughness gage was'1.6, with individual ratios ranging from 
1.31 to 1.96 for four roughnesses 


Using the value of 2 X /yms as possibly a more significant sta- 


tistical measure of the actually nonuniform surface roughnesses 


used in the disk tests, the ratios of the mean grit size to 2 & h 
f 


for the #60, #120, and #180-mesh roughnesses were 1.58, 1 SY, and 
1.72 
Young 


respectively, values which correlate quite well with those of 


As described in [8], the sand-grain coatings used in 


Nikuradse’s pipe tests were covered with 


a surface coating of 


lacquer it order to obtain better 


thus in the 


the grains to the 


sdherence ol! 


pipe wall tests which serve as the standard of com- 
parison for roughness experiments, the actual effective roughness 
] indoubtedly than the 


pr ttuberances themselves were smaller 
the foregoing, the mean grit 


sand-grain diameters. In view of 
size was here selected as the equivalent sand-grain diameter k for 
and all corre! 


each roughness ition of roughness data presented 


in this paper is ba this value of kh 


d upor 


Results and Analysis of Experimental Data 


Presentation of Resistance Data. rhe frictional-resistance data 
are presented i! the form of 


nolds number R 


nomenclature Phe 


igrams of moment coefficient C,, 
Both ¢ , and Ie are defined in 


correlated 


versus disk Re 


the table of data are using the 
relative r 


in Table 


ghness parameter a/k, test values of which are given 


Table 3 Values of relative roughness, o/k 


Garit: siz k, h 1/k (approx 


1000 
2000 
2200 


O OOO 1m] 
0. 0049 JOOS 


0 OOG1 S165 


Fit) 
#120 
2180 
Representative results wit! i rougt sses on both the rotor 
and the stator an mooth enclosure 
i for the three 
minal 0.250-in 


with 
are given il i wna n g. 3 are dat 


relative roughr ‘ Ta ll with the 


axial cle ira! 
lisk of 1 


i smooth end walls using 


1000 and the three 


Data Symbols 
Test Fluid a/k=1000 a/k=2000 a/k*3200 
woter ‘ 
4\ oil s a 
200 oil s 
650 oil 


Smooth Disk Data —— —— —— 


=e ee = 
4 6 8105 é a 


di — 
< 


eee 
6 810% 


nominal clearances s of 0.250, 0.625, and 1.125in. A summary of 
all the data for equal roughness on disk and end walls with the 
three relative roughnesses and three clearances is given in Fig. 5 
In Figs. 3, 4, and 5 curves of smooth-disk coefficients are shown 
for comparison. In Figs. 3 and 4 short dashes represent computed 
theoretical values for the laminar-flow regimes and the long 
dashes represent test data from Reference [1] for turbulent con- 
ditions. In Fig. 5, only the turbulent, smooth, test-data curves 
are shown. The theoretical laminar curves correspond to the 
roughnesses actually tested over that range in that the prope 
adjusted s/a values of Table 2 were used in their computation 
On the other hand, the experimental turbulent curves are for the 
actual s/a values of the smooth-disk tests and which only ap- 
proximate the rough-disk s/a values. In Fig. 5 average of the 
adjusted values of s/a are used to characterize the roughness data 
for each nominal clearance. These average s/a values are also 
used in the development of empirical expressions, as described 
later. 
Dimensional considerations indicate that the significant 
geometry parameters involving the absolute roughness k may be 
written as a/k and s/k. One of these should be the correlating 
parameter, in addition to the axial-spacing ratio s/a, for ex- 
pressing variations in the value of the torque coefficient C 
teynolds number R. The 


torque data showed that within the tey nolds-number regions of 


with 


” 
ratio a/k was selected because the 
significant roughness effect, roughness changes produced much 
larger changes in C,, than did changes in axial spacing. This is 
shown in the summary data plot Fig. 5, where curves of (,, versus 
There 


it will be noted that the variation in C,, with s/a at a constant 


R are grouped for each value of relative roughness a// 


roughness and constant R is only of the same order of magnit ide 
as that found for smooth enclosed disks, whereas the variation 
with a/k is much more pronoun ed ° 

This choice of relative roughness is supported by other factors 
disks 
in general, the boundary-layer de 
velopment on the disk depends more strongly upon the radial dis- 
tance along the disk 


The solution of the equations for turbulent flow on smoot} 


shows that, 


developed in [1 


than upon the disk-stator axial clearance 


SSeS 
4 6 610° 


R 


Fig. 3 Rough-disk torque data: Nominal s/o = 0.0255 
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Data Symbols : 
Test Fluid s/o*0.024 s/o+0.062! s/o=O.ll4 > Py 
woter + ° vs 
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Fig. 4 Torque data: Rough-disk a/k = 1000, smooth wall 
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Fig. 5 Summary of rough-disk torque data 


lherefore a better measure of the relative magnitude of the disk Regime I. Laminar flow, merged boundary layer 

boundary-layer thickness (or more properly the laminar-sublayer layer end wall. 

thickness) to roughness projections is given by a/k. The values Regime II. Laminar flow, separate boundary 

of a/k for the disk of radius 9.8125 in. are listed in Table 3, where, and end wall. 

considering the uncertainties involved in the numerical value at- Regime III. Turbulent flow, merged boundary layers. 

tached to k, the a/x figures have been rounded off to the approxi- Regime IV. Turbulent flow, separate boundary layers 

mate values used in all data correlation. The possible existence and extent of these regimes depend upon 
Modes of Flow. It has been shown [1] that four possible modes the Reynolds number, s/a, and a/k-combinations of the system 

of flow may exist within the casing. These are: Before examining the rough-disk data in detail, it is in order to 
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discuss the various modes of flow which may be expected within 
the casing. As for smooth disks, transitions from one regime to 
another do not occur over the entire disk surface at one time, and 
the point of transition moves over the surface with changes of 
R. The following remarks apply to a disk of constant radius, so 
that changes in R imply changes in speed of rotation if the fluid 
properties remain constant 

Surface roughness should have no effect upon laminar flows, so 
Regimes I and II should have the same characteristics as for 
smooth disks. The transition to turbulence on the disk is a func- 
tion of the surface roughness, however, as the laminar boundary- 
Fol- 
lowing the R at which turbulence originates, three types of flow 


layer thickness in Regime II decreases with increasing R. 


may exist simultaneously on the disk surface: At the inner radii 
following the transition to turbulence the 
then, if the boundary -layer thick- 
ness is free to grow with increasing radius the flow may become 
turbulent 


the flow is laminar; 
flow is first turbulent “rough’’ 


‘smooth,’ in which case the roughness projections are 
effectively submerged within the laminar sublayer. Assuming 
the same qualitative behavior of boundary layers on smooth and 
rough disks, with further increases in R the boundary-layer thick- 
radius tends to decrease; the 


ness at a given transition to 


“smooth’’ flow thus moves outward on the disk while the transi- 
tion to turbulence moves inward 

After the onset of turbulence on the disk, the variation of C. 
with R then depends upon the relative effects of the opposite 
movements of the two transition points over the surface. Com- 
parable to the values of rough-pipe friction coefficients in the 


transition zone from laminar to turbulent flow, C, should be ex- 
pected to increase in this area 

If R becomes sufficiently large, the flow over the entire disk 
surface becomes “fully rough’’; this should occur at lower values 
At this condi- 


compared to the laminar- 


of R for smaller a/k (greater relative roughness 
tion the roughness height & is large 
sublayer thickness. For the disk of constant radius, the boundary- 
smaller as R in- 


if fully rough flow has been established at lower values 


layer thickness at the tip becomes continuall) 
CTCASES | 
of R smooth flow cannot become re-established, and further in- 
creases in R will have no effect upon the value of the local friction 
coefficients 


It would thus be expe ted that Se would be con- 


stant within this regime If fully rough flow is established in 
tegime II] the same value of C,, should apply in Regime IV for 
the same geometry (a/k, s/a) since the surface roughness has al- 
ready become fully effective. As with smooth disks, Regime LI] 
may never exist at large s/a 

Test 


minimum, nominal, axial clearance of s 


Laminar Flow. data for Regime I were taken with the 
0.250 in. only; these 
data were also restricted to the maximum roughness (a/k 

1000) on the disk, for both the conditions of a/k 1000 on the 
end wall and for a smooth end wall. The simple theory assump- 
tion of a linear velocity distribution between the disk and rotor 


leads to the following equation for this regime 


\s indicated in Figs. 3 and 4, data points for Regime I lie ap- 
proximately 5 to 6 per cent above the theoretical curves, a dis- 
crepancy of the same order of magnitude and in the same direc- 
tion as that between experiment and simple theory for smooth 
disks. Part of this difference is due to the neglect of all radial 
flows in the theory. In addition, predicted results for this regime 
are very dependent upon assumed paper thicknesses since C 
varies inversely with s to the first power. In Fig. 3, the data for 
There 
fore the dashed theoretical curve for Regime I is actually plotted 
lor 8/a 


tegime I was obtained using the £60-mesh roughness. 


0.0224, corresponding to the computed s/a for this 
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roughness. Similarly, in Fig. 4 the theoretical Regime 1 curve is 
for the test s/a ratio of 0.0240. Now, as has been indicated, 
errors were possible in paper-thickness determinations, with the 
method used tending to give thicknesses which were, if anything, 
too small. This results in computed s distances larger than the 
actual clearance and corresponding calculated ia values which 
would be too low. For example, for the 0.250-in. nominal s, a 
total error in calculated paper thickness equal to one half the 
thickness of one paper covering introduces an error of about 
3 per cent in s/a and consequently in the predicted torque. 
Therefore it is most likely that the discrepancy between pre- 
dicted and measured torques 1n tegime I is smaller than indi- 
cated 

Test data covering the Reynolds-number range of Regime I 
were taken with all three axial clearances but only for the maxi- 
1000). In Regime II an approximate 
theory for smooth disks leads to the relation described in {1}, 


mum roughness (a/k 


?(s/a (2) 


As seen in Figs. 3 and 4, Regime II was present for all three s/a 


values. 
(2 


The agreement with torque coefficients from equation 
is good 

In summary, the torque data for both laminar-flow regimes 
taken with the roughest disk surface showed essential agreement 
with the smooth-disk data for the same s/a values. It is con- 
cluded that the surface conditions should have no effect in laminar 
flow, and the smooth-disk relations (1) and (2) may be used pro- 
vided s/a can be evaluated properly. As a consequence of this 
conclusion, torque tests in these regimes were not duplicated for 
the smaller roughnesses. 

Starting atR = 2 X 10°, approximately, which 
is in the region of transition from laminar to turbulent boundary 


Turbulent Flow. 


layers on smooth disks, roughness effects first become apparent 
and the torque-coefficient curves diverge from those obtained 
This transition 
occurs, as expected, at the lowest value of R for the roughest sur- 
face 


for smooth disks at comparable s/a values. 


The small range of this critical Reynolds number for each 
a/k, as seen in Fig. 5, shows that the effect of axial clearance s/a 
is small upon the initiation of turbulence 

3 and 5 indicate that for the rough-disk, 
rough-end-wall case, following the transition region, the values of 
C,, become constant at the higher values of R for all s/a, a/k com- 
binations tesults for the rough-disk, smooth-end-wall case, 
plotted in Fig. 4, show that C,, did not attain a constant value 
for this case; over the range of highest R values tested, the rela- 
tionship between C,, 


The data in Figs 


and R was of the form C,, proportional to 
R-‘°, as observed from the slope of the torque-coefficient curves 
for the three s/a ratios tested. An interaction between the effects 
of rough and smooth surfaces is thus indicated. The continued 
variation of C,, with R indicates that fully rough flow was not ob- 
tained on the disk 
tribution is assumed on the smooth stator, the integer n must be 
larger than the value of 7 used in the theoretical analysis for 
smooth disks as given in 


Furthermore, if a power-law velocity dis 


[1], in which a 
velocity distribution was assumed; 


“one-seventh-power’’ 
corresponding steeper ve- 
locity gradients near the wall are indicated by higher values of 
C,, than obtained in the smooth-disk tests. The form of the 
C,,-versus-R relationship for this case is intermediate between 
that for two rough surfaces and that for two smooth surfaces. 
For the single disk roughness tested, a/k 1000, for all three 
nominal axial clearances s of '/,, °/s, and 1'/, in., the ratios of 
C,, for the cases of two smooth surfaces, rough disk and smooth 
stator, and two rough surfaces were approximately in the propor- 
tions of 1:1.8:3, respectively, at R = 6 X 10°. 

The shapes of the C,, curves for rough disks do not indicate for 
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which geometries and roughnesses turbulent-flow Regimes III 
ind IV occur, since for a given a/k the data plot as essentially 
parallel curves for the three s/a ratios tested. AtR = 4.2 X 10%, 
i velocity directional traverse across the fluid-filled gap between 
rotor and stator at r/a = 0.765 for s/a = 0.0606 (nominal 5/;-in. 
clearance s) and a/k = 1000 on both disk and stator, indicated 
separate boundary layers on the two surfaces, but with a com- 
bined thickness of greater than '/,-in. Therefore at s/a = 
0.0224, Regime III undoubtedly existed. It is thus deduced that 
the influence of the roughness is more important than whether 
the boundary layers are merged or separate, so that there is little 
significance to be attached to a difference in these two turbulent- 
flow regimes for rough disks so far as resisting torque is concerned 

Considering the case of a rough disk with rough end walls, an 
empirical expression is derived below for the magnitude of C,, in 
the region of fully effective roughness. Calculations leading to 
this expression, as well as subsequent relations pertaining to the 
transition from smooth to rough-disk behavior, are based upon the 
faired curves plotted in Fig. 6. Fig. 6 is an enlarged plot of that 
portion of Fig. 5 in the regions of significant roughness effects, 
and the drawn curves represent the summary of the test data. 
Experimental data were obtained for a narrow (three-fold) range 


of relative roughnesses. The validity of the following expres- 
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3.2 
a/k 


105 


Dimensionless correlation of torque data, 1/\/ C,, versus a/k, fully rough turbulent flow 


sions, which satisfactorily describe conditions over the test range 
is admittedly in doubt for much rougher disks; extrapolation to 
smoother disks, at least for C,, values in the region of fully rough 
flow, is most likely less subject to error because the limiting values 
for smooth disks have been determined [1] 

At the highest Reynolds numbers tested the C,, values ob- 
tained, which become independent of R, have been seen to depend 
Table 4 lists 
the highest 


primarily upon a/k and to a lesser extent upon s/a 


the constant values of C,, measured at teynolds 


numbers. 


Table 4 Experimental values of C,,, fully rough turbulent flow 
hati all” 

1000 

0.00900 

0.00955 

0.0100 


a/k = 2000 
0.00725 
0.00760 
0. 00800 


a/k = 3200 
0 00650 
0 00680 
0 00705 


Average adjusted s/a a/k = 
0.0227 
0.0609 
0.112 


A logarithmic-type expression for C,,, comparable to that for 
the friction factor in rough pipes, was investigated for these 
data using the average adjusted s/a values for each nominal 
clearance. The form of this relationship is 


1 . a 8 
—— = N logy ( ) + @ ( ) 
Vv Cea k a, 
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In Fig a plot of 1/+/C,, versus logy (a/k), separate, parallel 
From Fig 
7, the values of @(s/a) are calculated for each s/a, and a further 


plot 


straight lines result for each value of s/a constant. 


logarithmic not shown 
2.4(s/a ° 


comes 


yields the expression, ¢(s/a) = 
The expression lor the fully rough zone then be- 


a 8 ‘ 
= 3.80 log ( ) 2.4 ( ) 
VCs h a 


In Fig. 8 the data are plotted in terms of equation 


(4) 


4), from the 
The 
a/k, 
checking the validity of the equation in the fully rough flow 


turbulent fully rough zone into the laminar-flow zone. 
curves converge for all a/k at the higher values of R+/C,, 


range. 
Limits of Transition of Smooth to Rough-Disk Behavior. In terms of 
the geometry parameters a/k and s/a, and the Reynolds number, 


two specific items of importance may be quantitatively de- 


scribed, on the basis of these tests, concerning the transition zone 
between smooth-disk and rough-disk behavior. These are: (a) 
The 
effects first become 


flow 


upper limit of ‘“smooth-disk’’ performance, where roughness 


manifested; (b) the lower limit of fully rough 
beyond which the value of C,, is constant 
Again, considering the case of rough disk and rough end walls it 
is seen in Fig. 8 that, in the zones representing conditions below 
the onset of the fully 


lines of constant a/k. That they do 


rough performance, the data separate along 
so is merely because relative 
roughness is no longer a significant parameter in the region of 
laminar flow. The point on each of the resulting separate, parallel, 
straight lines at which the data show the first deviation from 
the straight line with increasing R/C, a/k represents the first 


effect of roughness; this value is shown for each curve of a/k = 


nstant on Fig. 8. The expression connecting these variables is 


Ry ( 1100 


a/} all 


This may be 


smooth-disk performance ir 


: 


of Rey 


rewritts dehning t ipproximate upper limit of 


nolds number and rela- 


o()" 


values tested, as well as 


live ro ighness 


Ry ¢ 


17. o~ 
UPPER LIMIT, ae \ 


SMOOTH DISK Thy BA. 
Ce a 


3.8 log,a/k + 2 4(s/0)"“* 


: 
Yc. 


% 
Q\ 


one for a relative roughness a// 20,000 (much smoother disk) 
are plotted in Fig. 6 

The data, because of the small range of k, lend themselves 
more readily to an expression of the type of equation (6) than 
to one involving an admissible roughness, in which the admissible 
roughness k,am is defined as the maximum roughness which pro- 
duces no effect upon the flow and for which the disk behaves hy 
draulically “smooth Curves of wak/v for different s/a ratios 
are also plotted in Fig. 6; from these an approximate admissibl« 
roughness for the tested s/a range may be estimated: 


100 « 200 


In Fig. 8 the point of divergence shown, for each curve of a/k 
constant, from the common curve equivalent to equation (4 
(valid for higher Reynolds numbers) indicates the lower limit of 
fully rough disk performance. The expression linking thes 
variables is 


RV C,. 11500 
a k (a/k ad 


This expression, rewritten, defines the approximate lower limit of 
fully rough disk pe:formance in terms of Reynolds number and 
relative ro ighnes 


la : 
RVC. 1.15 X 10" (7) 


Deductions From Velocity Measurements. Because of time limita- 
tions, a single traverse was made for which the direction only of 
the local velocity vector was determined across the gap between 
rotor and stator; this was for the conditions of R 4.2 X 10, 
0.0606, r/a 0.765, for a/k = 1000 on both surfaces 
In comparison with smooth-disk velocity-profile data at com- 
parable values of R 4.4 X 10°, s/a 0.0637, and r/a = 0.765 
the data show that for the rough-disk « ase the boundary layers on 
both the disk and the end wall are thicker than for the smooth- 


&/a 


surface case, and the directions of the velocity vectors measured 
closest to both the disk and end wall were directed at a greater 
Both 
tegime IV, as in each case 


angle from the tangential than in the smooth-surface case. 
series of measurements were for flow 
“core”’ 


there was a central region between separate boundary 


layers on the two circular surfaces. The conclusion drawn from 


it =) oF 


9 aS | 
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Fig. 8 Dimensionless correlation, rough-disk torque data 
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this single series of measurements is that the surface roughness 
increases both the skewness and thickness of the boundary layers 
on both the rotating and stationary disks. As a consequence of 
these two facts it is presumed that the amount of radial flow 
within the boundary layers on the two disk surfaces is also in- 
creased 


Conclusions 


The following conclusions may be drawn from this experimental 
study of the fluid mechanics associated with the rotation of 
rough, plane, enclosed disks: 


1 It has been verified that for rough as well as for smooth 
disks four possible modes of flow may occur within the chamber. 
The range of existence of these flow regimes depends upon the 
relative roughness a/k as well as upon the Reynolds number-s/a 
combinations of the system. 

2 Within the laminar-flow regimes roughness has no effect, 
and variations in C,, with s/a and R for all a/k are the same as for 
the case of a smooth disk and smooth casing. 

3 The initial onset of turbulence, at which effects of rough- 
ness are first visible, may be approximated by the expression (6) 
(for rough-disk and end walls) 


a */ 
RVC, Re : 10" (¢) 


t Beyond this critical Reynolds number values of C,, are 
greater than for corresponding smooth-disk cases. Relative 
roughness a/k is more important than the axial-spacing ratio 
s/a. The roughness effects also overshadow the significance of 
the type of turbulent-flow regime, as in the regions of turbulent 
flow there is no external indication of whether Regime III or 
Regime IV exists; for a given a/k, parallel curves of C,, versus R 
are obtained for different s/a values for which the corresponding 
flow modes may be Regimes III and IV, respectively. 

5 For the rough-disk and end-walls case the approximate lower 
limit of this zone of fully rough flow is given by equation (9) and 
the constant value of the torque coefficient may be predicted by 
equation (4) 
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6 Surface roughness on the disk and end-wall surfaces has the 
effect of increasing both the skewness and the thickness of the 
boundary layers on these surfaces 
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Fig. 9 


DISCUSSION 


H. P. Eichenberger: 


lhe authors must be commend 


d for their work both on smooth 
rough disks since the engineers of this country had to get 


with formulas based on in- 


long for a long time approximate 


ite data. In 1950 test results were published (the authors’ 
r [3 |) which have been used at this Company extensively 
hey are plotted in Fig. 9 and show especially at low Re a very 
pronounced minimum as a function of the spacing diameter 
While the authors 0.0224 (s/D = 0.0112) 


fall exactly on the curves given by Pantell, the authors do not in- 


ratio lata at s/a 
dicate as low or pronounced a minimum as Pantell’s equation re- 
Written in the authors’ notation on Fig. 9. This reviewer wonders 
vhether the authors did not measure this region or whether a 
discrepancy exists. From the standpoint of the designer, exact 
cation of this minimum appears to be of interest, if a design 
ith minimum disk friction is desired 

Consideration of the reasons for this minimum might lead to a 
friction work below the values 
The disk friction 
leading to the minima in 


SK design which reduces the 
indicated by the minima of Fig. 9 as follows: 
nereases for spacing s smaller than s 
ig. 9 because of the steeper velocity gradient which is essen- 
For a spacing larger than s pt 


a viscous effect the momen- 


tum exchange is increased because of the increased outflow near 
the disk and inflow near the wall. Now this can be prevented to 
10 where s. would 
Analysis and tests 


establishing the magnitude of the reduction of disk friction might 


some extent by a wall design as shown in Fig 
be much larger than sot indicated in Fig. 9. 


Advanced Systems Engineering, Thompson-Ramo-Wool- 


Cleveland, Ohio 
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Friction factor on rotating disk 














Fig. 10 Design for minimum disk friction 


Authors’ Closure 


Dr. Eichenberger has raised two questions aimed at the very 
practical objective of minimizing disk friction torque for a par- 
ticular Reynolds number. 

The first of these is concerned with the determination of an 
optimum axial spacing ratio s/a to achieve minimum torque at a 
given Reynolds number. All discussion in regard to this point 
will be confined here to the case of a smooth disk in a smooth 
casing. While the results of smooth disk tests performed by the 
authors have been presented more fully in [1], the smooth disk 
torque curves included in Figs. 3, 4, and 5 of this paper may be 
used for comparison with those plotted in Fig. 9. The curves in 


this latter figure are plots of empirical relationships obtained by 
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}——_ Test Data 


_—~— Ref. [3] 


} 
Line ne 


minima 


ba se, SE. 


R-10° 

RK =10° 

R= 107 
4 


Free disk“ 
limits 





ol 0.1 


—— 


s/D* 1/2 s/a 
Fig. 11 


Pantell [3] from smooth disk torque tests in water, within the 
ipproximate Reynolds number range of 10° to 2 « 10’, and within 
of 0.01 to 0.3 


For purposes of the following discussion, Fig. 9 has been re- 


the approximate geometry limits s/a (= 2 s/D 


plotted as Fig. 11; the Pantell empirical extrapolation curves are 
drawn as dashed lines, while curves representing smooth disk 
data from the present study are drawn as solid lines over the test 
ranges covered. The extrapolated curves are not extended as far 
isin Fig. 9. It might be expected that if the curves of 


versus s/D, for R constant, are extended to very large s/D 


in Fig. 11 


f 


ratios they should each become asymptotic to the value given by 


the appropriate free disk equation for the corresponding Reynolds 
number. 


These limiting values for ‘free disks’’ (infinite s/D 
ire indicated in Fig. 11. For R values of 10% and 104, the C, 
values were calculated from the theoretical equation of Cochran 
for R values of 105, 10°, and 10’, 
Karman’s turbulent flow equation was used. These relations are 


for laminar flow over a free disk; 


listed in earlier reference [1] 

Of the dashed curves in Fig. 11 only those curves of R = 10° 
ind R 107 may be considered as representing actual test data, 
and then only to the upper limit of s/a cited. These two curves 
agree well with the test results of the present study for cor- 
responding Reynolds numbers; such agreement is not obtained 
for lower values of R. Test points obtained in the present pro- 
gram in the range 10° < R < 10’ were entirely in Regime IV for 

a = 0.115 and 0.217 (s/D = 0.0575 and 0.1085, respectively), 
and in Regimes III and IV for s/a = 0.0127 and 0.0255 (s/D = 
0.00635 and 0.01275, respectively). Over this range of s/a tested 
the turbulent flow range never extended below R = 10° to any ap- 
preciable extent. For the smaller s/a values listed, the apparent 
transition from laminar to turbulent flow was at Reynolds num- 
bers slightly below 105; for the wider clearances, laminar flow 
Regime II persisted to Reynolds numbers above 10°. 

As the extrapolated curves in Figs. 9 and 11 are based upon 
turbulent flow data, it cannot be expected that these curves 
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should be valid in the regions where the bound flow on the 


disk is laminar. The indicated minimum C,, values are all lower 
than the measured values for Reynolds numbers of 10° 


lower. AtR = 10‘, for example, the minimum C 


and 
indicated | 
it s/D 
found in the 


of C, 


the Pantell extrapolation is approximately 0.013 
s/a) of 0.065; for this value of R, the minimum ( 
present tests was nearly 0.030, and the magnitud: had only 
a 10 per cent variation over the tenfold range of s/a trom 0.0225 
to 0.217, in all of which cases laminar Regime II prevailed. D1 
Eichenberger’s observation that no pronounced minimum torque 
condition exists is correct, so that from a standpoint of design 
choice there does not appear to be a clearly defined optimum 
spacing. 

The authors doubt that the suggested geometry shown in Fig 
10 would lead to a decrease of the frictional torque to a value 
less than the minimum obtained for a disk rotating in a plane- 
walled chamber. In such casings, increasing the axial clearance 
The 
greater length of the cylindrical wall offers a greater stationary 
surface area to the fluid set in motion by the disk, and for equi- 


between disk and stator increases the frictional torque 


librium between the driving torque on the fluid by the disk and 
the resisting torque of the stationary surfaces the tangential 
velocity gradients across the boundary layers on the stator may 
thus be less steep than those across the disk boundary layer 
Therefore with increased axial clearance (keeping R constant 
the fluid “‘core’’ velocity decreases, with resultant steepening of 
the disk boundary layer velocity gradient and increase of the 
frictional torque. Subdividing the gap between disk and end 
wall into a number of concentric cylindrical annuli would produce 
the same relative effect in each chamber section and would there- 
fore seem to lead to an increased, not decreased, resistance. 

The authors express their thanks that these questions have 
been raised, since they have helped to bring some of the results of 
this study into a clearer focus from a design st indpoint 
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velocities 


distortion patterns, therefore, behave differently 
measurements and good agreement is found 


Rotating Wakes in Vaneless Diffusers 


Experimental investigations have shown that the flow discharged from a centrifugal 
compressor or pump impeller into a diffuser is often unsteady and axially asymmetric 
A theory based upon a simplified model is developed for this type of flow 
predicts a significant reversible work transfer between parts of the flow with different 
This effect only occurs in cases of rotating distortion patterns; stationary 


The theory 


Theoretical results are compared to 
The implications of the theory have been 
] 


investigated by means of machine computations and are discussed herein 


Tas FLOW in the vaneless diffusers of centrifugal 
pumps and compressors has been assumed traditionally to be 
steady and axisymmetric (0/dt 0/29 = 0 
1, 2}?) have verified that the flow 


Howe ver, experi- 
mental investigations (e.g 
discharged from an impeller is often nonuniform in relative ve- 
locity across the exit of each impeller passage. This condition 
leads to an unsteady asymmetric flow pattern in the diffuser 
In order to examine the character of such flow, a theoretical 
solution is developed it is compared to measured data and its 
implications are studied from machine computations of particular 


cases 


Analytical Model 


Relative to the impeller, the flow is assumed to be incom 


pressible, steady, and issuing from the impeller at an invariant 


angle 8, (08,/06 0 Each of the 


impeller exits is divided 


into two regions, the jet and the wake; in each of these regions, 
and W :; 


The flow is considered to be two-dimensional in a plane normal 


the relative velocity is constant at W respectively 


to the axis (0/dx = 0), with the exception that wall shear forces 


are imposed. 
Between a jet and a wake, there is a border on which two kinds 
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One is the turbulent shear force tangential to the 
The other 


force is a circumferential force which arises as follows: The ve- 


ol torces act 


border, which is the usual shear force of wake mixing 


locity triangles at the impeller exit R land at R 1.5 are 
are the relative velocities of the jet and 
If the jet ind the 


shown in Fig. 2. W,, W, 
wake and C., C 
wake were to flow independently of each other without wall fric- 


,. are the absolute velocities 
tion, the absolute streamlines would be logarithmic spirals 
the resulting absolute velocities at R 1.5 would be 


When these two velo vectors are observed 


‘ ich case 


f and (¢ 


Fig. 1 Analytical model of impeller exit flow 





Nomenclature 


axial depth of vaneless diffuser 
friction coefficient of side wall 
absolute velocity 

proportionality constant in New- 
Ma/g 


stagnation pressure 


ton’s law, F 


static pressure 

difference of static pressure between 
front and rear borders of jet 

radius 

r/r; 

shear force per unit area on border 

impeller tangential velocity 

relative velocity 
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axial distance 

number of blades of impeller, 
number of wakes 

angle between absolute flow direc- 
tion and radial direction 

angle between relative flow direc- 
tion and radial direction 
(positive when the relative flow 
is forward leaning) 

displacement width of wake; 6 
el — vy) 


ratio of wake width to sum of wake 


width and jet width 
W/W 


angular velocity of impeller 

density of fluid 

angle about axis in radial plane 

shear coefficient defined by S 
tpW, — W.)*/2g 


Subscripts 


r 


radial component 
tangential component 
wake 

jet 

diffuser inlet (impeller exit 


Superscripts 


mass-flow averaged quantity 


1960 / 963 
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with respect to the rotating co-ordinate system, they are repre- 
sented by Wj’ and Wye’ which are not parallel to each other. 
Since the jet and the wake must have a common border in the 
relative co-ordinate system, the relative velocity vectors must be 
parallel, something like Wj2, Wu, giving the absolute velocity 
vectors Cj, Cuz. That is, there must be a force acting between 
the jet and the wake to make the new velocity vectors C j2, Cy. in- 
stead of Cj’, Cus’. As can be seen in the figure, this process 
leads to an increase in angular momentum of the wake fluid at 
the expense of the angular momentum of the jet fluid. 

The force which causes these changes in angular momentum is 
a pressure force between wake and jet, which rotates at impeller 
speed in absolute space and leads to a fluctuating pressure at each 
point in the diffuser and to a reversible work transfer between the 
jet and wake [3]. This effect explains the action of the rotating- 
jet machines investigated by Foa, et al. [4-7]. As will be seen 
it is responsible for the rapid disappearance in a diffuser of wakes 
discharged from a rotating impeller. 


R=! R=15 
Cje Wie We 
c 2 a Wwe 
Vea a f 


Cy, Wi, 


) 


Fig. 2 (A,B) Velocity triangles demonstrating mutual work transfer be- 
tween jet and wake; (C) jet and wake configuration; (D) schematic of 
pressure distribution relative to impeller 


In contrast to the rotating-wake case, the reversible work- 
transfer effect is absent and the flow is steady in a flow swirled by 
a set of stationary vanes. Evenif pressure forces act between the 
jets and wakes, these forces do not move in stationary co-ordinates 
and no mutual work is done. Since the jets and wakes leave the 
swirl vanes at the same absolute angle a, it is easy to see from 
a diagram similar to Fig. 2 that the absolute streamlines will be 
compatible at all radii as both jet and wake flow out along logarith- 
mic spirals. The only remaining means of accelerating wake 
fluid against the adverse pressure gradient in the diffuser is the 
mixing shear between jets and wakes. Isom [8] discovered that 
this shear force was not sufficient to accelerate the wake in his 
case; the wakes grew to a very large extent at the diffuser exit, 
while the pressure rise in the diffuser was only about one half of 
the expected value. In fact, it was Isom’s work that stimu- 
lated the present investigation; although the cases turned out to 
be basically different, the theory will handle both. 

Although the flow of this model is unsteady with respect to the 
stationary system, it is steady with respect to the rotating system. 
The following analysis is referred to the rotating system unless 
otherwise specified. 

The borders between the jets and the wakes in a real flow are 
not sharply defined because of turbulent mixing. However, in 
the present analysis it is assumed that the velocity and the direc- 
tion of flow at a given radius are invariant across the jet region. 
In the wake region these quantities are also invariant, but at 
different values from those in the jet which leads to a discon- 
tinuity in velocity on the jet-wake border. 

The ratio of wake width to jet width varies with radius, Fig. 
364 
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2(c). Therefore the shape of the leading border of the jet cannot 
be identical to the shape of the trailing border, which implies that 
the direction of the jet flow should vary from leading to trailing 
border. Similarly, the direction of the wake flow should vary. 
In this analysis, however, an average direction is used for the 
direction of the entire flow at each radius; i.e., 08/00 = 0. 
The wall-friction force per unit area on the side walls is ex- 
pressed in conventional way using a friction coefficient; F; = 
c pC ;*/2go for the jet, and F, = c,pC,*/2go for the wake. The 
shear force per unit area on the border of jet and wake is ex- 
pressed in a conventional way assuming a shear coefficient ¢: 


S = toW, — W,)*/29 


Equations of Flow 


(a) Continuity. It is assumed that the jet does not mix with the 


wake. Therefore, the continuity condition must be satisfied for 
both the jet and the wake, respectively: 
p(l 6)bW jr cos B = p(l é; 


b,W cos 5 { l 


pebW Vr cos 8B ped W war cos > (2 


By combining Equations (1) and (2 


W/W, ptl é)biriW » cos 8; /(pbrW,, cos 6 


pebr,W.. cos 8, 


(b) Angular-Momentum. For the jet 
d 

cos B (rw + rW. sin 8 
ar 


2rrh(l ew 


art 1 — e)\Ci{rw + W. sin B 


Czbr(W, — W,)? tan B 


2brqgo/ p 4 


The left-hand side of the equation shows the net efflux of jet 
angular momentum passing through an annular volume dr wide 
and 6 deep, and the right-hand side shows the external torque 
The first term is the torque due to the wall frietion, the second 
term is the torque due to the shear force on the jet-wake borders, 
and the last term is the torque due to the difference g between the 
pressures on the leading and trailing borders, Fig. 2(D). q is de- 
fined to be positive when the pressure on the leading border of the 
jet is higher than the pressure on the trailing border 
Similarly for the wake: 
2rrbeW ,, cos 8 


(r3w + rW, sin 8 


, 
-¢ 2mreC (rw + _f sin 6 
+ fzbr(W, W, 


27 tan 6 + zbrqgo p 


(c) Forces in the Radial Direction. For the jet 


2rr(l 


1 
€) |W sco 8 : (uv j COs b tT (G@ p\(dp dr 
a? 


_ 


cC.W, cos B b | 


+ 2¢(W; — W,)? 


(W, sin B + rw)?/r 


2(go/p)q tan 8B = O 


The four terms in the square bracket are the net radial momen- 
tum flux from the same control volume as in (b), the time averaged 
radial pressure force, Fig. 2(D), centrifugal and Coriolis forces, 
and sidewall friction force. The second term of the equation 
shows the contribution of the shear force on the borders, and 
the last term shows the contribution of the pressure difference q 
between the leading and trailing borders of the jets 
The foregoing equation is simplified t 
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d , diffuser by a field of tufts. The drag of these tufts unfortunatel) 
(W, D T 2 aril €(go/pXdp dr 


dr produced a slightly asymmetric, but steady, circumferential varia- 


W 3): F tion of static pressure, as can be seen in Fig. 7 
(rw + sin | zq( go/p) tar » 
nee tie , QT 9o/P) Van } In the theory, we have two unknown parameters, c,and ¢, the 
+ f20W, — W,)* + 2xr(1 — €(c,/b)C;W, cos B = wall- and mixing-shear coefficients. All other parameters are 
specified by the input flow and geometry. Since it is virtuall) 

Similarly, for the wake: - : 
impossible to measure the two shearing coefficients, constant 


, values (consistent with simpler flow situations) were assumed ir 
2rreW., cos 8 ‘a 2rre( go/pXdp/d order to compute total pressure, static pressure, and flow ang) 
distributions, which were then compared with the measurements 
tan p If the computed and measured values agreed for one set of shear 
cos B 0 7 coefficients, this was taken as proof of the validity of the theor) 
and simultaneously established values for c, and ¢. Of course, it 
Klimination of q from Equatior 7) using Equations is possible that such a check could be fortuitous, although this 
4) and (5) leads to: event is unlikely since the theory must fit several measured 
curves simultaneously However, more data for different geome 
tries and input flows would certainly be welcome. The data pre 
sented are all that are available now 
Fig. 4 presents our best resolution of this impeller’s discharg: 
flow. It is difficult to deduce the details of the discharge flow 
from stationary hot-wire measurements due to the large masking 
influence of the wheel-speed vector. To improve this situation, a 
new hot-wire technique was developed which yielded maximun 
ind minimum absolute flow angles, thus greatly increasing the 
certainty of the data. Also, as will be seen later, the flow con- 
figuration changes very rapidly with increasing radius near the 
impeller rim which makes difficult the deduction of input flow 
onditions at the diffuser entry. In fact, one important use o 
this theory is to extrapolate data measured in a diffuser to deter 
mine outlet flow conditions at the impeller tip 
From the measured velocity triangles, power and flow, the jet 
region was computed to occupy 28 per cent of the distance bx 
tween blades at exit The tangential hot-wire traces show! 
Fig. 5 yield an average value of 25 per cent, which is in goo 
igreement 
Fig. 4 gives the measured jet-discharge relative flow angle as 
31 deg in contrast to the actual blade-pressure-surface discharge 


ingle of —32 deg. There are good kinematic and dynamic reasons 


CA.LECTOR | 


| 
wl 


Equations (10) and (11) include four unknowns W,, W,, « 

8. Since W, and € can be eliminated using Equations (3) and (2 

Equations (10) and (11) are virtually a set of simultaneous dif- 
ferential equations with two unknowns. When these equations 
are solved, the radial variation of the mean pressure is obtained 
using Equation (8) or (9); the static pressure fluctuation q is 
obtained using either Equation (4) or (5 The mass-flow- 


averaged stagnation pressure is obtained from 


W (dC 2/dr) + eWiAde, 
Ws + 2eW os 


Comparison Between Theory and Experiment 

Detailed measurements were made of the flow in a vaneless 
diffuser fed by a typical low-specific-speed compressor impeller 
The configuration of the test machine is shown in Fig. 3. Time- 
average static and total pressures were measured throughout the 
diffuser; hot-wire anemometry was used to resolve the flow 


pattern leaving the impeller. Flow angles were measured in the Fig. 3 Test impeller and diffuser 
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Fig.4 Velocity triangles satisfying measured power and flow; ¢, = 0.72, 
6, = 0.70 
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Fig. 5 Analysis of exit flow from impeller 


to expect that the through-flow in the form of a narrow jet should 
leave the impeller at approximately the blade-pressure-surface 
angle. This conclusion, which is based on analyses outside the 

ype of this paper, is supported by the data 

All of the measured diffuser-inlet flow data are self-consistent, 
within a reasonable uncertainty for this type of measurement. 

The value of wake to jet-velocity ratio at impeller discharge 7; 
is 0.021 from the data, while €, the ratio of wake width to the 
sum of jet and wake width, is 0.72. 
quently € 


A value of Yi = O (conse- 
0.67), approximating the measured value of 0.021, 
was introduced into the theory and results were computed for 
four combinations of assumed values of the shear coefficients c, 
and ¢; the shear coefficients were assumed constant throughout 
the diffuser 

Total and static pressure distributions from the theory and 
measurements are compared in Fig. 7. 


A typical result is shown in Fig. 6. 


Since the theory does not 
vield absolute values of the pressure in the diffuser, the measured 
nd computed static pressure curves were matched at the points 


SEPTEMBER 1960 


COMPUTED RESULTS 
VANELESS DIFFUSER THEORY 
©,= 0003 {£ -00% 


Cow e, =o 


| 
| 
| 
12+ 
| 
“i+ 


10/1 ~ 
a 
La 


NOTE: ALL VELOCITIES HAVE SEEN DIVIDED 

SY MPELLER Tw SPEEDO UY, 4% 

uu 

~ LIKEWISE ALL PRESSURES in 
° 


\— Sant o1sarrcans 

















$$ — + $$$ $+ —___+__—_ -+—_ -—__ +-——__- 
110 130 140 180 
RADIUS RATIO (RF) 


Fig.6 Typical computed results from theory 
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Fig.7 Comparison between pressure data and theory 


indicated. The elevation of the computed total pressure 


curves 
above the static curves follows from the theory 

The agreement between total pressure data and the theory for 
the case cy 0.005, € = 0.094 is excellent. | 
c; 0.005, £ = 0.037 and c, = 0.005, ¢ 
mixing shear between the jet and wake is 


irther, the cases 
that the 
a minor effect in this 
The next section considers this point further 


0 show 


case 
The large disagreement between the total pressure and static 


pressure data and computations for the cas 0, ¢ = 0 shows 


that the wall shear stress has a large influence on the phenomena 
Likewise, the large differences between the axisymmetric and 
distorted cases shows the significance of a distorted diffuser inlet 
flow. 

It may be noted in Fig. 7 that there is a rapid decrease in 
measured total pressure at the inlet to the diffuser. In the past, 
some workers [9] have attributed this effect to high wall friction 
coefficients in the entry region. However, here we have not 
varied the friction coefficient, but find this theory predicting a 
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large total pressure gradient at diffuser entrance due to the added 
wall shear generated by the high absolute velocity in the wake. 
As soon as the wake disappears at 2 = 1.06, the theory predicts 
and the measured data indicate that the gradient of total pressure 
is reduced considerably. Later we will show that the width of the 
wake, ¢€,, at the impeller rim has an influence on the radius at 
which the wake disappears and whether or not it disappears in the 
diffuser. This result coupled with the large change in dpo/Or at 
the point of wake disappearance leads to the expectation of a 
significant effect on diffuser losses of distortion at the impeller 
rim. 

The fact that the value of mixing-shear coefficient ¢, in this 
case, had so little influence on the results demonstrates that the 
disappearance of the wake is largely due to pressure work exchange 
between the jet and wake. After R 1.06 in Fig. 7, this effect 
vanishes and the flow is axisymmetric 

In Fig. 7, there is a noticeable difference between theory and 
measurement in the gradient of static pressure in the outer part 
of the diffuser. Fig. 8, comparing measured and computed flow 
This 
difference is due to the growth on the diffuser side walls of 
boundary layers which attenuats 


angles, also shows large discrepancies in the same region 


diffusion of the radial velocity 


( omponent This phenomenon is bevond the scope of the theory 
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Fig. 8 Comparison of flow-angle data and theory 


It should be noted in Fig. 8 that the tuft-angle measurements 
agree only approximately with the theory in the inner part of the 
diffuser. This result may be due to a real difference, but more 
likely it is due to the uncertainty of tuft indication in a fluctuating 
flow. Near the impeller tip, the tufts would be expected to indi- 
cate the wake angle due to the large circumferential extent and 
the high absolute velocity of the wake. 
Fig. 8 


This trend is indicated in 
There is also an indication that the wake does not dis- 
appear as completely at R 1.06 as the theory predicts. This 
discrepancy is to be expected due to the simplicity of the analyti- 
cal model; however, as shown later, no serious disagreement be- 
tween the theoretical and the actual flow is signified 

In conclusion of this single comparison between theory and 
data, we venture to assert that good agreement has been attained 
in a realistic test of the theory. Of course, further tests must be 
performed before the theory can be accepted completely 
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implications of the Theory 


Utilizing this theory, a machine computing program was 
effected to study the influence of the following parameters: 


6,—distortion parameter at impeller discharge 
8,—relative discharge angle 
c,r:/b—wall-friction parameter 


{—mixing-friction coefficient 


The flow coefficient (C,/u) and the impeller-exit mass-flow- 
average tangential velocity (C»/u) were held constant at 0.242 
and 0.7, respectively. For these values, it can be shown by simple 
that the flow can 
if the relative flow angle §, is 


calculations fill the impeller exit only 


51.2 deg. If the exit angle 
is less negative than —51.2 deg, the flow pattern is distorted 
as shown in Fig. 9 to a degree depending upon the angle By 
and the velocity in the wake. In order to show the intensity of 
flow distortion, a parameter 6 is used which is defined by 6 = 
el 7); that is, 6 is the local displacement width of the wake 

The following discussion is based upon certain relationships 
implied by Fig. 9. Shown in Fig. 9(b) are two possible velocity 
triangles as the jet relative velocity is varied at constant blade 
angle. Note that, as W, decreases, (»; increases, indicating for 
backward-leaning blades that the impeller work input will al- 
ways increase with a decrease in jet relative velocity. But, note 
further that there are two values of W, which yield the same 
value of absolute velocity C,, however at different angles a 
Thus, at a given flow rate and impeller speed, it is possible to have 
a distorted or an undistorted impeller exit flow both with the same 
mass-flow-averaged dynamic pressure at diffuser inlet, but with 


different impeller work input. As can be seen, a complete under- 
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Fig. 10 Influence of inlet distortion of flow at diffuser exit, R = 2 
standing of results to be described depends upon a thorough 
appreciation of diffuser inlet and internal flow conditions. 

The influence of inlet distortion 5, on diffuser losses is examined 
for particular cases in Fig. 10. As shown in Fig. 9, 6; varies from 
0.121 to 0.506 for 6; = —47.5 deg and from 0.535 to 0.766 for 
38, = —30deg. The stagnation pressure at diffuser inlet has been 
set equal to the impeller work per unit mass since the theory does 
not yield absolute values of pressure. The difference in pressure 
between two adjacent curves indicates, from the top: Stagnation 
pressure loss in the diffuser, dynamic pressure at the exit of dif- 

user, static pressure rise in the diffuser, and, to the abscissa, the 
static pressure rise in the impeller. The figure shows also the 
distortion parameter 5, at the diffuser exit. 

Fig. 10 reveals that the shear coefficient [ has little effect 
on the static pressure rise and stagnation pressure loss in the 
liffuser. Although the distortion parameter at the exit depends 
on the shear coefficient ¢, the magnitude of 6, is less than one 
tenth of 6, and the flow is almost axisymmetric at the exit of the 
liffuser. The static pressure rise and stagnation pressure loss in 
the diffuser are not much influenced by the intensity of inlet dis- 
tortion for 8, = 
3, = —30 deg. 


-47.5 deg, but are considerably influenced for 


Radial variations of stagnation and static pressure are shown 
in Fig. 11 for three values of the inlet-distortion parameter, 6, = 
0.535, 0.563, and 0.766 at 6; = —30 deg. For 6, = 0.535, cor- 
responding to a flow with zero radial velocity in the wake, the 
wake disappears quickly near the entrance of the diffuser. For 
6, = 0.563, corresponding to a weak radial flow in the wake, the 
wake never completely disappears. However, the calculation 
shows that there is only minor difference between the 6, = 0.535 
ind 0.563 cases in the distribution of static and stagnation pres- 
sures as well as for the distribution of distortion parameter. 

On the other hand, for the case 6, = 0.766, the flow in the dif- 
fuser is considerably different from that for the smaller values of 
5,. However, it is recognized in Fig. 11 that, even in this case, the 
distortion parameter decreases quickly near the diffuser inlet, and 
the major portion of the static pressure recovery as well as of the 
stagnation pressure loss occurs in this region. 

In Fig. 12 radial variations of static pressure and stagnation 
pressure sre compared for distorted flows with 8; = —30 deg, 
6, = 0.563, € = 0.094 and 0.00, and for an undistorted, axisym- 
metric flow through the identical impeller (with 8; = —30 deg) 
and diffuser for the same flow coefficient. Due to the lower im- 
peller exit relative velocity, the work input per unit mass for the 
undistorted impeller exit flow is not 0.7u;?, but 0.8611’, giving a 
considerably higher stagnation pressure at impeller exit than that 
568 
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Fig. 11 Variation of flow along radius 


Fig. 12 Comparison of radial pressure distribution for distorted and 
undistorted flow 


for the distorted flow. 
impeller for the undistorted flow is also larger resulting in a dy- 
namic pressure at the diffuser inlet of 0.400 u,?, which is close to 
the mass-flow average dynamic pressure of 0.383u,? for the dis- 
torted flow. The static pressure and the stagnation pressure are 
shown as ratios to the inlet mean dynamic pressure; conse- 
quently, these curves show the diffuser pressure-recovery effec- 
tiveness and loss coefficient. 

The larger initial gradient of static pressure for the distorted 
case compared to the undistorted is due to the rapid disappearance 
of the wake as shown in Fig. 11. The larger initial gradient of 
stagnation pressure in Fig. 12 for the distorted compared to the 
undistorted flow is best explained by a special example. If the 
radial velocity of the wake is zero, the dynamic pressure of the jet 
is equal to the mass-flow-average dynamic pressure. There are 
wake zones in the diffuser rotating at impeller speed whose stag- 
nation pressure loss due to the wall friction must be compensated 
by the jet flow because there is no mass flow in the wake. Since 
the wake-loss compensation must be in addition to the jet’s own 
stagnation pressure loss due to wall friction, the rate of stagnation 
pressure loss of the jet for the distorted flow is larger than that 
for the undistorted flow. In actuality, there is an additional stag- 
nation pressure drop for the distorted flow due to shear between 
the jet and wake which is shown in Fig. 12 by the difference 


However, the static pressure rise in the 


Transactions of the ASME 





OSTORTED Fiow 8.0652 
—-—— UNDISTORTED FLOW 
B,-s0" (+0.094 


R,e2 








© DIFFUSER EFFICIENCY 


+ OFFUSER PRESSURE RECOVERY EFFECTIVENESS 


Cyt/e 
Fig. 13 
atR = 2 


Influence of wall-friction parameter on diffuser characteristics 


between the broken line (¢ 0.094) and the full line ([ = 0) 

The influences of wall-friction coefficient c, and diffuser geome- 
try b/r; are combined in this theory in a manner analogous to a 
pipe-flow loss coefficient ¢{L/D). In Fi:. 13, the influence of 
c, 7,/b on static pressure rise and stagnation pressure loss in the 
diffuser is shown for 8 0.652. 


ire normalized by the mass-flow-averaged dynamic pressure at 


—30 deg, 6 The pressures 


the impeller exit; i.e., the ordinate shows the diffuser efficiency 
ind pressure-recovery effectiveness. It is obvious that, as the 
friction coefficient becomes larger or the diffuser depth becomes 
narrower, the stagnation pressure loss becomes larger and, conse- 
quently, the static pressure rise becomes smaller 

For comparison, an undistorted flow through the identical im- 
peller and diffuser for the same flow coefficient was studied. As 
iss is 0.861 u,*, instead of 0.7 u,? 
for distorted flow, and the dvnamik pressure at the impeller exit 1s 


before, the work input per unit m 
0.400u,;?, which is rather smaller than mass-flow-averaged dy- 
namic pressure of the distorted flow 0.430 u,? 

It should be noted that the stagnation pressure loss is smaller 
for the distorted flow if ¢(r;/b) is large. This is due primarily to 
the smaller dynamic pressure at large radius for the distorted inlet 
flow compared to the undistorted flow, Fig. 12. On the other 
hand, the stagnation pressure loss is larger for the distorted flow 
if c,(r,/b) is very small. This is due to the wake-jet shear loss 
which is entirely excluded for the undistorted flow 

Before ending the comparison between the distorted and un- 
distorted flows, a word should be added. It is recognized from 
Fig. 13 that the diffuser efficiency can be higher for a distorted 
flow than for an axisymmetric flow unless the wall-friction co- 
efficient is very small. However, in this comparison, the work in- 
put to the axisymmetric flow is about 20 per cent larger; conse- 
quently the efficiency of the stage as a whole, including impeller 
ind diffuser, will be higher for the undistorted-flow case. If the 
work input and the flow coefficient for an undistorted flow were 
uljusted to be equal to those of the distorted flow by changing 
the blade-exit angle 8,, the dynamic pressure at the impeller exit 
would be smaller than that for distorted flow. Consequently, the 
stagnation pressure loss in the diffuser would be smaller and the 
efficiency of the stage as a whole would be again higher. 

It may now be clear that there is no easy way to estimate the 
efficiency of a centrifugal-compressor stage with distorted diffuser- 
inlet flow using diffuser performance for axisymmetric flow. The 
computation of distorted flow in a diffuser is necessary for reliable 
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predictions, but becomes considerably simpler if the wake radial 
velocity is zero. In such cases, the wake disappears near the inlet 
after which axisymmetric treatment is applicable. For real im- 
pellers, it is suspected that the radial-velocity component of the 
wake flow is small. Since the behavior of such flow is not much 
different from the zero-radial-velocity wake flow, as shown in 
Fig. 11, in most practical cases it may be sufficient to calculate the 
flow with zero-radial velocity wake in order to understand the be- 
havior of distorted flow in a vaneless diffuser 


Conclusion 


This paper has developed a new and more realistic theory for 
approximating real flows in vaneless diffusers. The theory is not 
complete, since it does not include compressibility and the block- 
age effect of diffuser side-wall, boundary-layer growth. However, 
it does introduce the important unsteady flow phenomena of re- 
versible pressure work transfer between the various regions of a 
distorted flow leaving a centrifugal impeller and entering a vane- 
less diffuser 


The following particular results were obtained: 


1 Inlet-flow distortions can have significant influences on 
vaneless-diffuser flow behavior. The magnitude of the influence 
depends upon the impeller discharge angle, the degree of distor- 
tion, the diffuser wall friction and geometry and, perhaps, on 
other variables in the theory such as impeller flow and work co- 
efficients. The latter have not been explored yet by particular 
solutions 

2 It is impossible to predict the behavior of a diffuser receiving 
a distorted inlet flow from information on axisymmetric flow 

3 A rotating distorted flow in a vaneless diffuser leads to a 
significant pressure work transfer between high and low relative- 
velocity regions. If the distortion pattern does not rotate, the 
flow is steady and the pressure work transfer is absent. The growth 
of wakes from stationary swirl vanes in vaneless diffusers as ob- 
served by Isom [8] and their very rapid disappearance in many 
cases with rotating impellers is explained 

4 The mixing shear stresses between jet and wake regions are 
shown to be less important than wall shear stresses in governing 
the flow behavior. Wall shear-stress values from flat-plate data 
appear to be reasonable for vaneless diffusers 

5 The total pressure loss in the diffuser as a fraction of inlet 
dynamic pressure may be less for distorted than for undistorted 
flow However, with backward-leaning blades, the impeller 
work input is always larger for undistorted flow; the combined 
effect will be to lower stage performance as the flow is increasingly 
distorted 

6 These results point out the need for a realistic prediction 
of the flow pattern discharged from a centrifugal impeller if the 
diffuser flow is to be predicted with accuracy. 

7 The theory should yield accurate total and static pressure 
distributions for vaneless diffusers in cases where compressibility 
effects are minor and boundary-layer blockage is not severe 
The attainment of an even more complete theory including com- 
pressibility and boundary-layer growth should not be difficult 
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TRANS 


DISCUSSION 
Gaylord Ellis* 


It is becoming increasingly apparent that the over-all charac- 
teristics of a centrifugal compressor are established primarily by 
Sheets‘ noted in 1951 
that, whereas the impeller efficiency remains constant over a wide 


the phenomena occurring in the diffuser. 


range of flow, the diffuser efficiency always has a pronounced 
maximum at a certain flow. Wiesner’ has compiled an impres- 
sive amount of data which demonstrate that the performance of 
compressors can be correlated on the basis of a parameter more 
closely associated with volume flow in the diffuser than in the im- 
peller. It is also becoming clear that diffuser phenomena cannot 
be adequately represented by a simple axisymmetric flow but that 
the key to a full understanding of diffuser performance will be 
found in the process of energy transfer between regions of varying 
energy levels. The authors’ efforts are, therefore, most timely 
and welcome. 

The model constructed offers a new concept of energy dissipa- 
tion in the inlet regions of the diffuser. Previously it has been 
supposed that the large losses in total pressure which have been 
resulted from momentum ex- 
change between the wake and jet flow. 


observed near the diffuser inlet 
The wake disappears 
downstream because the fluid in it is gradually accelerated by 
momentum exchange until the wake and jet velocities become 
equal and therefore undistinguishable. In the authors’ model 
the wake is a nearly unchanged block of fluid confined to a certain 
region defined by equilibrium conditions between it and the jet. 
The total pressure falls off more rapidly near the inlet than else- 
where because the jet flow must provide energy to rotate this 
nearly fixed quantity of fluid against frictional drag. 

In the examples solved by the authors, the relative wake veloc- 
ity is taken to be zero at the diffuser inlet. It is also specified 
that, if the relative velocity of the wake should become finite, the 
relative flow angle would agree with that of the jet. These condi- 
tions plus equation (2) imply that the relative velocity of the wake 
is zero everywhere and the flow in the wake is always distinct from 
the jet. 

\ close examination of equation (7) suggests that it is this 
condition, namely 0Wy,/or=0, that primarily establishes the 
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To the 
that the assumptions which led to this condition were arbitrary, 


boundaries of the wake at each radial station extent 
the resulting boundaries of the wake are also arbitrary and agree- 
ment with experimental results coincidental. If continued 
agreement is obtained with experimental results, then it must be 
concluded that in most cases the wake is indeed a fixed block of 
fluid rotating as a solid body with the impeller 

The writer would like to emphasis the fact, already mentioned 
by the authors, that equally important and interesting energy 
exchanges occur in the axial direction 
found in repeated tests that any asymmetry in the axial distribu- 


For instance, it has been 


tion of energy at the diffuser inlet will persist as the flow moves 
through the diffuser provided that no backflow occurs along 
either wall. If a backflow does occur, however, it is found that in 
every case an energy transfer is initiated which completely re- 
verses the asymmetry of total pressure distribution, significantly 
affecting diffuser performance. It is hoped that the authors will 


continue to give their attention to these interesting problems. 


Joseph V. Foa® 

The work transfer which is discussed in this paper is an interest- 
ing illustration of a mode of energy exchange that, as the authors 
have noted, has received our attention at Rensselaer Polytechnic 
Institute for some time. The idea underlying this mode of 
energy exchange is that a flow which is steady and isoenergetic in 
one co-ordinate system is neither steady nor isoenergetic in any 
Thus 


two or more interacting flows which are steady and isoenergetic 


other co-ordinate system unless it is uniform throughout. 


in a common frame of reference will exchange energy in any other 
frame. Furthermore, since a change of frame of reference is re- 
versible, the associated transfer of energy is nondissipative 

In the particular case of the exchange of energy between jet 
and wake in a vaneless diffuser, the authors describe the interac- 
tion as being due to the fact that the velocities of the two flows 
are constrained to have, at every station, a common orientation 
in the relative co-ordinate system. 
this description. 


No exception can be taken to 
However, I wish to comment on the authors’ 
statement, in their reference to our work on the action of rotating 
jets, that this action may be explained by the same constraint. 
In our work’ we have considered what may be described as a 
“glancing collision’ between two flows, i.e., the interaction of two 
flows which do not initially have a common velocity orientation in 
the frame of reference in which they are steady In this inter- 
action, we have distinguished two phases of reversible energy ex- 
change. In the first phase, the two flows are deflected to a com- 


mon orientation in the relative co-ordinate system; in the 
second phase, they maintain a common orientation as they are 
accelerated or decelerated together in the same passage 

The have investigated involved either 


both phases or the first phase alone. The 


interactions that we 
first-phase transfer 
vanishes when the angle between the initial orientations of the 
two flows in the relative frame is either 0 or 90 deg, and the 
second-phase transfer is absent when there is no subsequent accel- 


eration or deceleration of the two flows, as in constant-area 


axial-flow systems. In most cases of practical interest, the first 


It should 


also be noted that both phases can take place when the flows are 


phase is responsible for most of the energy transfer 


translating as well as when they are rotating in the “‘absolute”’ 
frame of reference. 

In the jet-wake interaction our first phase is absent because the 
two flows are initially parallel in the relative frame However, 
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this paper contributes to the understanding of an important com- 
ponent of second-phase exchange; and the authors are to be con- 
gratulated on the clarity of their treatment 


Frederick C. Gilman’* 


The authors have presented a most interesting theory for the 
calcuiation of the effects of wakes fed into a vaneless diffuser by a 
centrifugal impeller. This theory leans heavily on the use of the 
concept of relative velocity even for those regions of the flow 
which are no longer controlled by the impeller. It appears that 
this rather unusual procedure has trapped the authors into some 
unrealistic thinking about the nature of the flow in the vaneless 
diffuser. 

The angular momentum equations under (b) of Equations of 


Flow are for total momentum rat« 


for each component of the 
fluid, that 18, for yet and wake This total rate is needed in order 
The fact 
that the wake fluid has less total momentum than the jet fluid on 
account of its smaller mass seems to have led the authors into 
thinking that in any 


would have to be the gainer at the expense of the jet fluid. 


to determine the magnitude of the mixed momenta. 


nterchange of momentum the wake fluid 
This 
is not so. The wake fluid has more momentum per unit of mass 
than the jet fluid s0 any exchange will be in the other direction 
In Fig. 2(B) the vector Cj. must have a larger tangential com- 
ponent than has C 


component than that of C’ ys 


~ and C.. must have a smaller tangential 
The direction of the change is in- 
dicated also by the requirement that Cj. and C,2 must be one 
and the same when the wake disappears 

There is some inconsistency in that 8 is assumed to be single 
valued for both jet and wake fluid at any given radius and no mix- 
ing is postulated and yet it is stated that the theory predicts the dis- 
appearance of the wakes and Fig. 2(C) illustrates the convergence 
of the jets. Fig  2(D) needs to have high and low pressure 
regions interchanged. The existence of a difference in 
sure from leading to trailing borders of both jet and wake regions 
at one radi 


pres 
is is inconsistent with an invariant direction of flow 
The simple difference between wakes from stationary swirl 
nozzles and wakes from backward leaning rotating passages as 
analyzed in the paper is that the former have less momentum 
angular and otherwise, than the main stream or jet and the latter 
have than the 
Rotating wakes being more energetic but low in mass 


more angular momentum per unit mass main 


stream 
flow soon disappear in the adverse 


pressure gradient of the 


main flow. The rotating nozzles of Foa, et al 


, operate quite differ 


eutly in that the entrained fluid is without anguiar momentum 


before 


interaction 


Chis paper has clarified for liscusser the reason why the 


this 
reading of a total head impact probe falls off rapidly in the vi- 


cimity of the impeller discharge rhe reason is that the high 
energy wake fluid affects the impact tube in proportion to its 
angular share of the periphery and not in proportion to its mass 
rate of flow. The high reading near the impeller is therefore not 
1 true indication of the mass averaged head imparted to the fluid 
by the impeller Contrary to the indication of the Impact tube 
the main flow is actually experien ing an increase of its total 
head in the region of mixing with the wake flow On the basis o 
this interpretation the dashed total head curve of Fig 7 
should be extended back to the R = 1.0 line to P 0.7 without 
. sharp break in curvature. The undistorted total pressure curve 
could then be 


points 


yrrought down to fall approximately on the data 
rhe effect of distortion on the diffusion process then es 
st ntially disappears 

(ne may ask why the static pressure increases so sharply in 


the region of wake and jet encounter If there are masses of 
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wake fluid rotating with approximately impeller tip velocity yet 
moving outward with but very low radial velocity the radial 
gradient of static pressure would be higher than that calculated 
for the jet flow. Since in the case cited the wake material oc- 
cupied initially about two thirds of the peripheral space between 
vanes it could be expected to dominate the static pressure in this 
region. There is also the probability that the pressure work 
interchange as described by Foa may be taking place to some ex- 
tent 

rhe idea that high tangential velocities of the wake fluid cause 
important total pressure losses in the entrance region of a vane- 
less diffuser does not appeal to this writer. First, as stated pre- 
viously, impact tube readings indicating that such high early 
losses exist are not representative of mass flow averaged condi- 
tions. Then let us think of wake fluid as a bonus presented to 


the diffuser by the impeller which produced it at high 


cost. The high wall shear of the diffuser can only reduce this 
bonus. The impeller pays 

As a result of the foregoing comments this discusser feels that 
the authors have no justification for their conclusions numbered 
1,2, and 7. In number 3 it should be made clear that the low 
relative velocity region is the donor and the high relative velocity 
region is the beneficiary in any energy exchange in the diffuser 
Number 6 should 


be changed to read, “These results point out the need for a real- 


Conclusion number 5 appears to be in order. 


istic understanding of the flow pattern discharged from a cen- 
trifugal impeller if the performance of the impeller is to be truly 
judged An additional conclusion might be that performance 
in a vaneless diffuser can be predicted if an impact tube reading is 
ivailable for the radius at which the wakes disappear, that is, 
where the gradient indicated by the impact tube suddenly reduces 

The writer is grateful to the authors for presenting this paper 


ind is only sorry that he cannot share their principal conclusions 


William J. Guman® 


Another reference on energy transfer due to the existence of 


pressure iorces at the interface between a primary jet iss ing 
from a rotor and a secondary flow in a vaneless shroud is: ‘“‘kx- 
ploratory Experimental Study of a New Method of Energy Ex- 
by William J. Guman, AFOSR 
TN-59-14, AD 208 595, Dept. of Aeronautical Engrg., Rensselaer 
Polytechnic Institute, Troy, N. Y., May, 1958 (TR AE 5811 


This work summarizes experimental work of the induction effect 


change Between Steady Flows,’ 


achieved by a primary jet interacting with a secondary flow in a 
vaneless shroud and exchanging energy in a manner as examined 
by Foa and Messrs Dear 


and Senoo 


N. Van Le’ 


The authors are solution of an 


This 


solution should now replace the age old concept ol recirculation 


to be congratulated for the 


important proble m encountered in radial compressor 
put forward by many authors in explaining the enormous losses 
that take place at the entrance of vaneless diffuser 


is novel in two upproaches 


The paper 


in using the relative system, the authors reduce the difficulties 


f 
of 


an unsteady flow problem to one that is amenable to solution 
in introducing a model of the flow that permits an analytical 
handling of the subject. 

In a sense, this model approach is similar to the well-known 
integral method of the boundary layer theories. As such, the 


results should be insensitive to the assumptions 
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In the analysis, the block pictures of the jet and wake have the 
same flow direction 8 at any radii. Indeed, this argument has 
been based on sound logic; but the discusser feels that in so doing, 
the authors restrict the flow to a special process of momentum 
exchange and mixing! The analysis would require an additional 
relation governing the mixing process if 8 wake is allowed to differ 
from 8 jet at any radius before complete mixing. Since further 
research is needed for clarification, the discusser has to contend 
with the question if, in using the authors’ picture of the flow 
at the impeller exit, 8 wake is different from 8 jet, what is the dif- 
ference in the results? Experimental data of flow at the exit of 
impeller passages, even that of two dimensional cascade, would 
support a picture with different 6 jet and 8 blade. 
a model of the flow at the impeller exit. 


Fig. 14 shows 
A discontinuity in the 
That this is permissible is due to the very 
fact of the “‘integral’’ approach. Continuity and angular mo- 
mentum are written between the impeller exit and the radius 
where complete mixing takes place, yielding a uniformity in all 
the flow parameters 


picture does exist! 


Incompressibility and wall friction will 
not be considered. 


Continuity: 
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These two relations define the flow at the impeller exit and at the 
mixing. If the kinetic energy flux E based 
on the absolute velocity 


radius of complete 
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is calculated for these locations: 
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Any difference in E and E; would be an upper limit of the loss 
due to mixing of the two streams of flow issuing from the impeller 
Numerical calculation based on the previous relations yields the 
effects of 8B; ¥ 8, for a typical impeller exit shown on Fig. 15 
For this example, it appears that, if the difference 8, — 8, has little 
effect on the radius at which complete mixing takes place, a 
variation in E of the order of 10 per cent can be expected by 
assuming that 8, = 8,,. 
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Authors’ Closure 

The authors wish to thank Messrs. Ellis, Foa, Gilman, Guman, 
and Van Le for discussing this paper so thoroughly. The apparent 
significance of the phenomena treated, as implied by the interest 
aroused, is encouraging. 
The authors welcome his 
emphasis of the importance of diffuser behavior to over-all 
On the other hand, they can- 


Concerning Mr. Ellis’ discussion: 


centrifugal compressor behavior. 
not follow the argument of his paragraphs three and four. He 
states, ‘In the examples solved by the authors, the relative wake 
velocity is taken to be zero at the diffuser inlet.’”’ This statement 
is not true as can be seen easily by examining Fig. 9(a In gen 
eral, the wake velocity at the impeller exit is finite in all the cases 
presented in Figs. 10, 11, 12, and 13 — 30, 
6, = 0.535 and 8B, 17.5, 6 is the wake relative 


velocity zero at the impeller exit 


Only in the cases 8; = 
0.121 


It is true that the only case compared with measured data is 


i case of zero wake relative velocity at the impeller exit. How- 


ever, this case was used because the measured hot-wire data at 
' 


impeller exit gave the wake velocity as only 2 per cent of the jet 


velocity. The use made of this case herein by no means is in- 


tended to imply that it is the general situation 
Ellis is correct in stating that the theory does imply zero wake 


relative velocity everywhere in the wake if the wake relative 


velocity is zero at the impeller exit. This follows from the par- 


ntinuity of the wake 


ticularized cc Equation (2 
In the theoretical model, several simplifications were adopted ; 
the justification thereof rests upon experimental verification as 


Ellis asserts. However, the assumption he criticizes, that the 
wake velocity is zero, is not among those of this theory 
Ellis’ 


incidental agreement with experi- 


The authors maintain that statement concerning arbi- 
trariness of the solutions and « 
mental results, as related to the assumption of zero wake velocity 
is invalid. 

The authors are indebted to Professor Foa for clarifying the 
relation between this paper and his work on the effects of a steady 
spacial distribution of flow properties in one co-ordinate system 
The authors agree 


as it moves in a second co-ordinate system. 


with Foa’s placement of the subject of this paper in his “second 
Actually, both can 
be treated as special cases of a more general analysis which does 
not make the 08/00 

Mr. Gilman has made a valid point in demonstrating that, 


phase” and with its distinction from the first 
= ) assumption 


since the wake fluid will often have higher absolute kinetic energy 
than the jet fluid and the same average static pressure at a dif- 
fuser inlet, then in general the wake must do work on the jet to 
raise the latter’s total pressure if the flow is to tend toward axi- 
symmetry as it passes out through the diffuser. The computed 


results from this theory, as shown in Figs. 11 and 12, demonstrate 


that the cases considered tend toward axisy mmetry, so Gilman’s 
argument is valid. 

However, Gilman’s observation is not complete because the 
work exchange is not always unidirectional in a given case. As 
will be shown in the following examples, in many cases the jet 
does work on the wake at the early part of diffusion; at larger 
radius ratio, the wake then returns more energy to the jet than it 
has received, with the final flow becoming almost uniform as a 
consequence 

The authors attempted in Fig. 2 to explain the reversible work 
The im- 
portant point in this figure is not the direction of the work trans- 


exchange between jet and wake using a typical case. 
gz 


fer, but the fact that energy exchange between jet and wake is a 
consequence of geometric compatibility in the relative flow pat 
tern, 

In order to show the trends of energy exchange quantitatively, 
the authors present in Fig. 16 the velocity results for Fig. 11 and 
The 


corresponding frictionless results (« « 0) in Fig. 17 
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Fig. 16 Angular momentum versus radius ratio; results corresponding 
to Fig. 11 


Fig. 17 Angular momentum versus 
corresponding to Fig. 11 


radivs ratio; shearless results 


three cases of Figs. 16 and 17 are for the cases 6, 


W ws 
- 0, 0.062, 0.148, respectively, 
Wa 


0.535, 0.563, 
0.766 corre sponding to ¥ 
as can be seen in Fig. 9(a 

Starting with the case of zero wake relative v« locity 
Figs 


velocity has a solid body distribution 


x 0) 
16 and 17 demonstrate that the wake absolute tangential 
Ce/R 
This result follows directly from the assumption of 


const) in absolute 
co-ordinates 
a steady relative flow pattern. In the frictional case, Fig. 16 
the angular momentum of the jet (?C,) decreases due to the fric- 
tion torque on wake and jet. In the frictionless case, Fig. 17, the 
angular momentum of the jet is constant 

The solid body distribution of the wake with no relative veloc- 
ity implies that wake particles have increasing angular momen 
tum at larger radii. However, since there is no flow through the 
wake, this condition does not require a corresponding torque 
from the jet as Fig. 17 demonstrates 

As the through-flow velocity in the wake is increased from zero 
¥: > 0), in Figs. 16 and 17, The 
wake tangential momentum continues to increase as R increases 
With through-flow in the wake, this re 
sult implies that at first the jet does work on the wake thereby in- 


This 


an interesting event occurs. 
up to a certain radius. 


creasing the disparity between wake and jet energy levels 
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situation does not persist long, when it reverses and the wake 
then does work on the jet decreasing the disparity in energy. As 
can be seen in the figures, the extent of the region of growing 
disparity increases as the wake through-flow velocity increases. 

Gilman in private communications has doubted that the no- 
flow wake can exist in the diffuser with a solid body distribution of 
swirl. The authors postulated a steady relative flow pattern; 
the questioned condition follows. Now it is possible, of course, 
that this distribution might be unstable and that the wake would 
shed from the impeller periodically, leading to an unsleady relative 
All we can answer at this time is that the hot-wire 
data shown in Fig. 5 confirm the validity of our postulate and to 


flow pattern. 


report that the use of visualization techniques has revealed wakes 
of no-through-flow extending into a vaneless diffuser from an im- 
peller and forming a steady relative flow pattern. 
these regions show turbulence and internal rotation due to shear 


Of course, 


effects, but since their boundaries are steady in the relative flow, 
the mean tangential velocity is distributed into the diffuser 
according to solid body rotation. This entire matter is now 
under intensive detailed investigation, but the data on hand ap- 
pear to validate the steady relative flow postulate. 

Gilman points out that the existence of a pressure gradient from 
leading to trailing face of the wake (or jet) is inconsistent with the 
assumption 08/00 = 0. 
this is an integrated theory similar to the Karman momentum 
integral equations for the boundary layer. 


However, as Van Le has nicely stated, 


It is more proper to 
state that the relative flow angles of wake and jet must be equal 
on their boundaries. While this angle can vary within these 
boundaries, this does not spoil the validity of the integrated results 
of the theory; it only means that the theory is incapable of giving 
all the details of the flow. 

Gilman’s point in his paragraph 5 is a good one. He is essen- 
tially questioning the validity of interpreting the total pressure 
measurements in the jet-wake mixing region as indicative of 
mass-flow averaged total pressure. This was done in Fig. 7, but 
this usage, in general, is unwarranted, although a common action. 
However, it appears to work here for reasons not completely 
clear. 

In Fig. 7, the difference between static and mass-flow-averaged 
total pressure at impeller exit is the dynamic pressure of the jet 
flow in absolute co-ordinates since there was no flow in the wake in 
This 
dynamic pressure can be obtained from data independent of the 
total 4 presents the 
velocity triangles developed from hot-wire, volume flow, and power 


the theoretical case and very little in the measured case. 


and static pressure measurements. Fig. 
measurements unrelated to total and static pressure measure- 
ments in the diffuser. The jet absolute velocity was measured at 


240 fps as shown. This value is equivalent to: 
(240)?/2 


~ 0.7(276)2 


Ci:2/2¢ 


Pa — —r 
Poia — Poo 


= - 0.54 
(Co/u)uy? a 
which can be compared to the equivalent value on the ordinate 
of Fig. 7 

Of course, the theory agrees with this value, since the velocity 
The 


measured dynamic pressure of 0.54 indicates that the actual 


triangles of Fig. 4 were input to the theoretical calculation. 
mass-averaged-total pressure at R = 1.0 was 0.8 as shown or, if 
lower, then the static pressure would have to be still lower than 
the value of 0.26 shown. Thus Gilman’s suggestion of extrapo- 
lating the measured total pressure curve in Fig. 7 to 0.7 on the 
ordinate would mean that the static pressure at R = 1.0 would be 
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only 0.16, which falls far below any reasonable extrapolation of 
the static pressure data and is a very low value of static pressure 
rise for any centrifugal impeller. If we extrapolate the static 
pressure data to R = 1.0 and add the dynamic pressure of 0.54, 
the total pressure at R = 1.0 would be 0.9. 

Now we should ask how can the total pressure probe read the 
jet total pressure, when it spends most of its time in the wake 
(approximately 75 per cent) and the wake total pressure is 20 per 
cent higher than the jet, according to Fig. 4. Apparently the re- 
sult for the total pressure data point at R 1.02 is fortuitous 
and was due to the Kiel probe being aligned in the direction of Cj, 
in Fig. 4. 4 is 40 deg. 
The small */,.-in. Kiel probe used had a flow range of negligible 
error of approximately +30 deg in steady flow; outside this range 
the pressure reading decreases rapidly with increased flow angles 


The angle between Cy and C,, in Fig 


If we assume quasi-static response, the probe could read low 
enough in the wake such that it actually would feel a relatively 
steady pressure at its mouth, close to the jet value 

Despite the difficulties with the total pressure measurements, 
the hot-wire, power, and flow measurements do indicate, as ex- 
plained in the foregoing, that the total pressure at R 1.0 is 0.8, 
as shown in Fig. 7 and cannot be reduced to 0.7 as suggested by 
Gilman. 

Based on the foregoing discussion, the authors cannot accept 
Mr. Gilman’s feelings that conclusions 1, 2, and 7 of the paper are 
unjustified. 
here. The authors claim that their conclusion 6 is valid, but also 
agree with Gilman’s additional statement 

The authors thank Mr. Guman for the additional reference 

Dr. Van Le has introduced consideration of Professor Foa’s 
“‘phase one”’ energy transfer into this theory, which would be 
desirable extension since 08,/0@ is not zero at discharge from an 
impeller. 


His suggestion on conclusion 3 has been discussed 


Van Le’s analysis does not allow computation of the 
jet-wake interaction process, but does give the final axisymmetric 
flow condition as a function of the diffuser inlet flow condition in 
the absence of wall shear. Using this, he has studied the change 
in final axisymmetric flow conditions due to an inlet difference 
between 8, and B,,. 


they demonstrate that large differences in angle up to 40 deg with 


Van Le’s results are encouraging, sinc 


y: = 0.5, which are far more than would be expected in actuality, 
If the ratio of wake flow to 
jet flow is smaller, the effect is even less significant. 

Mr. J. Tuttle of Ingersoll-Rand Company has pointed out in 
private communication that the statement split by Fig. 2 in the 
preprint, 2 
spirals,”’ 


lead to small changes in the results. 


as both jet and wake flow out along logarithmic 
In the nonrotating dis- 
tortion case, conservation of angular momentum for the entire 
flow and geometric compatibility in the relative flow field are 
satisfied by a logarithmic spiral flow, as mentioned. 


is incomplete and misleading. 


However, 
since the jet and wake have different dynamic pressures, the 
pressure rises would not be equal for the two flows if each followed 
the same logarithmic spiral. Due to the necessary equality of 
static pressure rise in wake and jet, the flow pattern will be 
Needless to say, this 
is the reason that the wake grew in the Isom diffuser [8] as 
mentioned. 


forced to deviate from logarithmic spirals. 


As is explained, this condition implies tangential 
forces between wakes and jets, but it does not imply energy ex- 
changes in absolute co-ordinates 

Again, the authors wish to thank the discussers who have 
added very significantly to the value of this paper and have aided 
in clarifying various aspects of the phenomena. 
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Incidence and Deviation-Angle Cor- 


SEYMOUR LIEBLEIN 


National Aeronautics and 
Space Administration, ‘ 
Lewis Research Laboratory, An analysis 


Cleveland, Ohio 


behavior of these angles 1s 


7 
established 


venitonal sections 


ts presented for the 


and deviation angle for compressor 


, 
SucH as 


relations for Compressor Cascades 


variation of low-speed, minimum-loss, incidence angle 


The aerodynamics governing the 


and the principal influencing parameters are 


le hlad 
Cascade O1ades 


discussed, 


A single general relation is obtained for predicting these angles for con- 


series blades, the double circular-arc blade, 


the British ( 


and the NACA 65-series blades when the latter blade sections are expressed in terms of 


an equivalent circular-arc chamber line The 


specific constants associated wiih each 


blade shape are derived from the avatlable data 


I. AN earlier paper [1 it was shown that a 


generalized correlation for the low-speed losses of conventional 
when the losses 


compressor-cascade blades could be obt 1ined 


and blade loading were expressed in terms of certain significant 
The correlation was obtained for suc h commonly, 


as the NACA 65 A, British 
C-4 and C-7 series blades at the reference condition of minimum- 


parameters. 
used blades -series blades and the 


loss incidence angle. In view of the success of the loss correla- 


tions, it was thought desirable to investigate means of deducing 
incidence 
blades In 
established 
parameters of 


similar generalized correlations for the reference 


angle and air-turning-angle variations for these 


so doing, a general analytical procedure might be 


for predicting the principal performance con- 
ventional cascade blades 
In “ariy cascade 


angle data 


investigations general correlation of air- 


was made difficult because of the absence of true 


1 Numbers in brackets designate 
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teferences at end of paper 
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He adquarte Ts 


Nomenclature 


flow in the cascade tunnels. Nevertheless, 
attempts [2-5] were made to correlate 


limited experimental data for design use. In 


two-dimensional 
several noteworthy 
recent years, 
however, the introduction of effective tunnel-wall boundary- 
layer contro! 
the NACA [6] 


More consistent systematic data 


notably the porous-wall technique developed by 
) gave a substantial impetus to cascade analysis 
[6-8] and more significant 
comparisons between theoretical and experimental performance 
9-11] were obtained as a result of the improved two-dimen- 
The recent availability of considerable amounts of 
consistent data has also made feasible further investigation of 


sionality. 


the general relations among the various cascade-flow parameters 

The present paper presents an analysis of the low-speed, air- 
turning characteristics of conventional cascade blades in terms 
of air-deviation angle at incidence angle for minimum loss 
Available cascade theory and general blade aerodynamics are 
utilized to obtain a qualitative insight into the behavior of these 
angles. Empirical correlations are then established based on 
these considerations to describe the variation of the air angles 
with cascade geometry and inlet-flow conditions 


Preliminary Considerations 


Biade Designation. and 
cascade blade characteristics are given in Fig. 1 


designating 
As in isolated- 


Nomenclature symbols 





flow area 


exponent in deviation-angl blade 


tion . 
air velocity 


chord length 


blade-camber height angle of 
incidence angle, angle between inlet-air 
inlet-air direction and tangent to 
blade 


leading edge, deg 


mean camber line at = air angle, 


incidence angle of uncambered 
blade section, deg 

correction factor in incidence -angle 
relation 

: : deg 

correction factor in deviation-angle 
relation deviation 

Mach number 


slope factor in deviation-angle to blade 
relation 
factor in 


relation 


slope incidence-angle do deviation 
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blade spacing 


maximum 


attack, 
direction 

chord, deg 

angle between air 


velocity and axial direction, deg 


blade-chord angle, angle between 
blade chord and axial direction, 


angle, 
outlet-air direction and tangent 
mean camber 
trailing edge, deg 
angle of 
blade section, deg 10 = 


solidity, ratio of chord to spacing 


blade-camber angle, difference be- 


tween angles of tangents to 


mean camber line at leading and 


trailing edges, deg 


between 


blade 


angle 
and 
total-pressure-loss oefficient, 


AP/*/.pV;? 


Subscripts 


air turning angle, 8, — §:, deg 


lower surface 
relerence 
blade shape 


blade maximum thickness 


angle between 
upper suriace 


line at station at cascade inlet 
station at cascade exit (measuring 
station 


10 per cent thick 


uncambered 
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Fig. 1 Nomenclature for cascade blade 


iirfoil practice, cascade blade shapes are normally evolved by 
idding a basic thickness distribution to a mean camber line 
which, as indicated in Fig. 1, represents the basic curvature of 
the profile. Some frequently used curvatures are the NACA 
A.o) and related mean lines [6, 8], the circular-arc mean line 
1}, and the parabolic-are mean line [7]. Two popular basic 
thickness distributions are the NACA 65-series thickness dis- 
tribution [6] and the British C.4 thickness distribution [4]. A 
high-speed profile also has been obtained from the construction 
of a circular-are upper and lower surface [12]; 
referred to as the double-circular-are blade. 

Data Selection. 


this profile is 


In view of the sensitivity of cascade air angles 
to the degree of two-dimensionality attained in the tunnel, 
data for the basic correlations were selected only from large 
tunnels or from tunnels in which good wall boundary-layer 
control e.g., [6, 11]. Furthermore, the data 
were restricted to values of blade-chord Reynolds number from 
about 2.0 « 10° to 2.5 X 105 in order to minimize possible 
Reynolds-number effects on the loss and angle variations. How- 
ever, in some cases, e.g., [6, 14], in tunnels with low turbulence 
levels, 


was exercised; 


local laminar-separation effects were observed in the 


range of Reynolds number selected. In such instances, it was 
to estimate the probable variation of performance 
parameters against incidence angle in the absence of the local 
separation, and use values obtained from the faired curves for 
the correlations. 


necessary 


The specific sources of data used in the analysis 
are indicated by the references listed for the various correlations. 

Approach. In order to use a uniform nomenclature and con- 
sistent correlation technique for the various blade shapes studied, 
it was believed best to consider the approach characteristics 
of the blade in terms of air incidence angle i, the camber charac- 
teristics in terms of the camber angle ¢, and the air-turning 
characteristics in terms of the deviation angle 6. 
in Fig 


As indicated 
1, these angles are based on the tangents to the blade 
mean camber line at the leading and trailing edges. The use 
ot the deviation angle, rather than the turning angle, as a measure 
of the air-outlet direction has the advantage, for correlation 
purposes, of a generally small variation with incidence angle. 
Air-turning angle is related to the camber, incidence, and devia- 
tion angles by 


AB = ¢+i-6 (1) 


Incidence angle is considered positive when it tends to increase 
the air-turning angle, and deviation angle is considered positive 
when it tends to decrease the air-turning angle. 

The use of incidence and deviation angles requires a unique 
ind reasonable definition of the blade mean-line angle at the 
leading and trailing edges, which may not be possible for some 
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Fig.2 Equivalent circular-arc mean line for NACA 65-(A,o)-series blades 
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Fig. 3 Equivalent camber angles for NACA 65-(C;,A\)) mean camber 
line as equivalent circular arc, Fig. 2 


blade shapes. The principal difficulty in this respect is in the 
65-(Ajo)-series blades [6] whose mean-line 


infinite at the leading and trailing edges 


slope is theoretically 
is still 
possible to render these sections usable in the analysis by arbi- 
trarily 


However, it 


establishing a geometrically equivalent circular-are 
mean camber line that has the same camber height A as the 
Ai mean line, Fig. 2. defined here is 


therefore one of maximum camber and not of performance.) 


(The equivalence as 
As shown in Fig. 2, the equivalent circular-arc mean line is 
obtained by drawing a circular are through the leading and 
trailing-edge points and the point of maximum camber at the 
mid-chord _ position. deviation, and 
camber angles can then be established from the equivalent 
circular-arec mean line as indicated in the figure. The relation 
between equivalent camber angle and isolated-airfoil lift coeffi- 
cient of the NACA 65-( A,jo)-series mean line is shown in Fig. 3 
Inasmuch as cascade-performance curves vary appreciably 
with increasing inlet Mach number, it was necessary to restrict 


Equivalent incidence, 


the analysis of the low-speed air angles to some reference location 
that exhibits the 
least change in performance as Mach number is increased. The 
reference location selected herein is the incidence angle at mini- 
mum total-pressure loss, defined specifically as the mid-point of 
the range of incidence angle between the points of twice minimum 


loss. 


on the loss-against-incidence-angle curve 


Typical variations of deviation angle and total-pressure 
loss illustrating the reference location are shown in Fig. 4. 
At this point, it should be kept in mind that the reference 
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REFERENCE MINIMUM-( 
WNCIDENCE ANGLE 


Fig. 4 lilustrative variation of cascade performance parameters showing 
definition of reference minimum-loss incidence angle 


minimum-loss incidence angle is not necessarily to be considered 


1s a recommended design point for compressor application 


he selection of the best incidence 


ingle for a particular blade 
element in a multistage-compressor design is a function of man 


considerations, such as the location of the 


blade row, the design 
Mach number, and the type and 


1 ipplication of the design In 


universal definition of best 
The « cade reference loc ition 1s est iblishe d 
primarily for purposes of 


Of the m 


gener il, there Is no on 


incidence 


design or 
angle 
inalysis 
iny blade pith S 


currentl I in compressor 


65-sernes ; ries circular arc 


data 
complete umm l unt 


aesign 


practice 


parabolic are a sufficient to permit a 


re isonably corre lation have been 


published only for the 


blades of [6] Therefore 


i basic correlation of the 65-( A series data had to be established 


first and the results used guide or foundation for determining 


the corresponding performance trends for the other blade shapes 


for which only limited data exist. Inasmuch as the tests in 
6] were carried out with fixed air-inlet angle rather than with 
fixed chord angle as in the compressor, it 
establish the angle correlations on a fixed 8, 
data that a fixed B curve will have a 
about 1 to 
f B, in 


was necessary to 
Limited 


minimum-loss 


basis 
indicate 
incidence angle 


for the 


2 deg greater than a fixed y-curve 


same Vv luc B « the low-loss region 


Incidence-Angle Variations 


Qualitative Anaiysis. It is generally recognized that the low- 


loss region of incidence angle 1s identified with the absence of 
large velocity peaks 
blade velocity 
gradients are avoided when the front stagnation point is located 


and subsequent decelerations) on either 


surface. For infinitely thin sections, steep 


at the leading edge. This condition has been referred to fre- 


quently as the condition of “impact-free entry Weinig [15 
used the criterion of stagnation-point location to establish the 
variation of infinitely 

Results 
deduced therein showed that the minimum-loss incidence angk 


is zero at 


angle for 
thin circular-are sections from potential-flow theory 


impact-free-entry incidence 


zero camber and decreases linearly with camber for 
fixed solidity and blade-chord angle. 

Some equivalent results have been obtained for thick-nos« 
blades with rounded leading edges based on the criterion that 
the location of the stagnation point in the leading-edge region 
of a thick blade is the controlling factor in the determination of 
[16] showed semi- 
theoretically on this basis that optimum incidence angle (angle 
at maximum lift-drag ratio) for a conventional 10 per cent- 


the surface velocity distributions. Carter 


thick circular-are blade decreases with increasing camber angle 
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These results were followed [17] by generalized plots of the 
variation of optimum incidence angle for a 10 per cent-thick 
C-series blade with camber angle, solidity, and blade orientation 
In these references, blade orientation was expressed in terms 
of air-outlet angle rather than blade-chord angle.) 

that the 
idence, the lower in magnitude 
This 


quite understandable qualitatively, since as circulation tends to 


Jasically, the foregoing analyses indicate greater 


the blade circulation at zero ine 


the minimum-loss incidence angle must be. result is 


increase, the difference between the upper and lower surface 


velocities increases, and a more incidence angle is 


the difference. It 


similar 


negative 


is Treason ible to expec 


required to reduce | 


that 
incidence angle with circul 
blade 


The results of [17] 


therefore, trends of variation of minimum-loss 


ition will be obtained for co 
compressor sections 

s well as a preliminary examination of 
data that the 


3s of uncan be red sections (@ 


experimental cascade showed minimum-loss 


incidence angle ) of conventional 
thicknesses were not zero, as indicated by theory for infinitely 
thin blades, but always positive in value. The appearance of 
positive values of incidence ingle for thic k blades 18 attributed 
to the existence of velocity distributions at zero incidence angle 
lon the two The existence of 


that are not symmetrica surfaces 


unsymmetrical velocity distributions at zero incidence can be 


seen qualitatively from the highly 


model of the 


simplified one-dimensional 


blade passage flow in Fig. 5 


| Apparently an 


- jAp<Ay 
Ye (Vy>Vy 
(e) y=0* (vb) y*90". (c) O*<7<90° 
Fig. 5 Effect of blade thickness on surface velocity at zero incidence 
angle for uncambered airfoil section according to simplified one-dimen- 
sional model 


increase in incidence angle from the zero value is necessary ir 
order to reduce the lower surface 
that 


This zero-camber thickness effect, however, will appear only for 


velocity to a more equitable 


distribution results in a minimum of the over-all loss 
blade-chord angles between 0 and 90 deg, since, as indicated 


in Fig. 5, the velocity distributions at these limit angles are 


symmetrical. The effect of such a blade-thickness blockage on 


impact-free-entry incidence angle for straight (uncambered 
blades of constant chordwise thickness in incompressible two- 
dimensional flow was investigated in [18]. These results also 
showed that, in terms of the parameters used in this paper, the 
impact-free incidence angle is zero at 8; = 0, increases with 
increasing §, until a maximum value is reached, and then de- 
creases to zero again at 6; = 90 deg. It is reasonable to expect 
that similar trends of variations of zero-camber reference mini- 
mum-loss incidence angle will be obtained for compressor-blade 
profiles 

On the basis of the foregoing considerations, it is expected 
that, for low-speed-cascade flow, reference minimum-loss inci 
dence angle will generally be positive at zero camber and de- 
crease with increasing camber, depending on solidity and blade- 
chord The available indicates that the 


variation of reference incidence angle with camber at 


angle. theory also 
fixed 
If so, the 


variations could be expressed in terms of slope and intercept 


solidity and chord angle might be essentially linear 


values, where the intercept value represents the magnitude of 
the incidence angle for the uncambered section (function of 


blade thickness, solidity, and blade-chord angle). 
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Fig. 6 Reference mini angle for zero camber de- 
duced from low-speed-cascade data for 10 per cent-thick NACA 65- 
(A\o)-series blades [6] 


Data Correlations: Form of correlation. Although preliminary 
theory indicates that blade-chord angle is the significant blade- 
orientation parameter, it was necessary to establish the data 
correlations in terms of inlet-air angle, as mentioned previously. 
The observed cascade data were found to be represented satis- 
factorily by a linear variation of reference incidence angle with 
camber angle for fixed solidity and inlet-air angle. The variation 
of reference minimum-loss incidence angle can then be described 
in equation form as 

l=%e+nge (2 


where i is the incidence angle for zero camber and n is the slope 
of the incidence-angle variation with camber (i — %)/¢. 

result of the 
effects of the finite blade thickness, it is reasonable to assume 
that both the magnitude of the maximum thickness and the 
thickness distribution contribute to the effect. Therefore, since 
the 10 per cent-thick 65-series blades of [6] are to be used as 


Since the existence of positive values of ip is a 


the basis for the correlation for other conventional blade shapes, 
it is proposed that the zero-camber reference incidence angle be 
expressed in the form 


to = (K,)sn( BK) (t)10 (3 


where (79)i0 represents the variation of zero-camber incidence 
angle for the 10 per cent-thick 65-series thi kness distribution, 
(K;): represents any correction necessary for maximum blade 
thicknesses other than 10 per cent, and (K;),, represents any 
correction necessary for a blade shape with a thickness dis- 
tribution different from that of the 65-series blades. (For a 
10 per cent-thick 65-series blade, (Ki); = 1 and (Kj)sn = 1.) 
The problem, therefore, is reduced to finding the values of n 
and %, through equation (3), as functions of the pertinent 
variables involved for the various blade profiles considered. 

NACA 65- A,o)-series blades. From the extensive low-speed-cas- 
cade data for the 65-( Aio)-series blades [6], when expressed in terms 
of equivalent incidence and camber angles, Figs. 2 and 3, plots 
of ip and n were deduced that adequately represent the minimum- 
loss-incidence-angle variations of the data. The deduced 
values of i) and n as functions of solidity and inlet-air angle are 
given for these blades in Figs. 6 and 7. Values of intercept i 
and slope n were obtained by fitting a straight line to each 
data plot of reference incidence angle against camber angle for 
a fixed solidity and air-inlet angle. The straight lines were 
selected so that both a satisfactory representation of the variation 
of the data points and a consistent variation of the resulting n 
and i values were obtained. 

The deduced rule values and the observed data points com- 
pared in Fig. 8 indicate the effectiveness of the deduced repre- 
sentation. In several configurations, 


particularly for low 
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Fig. 7 Reference mini idence-angle slope factor deduced 
from low-speed-cascade data for NACA 65-(A,,)-series blades as equiva- 
lent circular arcs 
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Fig. 8 Comparison of data values and deduced rule values of reference 
minimum loss incidence angle for 65-(A,\)10 blades [6] as equivalent 
circular arcs 


cambers, the range of equivalent incidence angle covered in the 
tests was insufficient to permit an accurate determination of a 
minimum-loss value. Some of the scatter of the data may be 
due to the effects of local laminar separation in altering the 
range characteristics of the sections. 

Although the cascade data of [6] include values of inlet-air 
angle from 30 to 70 deg and values of solidity from 0.5 to 1.5, 


Transactions of the ASME 





the deduced variations in Figs. 6 and 7 are extrapolated to cover 
wider ranges of 6, and ¢o 
BB, = O is theory [15] however, 
value of the slope terms does not vanish at 6, = 0. 
therefore 


The extrapolation of % to zero at 
According to the 
In Fig. 7, 
an arbitrary tairing of the curves down to nonzero 
values of n was adopted as indicated. 


obvious. 


Actually, it is not par- 
ticularly critical to determine the exact value of the slope term 
at Bp, = 0 


precisely, since, for such cases 


necessary to locate the reference incidence angle 
inlet guide vanes and turbine 
nozzles), a wide low-loss range of operation is usually obtained 
The solidity extrapolations were atterapted because of the uni- 
form variations of the data with solidity. However, caution 
should be exercised in any further extrapolation of the deduced 
Variations 


C-series  circular-arc 


blades The dis- 
tributions used in combination with the circular-are mean line 
and so forth [17, 19, 20) 
thickness distributions are 
thickness 
between 30 and 40 per cent ol the chord length 


various thickness 
have been designated C.1, C.2, C.3, 
the 
similar and have 


In general, various C-series 


fairly their 


maximum located at 
The 65-series 
and two of the more popular C-series thickness distributions 
C.1 and C.4) are compared on an exaggerated scale in Fig. 9 
The 65-series profile shown is usually thickened near the trailing 


edge in actual blade construction 
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Fig. 9 Comparison of basic thickness distributions for conventional 
compressor-blade sections 


In view of the somewhat greater thickness blockage in the 
forward portions of the C-series blades, Fig. 9, it may be that 
the minimum-loss incidence angles for zero camber for the C- 
series blades are somewhat greater than those for the 65-series 
profiles; that is, (Ki). > 1. 
cascade data, the value of (K 


In the absence of any definitive 
s» for the C-series profiles was 
arbitrarily taken to be 1.1. Observed minimum-loss incidence 
angles for an uncambered 10 per cent-thick C.4 profile (obtained 
from [21}) compared favorably with values predicted from the 
deduced (t»);o values for the 65-series blade, Fig. 6 and equation 
3), with an assumed value of (K;). = 1.1. 

between the 65-(A,)-series mean 


In view of the similarity 


line and a true circular arc, Fig. 2, the applicability of the slope 
values in Fig. 7 to the circular-are mean line was investigated 

For the recent cascade data obtained from tunnels having good 
boundary-layer control {10, 13], a check calculation for the 10 
per cent-thick C.4 circular-arc blades using Figs. 6 and 7 with 
(Ky) = 1.1 revealed good results 

in [13] tested at constant Bg = 


For the three configurations 
30 deg), the agreement be- 
tween observed and predicted minimum-loss incidence angles 
was within 1 deg. For the one configuration in [10] tested at 
31 deg), the predicted value of minimum-loss 
incidence angle was 1.7 deg greater than the observed value 
However, in view of the general 1 to 2 deg difference between 
fixed B; and fixed y operation, such a discrepancy is to be 
expected. On the basis of these limited data, it appears that 
the low-speed minimum-loss incidence angles for the C-series 


constant y (¢ = 
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cireular-are blade can be obtained from the i and n-values of 
the 65-series blade with (K,). = 1.1. 

The double-circular-are 
composed of circular-are upper and lower surfaces. The arc 
for each surface is drawn between the point of maximum thick- 
ness at mid-chord and the tangent to the circles of the leading 
and trailing-edge radii 
for the 


Double-circular-arc blades blade is 


The chordwise thickness distribution 
double-circular-are profile with 1 
ind trailing-edge radius is shown in Fig. 9. 


per cent leading 
Lack of cascade 
data again prevents an accurate determination of a reference 
incidence angle rule for the double circular are. the 
thinner the blade 
in the inlet region, the zero-camber incidence angles for the 
double-circular-are blade should be 


those of the 65-series section, with perhaps (K 


Since 


double-circular-are blade is than 65-series 


different from 
» <1. It also 
can be assumed, as before, that the slope-term values of Fig. 7 


somewhat 


are valid for the double-circular-are blade. From an examina- 
tion of the available cascade data for 
blade (¢ 1.333 [12]; and ¢ = 40 deg, ¢ = 
19]), it appears that the use of Figs 
Kin = and (3) results in a satisfactory 
comparison between predicted and observed values of reference 
incidence angle 

Effect of blade marimum thickness As indicated previously, 
some correction [expressed here in terms of (K, 
to the base values of (to); 


the double-circular-arc 
1.064 
7 and 8 with a value of 


= 25 deg, 0 = 


0.7 in equations (2 


. equation (3 | 
obtained from the 10 per cent-thick 
65-series blades in Fig 6 should exist for other values of blade 
maximum-thickness the theory of the 
K;), should be zero for zero thickness and 
increase as maximum blade thickness is increased, with a value 
of 1.0 for a thickness ratio of 0.10 


low 


ratio According to 


zero-camber effect, 


Although the very limited 
-speed data obtained from blades of variable thickness ratio 


22, 23] were not completely definitive, it was possible to estab- 
lish a preliminary thickness-correction factor for reference zero- 
camber incidence angle as indicated in Fig. 10 for use in con- 


junction with equation (3 


l2r 


° 


(Ky) 
@ 


CORRECTION FACTOR 





02 04 O§6 O8 10 22 
MAXIMUM-THICKNESS RATIO. t/c 


Fig. 10 Deduced blade maximum-thickness correction for zero-camber 
reference minimum-loss incidence angle, Equation (3) 


Effect of inlet Mach number. The previous correlations of 
reference minimum-loss incidence angle have all been based 
on low-speed-cascade data. It appears from limited high-speed 
data, however, that minimum-loss incidence angle will vary 
with increasing inlet Mach number for certain blade shapes. 
The variations of minimum-loss incidence angle with inlet Mach 
number are plotted for several blade shapes in Fig. 11. The 
extension of the test data points to lower values of inlet Mach num- 
ber could not generally be made because of reduced Reynolds 
numbers or insufficient points to establish the reference location 


at the lower Mach numbers. In some instances, it was possible 
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Fig. 11 Variation of reference minimum-loss incidence angle with inlet 
Mach number 


to obtain low-speed values of incidence angle from other sources 

The blades in Fig. 11(a) show essentially no variation of 
minimum-loss incidence angle with inlet Mach number, at least 
up to a Mach number of about 0.8. The blades in Fig. 11(b), 
however, evidence a marked increase in incidence angle with 
Mach number. Since the most obvious difference between the 
blades in Figs. 11(a and 6) is the construction of the leading-edge 
region, the data suggest that blades with thick-nose inlet regions 
tend to show, for the range of inlet Mach number covered, essen- 
tially no Mach-number effect on minimum-loss incidence angle, 
while blades with sharp leading edges will have a significant 
Mach-number effect. The available data, however, are too 
limited to confirm this observation conclusively at this time 
Furthermore, for the blades that do show a Mach-number effect, 
the magnitude of the variation of reference incidence angle 
with Mach number is not currently predictable 


Deviation-Angle Variations 


Qualitative Analysis. Inasmuch as the flow deviation is an 
expression of the guidance capacity of the passage formed by) 
idjacent blades, it is expected that the cascade geometry (camber, 
solidity, and chord angle) will be the principal influencing facto: 
involved. Cascade potential-flow indicates that the 
deviation angle should increase with blade camber and chord 
angle and decrease with solidity. 


theory 


Weinig [15], for example, 
shows that the deviation angle varies linearly with camber 
for a given value of solidity and chord angle for infinitesimally 
thin blades at impact-free incidence. Furthermore, with 
deviation angle equal to zero at zero camber angle in this theory, 
it was possible to express the deviation angle as a ratio of the 
camber angle. Values of the ratio of deviation angle to camber 
infinitely thin circular-are blade of small 
camber were found to decrease with solidity and increase with 
chord angle. 


angle for an 


These values are for the incidence angle for impact- 
free entry previously mentioned, which corresponds essentially 
to the condition of minimum loss. 

The results of [15] indicate that for a blade of zero thickness, 
the minimum-loss deviation angle is zero at zero camber angle. 
Analysis indicates, however, that this is not the case for blades 
of conventional thicknesses. A recent theoretical demonstration 
of the existence of a positive value of zero-camber deviation 
ingle according to potential-flow calculations is given by Schlich- 
ting [11] for a conventional 10 per cent-thick profile at zero 
incidence angle. 
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It will be recalled from the discussion of the zero-camber 
minimum-loss incidence angle that, for the conventional staggered 
cascade (0° < y < 90°) with nonzero blade thickness set at zero 
incidence angle, a greater magnitude of velocity occurs on the 
blade lower (concave) surface than on the upper (convex) surface. 
Such velocity distributions result in a negative blade circulation 
and consequently in a positive deviation angle. Furthermore 
since the deviation angle increases slightly with increasing 
incidence angle (dé/di is positive in potential cascade flow), 
positive values of deviation angle will likewise be obtained at 
the condition of minimum-loss incidence angle. Since the zero- 
camber deviation angle arises from essentially a thickness 
blockage effect, the characteristics of the variation of minimum 
loss, zero-camber deviation angle with cascade geometry would 
be expected to parallel roughly the variation of the minimum 
loss, zero-camber incidence angle in Fig. 6. The low-speed 
reference-deviation-angle correlations therefore, involve 
intercept and slope values as in the case of the reference-incidence 
angle correlations. 

Data Correlations: orm of Examination  o! 
deviation-angle data at reference incidence angle reveals that the 
observed data can be represented satisfactorily by a linear varia- 
tion of reference deviation angle with camber angle for fixed 
solidity and air-inlet angle. The variation of reference deviation 
angle can then be expressed in equation form as 


may, 


correlation 


6=6+me 

where 65, is the reference deviation angle for zero camber and » 
is the slope of the deviation-angle variation with camber (6 
6o)/¢y. Furthermore, it was found that the slope term m could 
be expressed as a function of solidity, so that equation (4 
could be expressed as 


Mon 


6 — b 


a a 


where ig. represents the value of m at a solidity of 1, and b is 
the solidity exponent (variable with air-inlet angle). It will be 
noted that equation (5) is similar in form to the frequently used 
deviation-angle rule for circular-are blades originally established 
by Constant [2] and later modified by Carter [24]. Carter's 
rule for the condition of nominal incidence angle is given by 


6 a. 
. 


Vo 


in which m, is a function of blade-chord angle [24] 

As in the case for the zero-camber reference minimum-loss 
incidence angle, the zero-camber deviation angle can be repre 
sented as a function of blade thickness as 


bo = (Ka)en( Ks) 80) 


where (69):0 represents the basic variation for the 10 per cent 
thick thickness Ks) represents any 
correction necessary for a blade shape with a thickness dis- 
tribution different from that of the 65-series blade, and (Ks), 
represents any correction necessary for maximum blade thick- 
nesses other than 10 per cent. For a 10 per cent-thick 65-series 
blade, (Ks); and (K5).» are equal to 1. The problem, therefore 
is reduced to finding the values of m, 6, and dp as functions of the 
pertinent variables involved for the various blade shapes con- 
sidered. 

NACA 66-(Aj)-series blades. Values of the intercept term 
6» and the slope term m were obtained by fitting a straight line 
to each data plot of reference equivalent deviation angle against 
equivalent camber angle for a fixed solidity and air-inlet angle 
The straight lines were selected so that both a satisfactory 


65-series distribution, 
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representation of the variation of the data points and a consistent 
variation for the resulting 59 and m-values were obtained. The 
extrapolation of the values of m to 8; = 0 was guided by the data 
for the 65-(12A0)10 blade at solidities of 1 to 1.5 reported in 
the cascade guide-vane investigation of [25] (for an aspect ratio 
of 1, 

Deduced values of 5) as a function of solidity and inlet-aiz 


as in [6)). 

angle are shown in Fig. 12, and deduced values of m,., and 
exponent 6 as functions of inlet-air angle are presented in Figs. 
13 (lower curve) and 14, respectively. The deduced rule values, 
equation (5), and the observed data points are then compared 
in Fig. 15 to indicate the effectiveness of the deduced repre- 
sentations. 


the 


The flagged symbols in the high-camber range in 
blade marked 
boundary-layer separation is (equivalent diffusion 


figure represent configurations for which 
indicated 


ratios are greater than about 2 [1] In view of the higher loss 


levels for this condition, an increase in the magnitude of the 
deviation angle is to be expected compared with the values 
extrapolated from the smaller cambers for which a lower loss 
level existed 

; circular-arc blades. In 


C-series view of the absence of sys- 


tematic cascade data for the C-series circular-arc blade, an 


accurate determination of the rule constants cannot be made for 
However, it 
nary relations for bo and 7 gx) ON the basis of the limited data 
available: (a) It appears that for the uncambered C.4 section 
of [7, 21], if a value of (K5), equal to 1.1 


of io) is used, a satisfactory 


this blade shape. was possible to deduce prelimi- 


as for the determina- 
cor parison between predicted 
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Fig. 12 Zero-camber deviation angle at reference minimum-loss inci- 
dence angle deduced from low-speed-cascade data for 10 per cent- 
thick NACA 65-(A,,)-series blades 
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Fig. 13 Deduced values of slope factor at unity solidity for determina- 
tion of deviation angles of 65-(Aio) series and circular-arc mean-line 
blades 
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and observed é»-values is obtained. (b) Several values of the 
characteristic number m,.; were determined from the cascade 
data for a C.4 circular-are profile obtained from tunnels with 
good boundary-layer control [{10, 13] for a solidity of 1.0 and 


8B, = 30, 42.5, 45, and 60 deg. Values of (6 — 59)/¢ were com- 
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Fig. 14 Value of solidity exponent b in deviation-angle rule; deduced 
from data for 65-(A,o)-series blades [6 
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Fig. 15 Comparison between data values and deduced rule values 
of reference minimum-loss deviation angle for NACA 65-(A,) 
10-series blades as equivalent circular arcs; data from (6) 
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puted for these blades according to the 49 variations of Fig. 12. 
A value of mg: for B; = 0 deg was obtained from the performance 
data of a free-vortex, circular-arc, inlet guide vane presented in 
{26}. These values of m are plotted in Fig. 13 against inlet-air 
angle, and the proposed variation of mj. for the circular-arc 
mean line blade is shown by the upper curve. 

It is noted in Fig. 13 that m,., is greater for the circular-arc 
mean line than for the 65(Aio) mean line. This indicates that 
for the same solidity, inlet-air angle, and equivalent camber 
angle, the true circular-are mean line will have a larger deviation 
angle. Actually, this is to be expected since, as shown in Fig. 2, 
the true circular-are mean line for the same camber will have 
less curvature in the leading and trailing-edge regions and 
therefore less guidance capacity than the 65(Aio) mean line. 

In the absence of data covering a range of solidities, it was 
assumed that the solidity exponent 6 in the deviation-angle rule 
of equation (5) is effectively independent of the profile shape and 
will therefore also be applicable for the circular-arc mean line. 
This assumption is in agreement with limited experimental data 
on inlet guide vanes. The variation of ratio of deviation angle 
to camber angle obtained from constant-thickness, circular-arc, 
guide-vane sections of [27] (69 = O deg for guide vanes) over 
a wide range of solidities is shown in Fig. 16. A computed 
variation based on values of 6 and m,.; obtained from Figs. 14 
and 13, respectively, is shown in the figure by the solid line. 
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Fig. 16 Comparison of experimental deviation-angle ratio and rule 
values using solidity exponent given by Fig. 14. Data for circular-arc 
inlet guide vanes in annular cascade [27]. 


Double-circular-arc blades. Although limited data are available 
for the double-circular-are blade [12, 19], it was felt that these 
data could not be utilized reliably in the construction of a 
deviation-angle rule because of the questionable two-dimen- 
sionality of the respective test tunnels. However, since the C- 
series and the double-circular-arc blades differ only in thickness 
distribution, it is reasonable to expect that, as in the case of 
the reference-incidence-angle correlations, only the zero-camber 
deviation angles will be affected materially. Therefore, the 
iN@=,; and b-values deduced for the C-series circular-are blade 
might also be used for the double-circular-arc blade, but the 
.Oo-values may be different. An arbitrarily selected value of 
0.7 for (K5)sn in equation (7) (as for the reference-incidence- 
angle determination) is suggested for the double-circular-arc 
blade 

Comparison of rules. In view of the widespread use of Carter’s 
rule, equation (6), for predicting the deviation angle of circular- 
irc-mean-line blades, some results obtained from the use of 
Carter’s rule were compared with the deduced rule of equation 
5). The principal difference between the two rules occurs in 
the blade-orientation parameter used for the m-variation and 
in the 6 
of '/. in equation (6) was originally obtained from limited data. 
Carter, in a later work [16], 


382 


and b-variations. The value of the solidity exponent 
proposed a variable solidity ex- 
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ponent and indicated values close to 1 for accelerating cascades 
and close to '/, for decelerating cascades. The variation of b 
obtained from the NACA 65-(Ajo)-series blades as equivalent 
circular arcs in Fig. 14 essentially confirms this trend. Actually, 
the deviation-angle rule in the form of equation (5) constitutes 
a modification of Carter’s rule. 

In addition to the basic differences between the rules in the 
magnitudes of the m, b, and 6-values, it is noted that Carter's 
rule was originally developed for the condition of nominal 
incidence angle, whereas the modified rule pertains to the ref- 
erence minimum-loss incidence angle 


However, since Carter's 


rule has frequently been used over a wide range of reference 
angles in its application, both rules were evaluated, for simplicity, 
for the reference minimum-loss incidence angle 

An illustrative comparison of predicted reference deviation 
angle as obtained from Carter’s rule and the modified rule for 
a 10 per cent-thick, thick-nosed, circular-are blade is shown by 
the calculated results in Fig. 17 for ingle, 


ranges of camber 


16 
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Fig. 17 Comparison of calculated reference deviation angles according 
to Carter's rule and deduced modified rule for 10 per cent-thick, thick- 
nosed, circular-arc blades 


solidity, and inlet-air angle. (Deviation angles in Fig. 17 were 
restricted to cascade configurations producing values of equiva- 
lent diffusion ratio less than 2.0 [1].) The plots in Fig. 17 show 
that, in practically all cases, the deviation angles given by th 
modified rule are somewhat greater in magnitude than those 
predicted by Carter’s rule for the 10 per cent-thick blade. This 
is particularly true for the high inlet-air angles. Thus, greater 
camber angles are required for a given turning angle according 
to the modified rule. Differences are even less for the double- 
circular-arc blade, as indicated in Fig. 18, since the 6.-values are 
smaller for these blades. However, it should be kept in mind 
that the magnitude of the factors in the modified rule are pro 
posed values based on limited data. Further research is re- 
quired to establish the modified rule on a firmer foundation 
Effect of blade maximum thickness. A correction factor for th 
effect of varying maximum-thickness ratio on (6 [( Kgs), in 
equation (7)] was deduced from the data for the 65-(12A,0) 
blade in [22 The correction factor was 
obtained from faired curves of equivalent 6 against maximum- 
thickness ratio. Values of 6 at t/e = 0 for the plots were com- 
puted by subtracting the value of (8o))0 


as shown in Fig. 19. 


obtained from Fig. 12 
from the measured values of 6 at the 10 per cent maximum- 


thickness point. In the absence of further data, it is proposed 
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Fig. 18 Comparison of calculated reference deviation angles according 


to Carter's rule and deduced modified rule for circular-arc blades of dif- 
ferent thicknesses 
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Fig. 19 Deduced maximum-thickness correction for zero-camber 


reference minimum-loss deviation angle, Equation (13) 
that this correction curve is also applicable to other conventional 
blade shapes 

Effect of inlet Mach 
minimum-loss 


Experimental variations of 
Mach 
presented in Fig. 20 for a thin-nose and a conventional thick- 


nun ber 


deviation angle with inlet number are 


nose circular-are blade. In contrast to the inlet Mach-number 
effect on minimum-loss incidence angle, Fig. 11, little difference 
is observed between the two variations of deviation angle. 
Actually, Mach affect 
angle in several ways; by changing the blade circulation, the 


variations in number can deviation 


surface boundary-layer development, or the outlet to inlet axial- 
velocity ratio (compressibility effect on the product of density 
ind axial velocity). Apparently, in both cases, the net effect is 
small in the Mach-number range considered. 

with incidence angle 


Variation Thus far, of necessity, the 


inalysis has been conducted for flow conditions at only one 


reference position on the general curve of loss against incidence 
ingle 
tions over the entire range 


Ultimately, of course, it is desired to predict flow varia- 


of incidence angle The variation 
of deviation angle with incidence angle for a fixed geometry in 
the two-dimensional cascade is primarily a function of the 


change in the guidance capacity of the cascade arising from 
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the change in orientation of the approaching flow (a potential-flow 
effect) and from the variation in the wake loss. 
formation is currently available on the effect of losses, attention 


Sinee no in- 


is centered on deviation-angle variations in the region of low 
loss, where the trend of variation approaches that of the potential! 
flow 

Examination of potential-flow theory, 
that 
igainst incidence angle exists 


Weinig [15], for ex- 


ample, shows positive slope of deviation angle 
iation angle increases with 
of Weinig 
reveal that the magnitude of the slope varies with solidity and 
blude-chord The 
for infinite solidity (deviation angle is essentially constant at 
At constant 


the slope of deviation angle against incidence 


1.e., cle 


incidence angle Calculations based on the theory 


ingle de vi ition-angk slope approac hes zero 
high solidity 


solidity 


und increases as solidity is reduced. 
angle 
increases as the chord angle is increased These trends indicat 


physically that the greater the initial guidance effect (high 


solidity and low blade angk the less sensitive the deviation 


ingle is to changes in incidence angle 
For analysis purposes, since the region of low loss is generally 
small, the variation of deviation angle with incidence angle for 


4 given cascade geometry in the region of minimum loss can be 


dé 
(2 tret} : 8) 
Gt / ret 


where (db/di)-.¢ represents the slope of the deviation-angle 


represented is 


hota 


variation at the reference incidence angle. An empirical de- 
termination of the magnitude of the slope of the variation of 
deviation angle with incidence angle for constant inlet-air-angle 
operation was obtained from an analysis of the low-speed experi- 
mental data for the 65-(Ayo)10 blades [6 From the plot of 
deviation angle against incidence angle for each configuration, 
of the curve at the minimum- 
The deduced 


variation of reference-slope magnitude dé/di obtained from 


is in Fig. 4, for example, the slope 
loss incidence angle was evaluated graphically 


fairings of these values is presented in Fig. 21 as a function of 
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Fig. 20 Variation of reference deviation angle with inlet Mach number 
for circular-arc blades. Solidity, 1.333; blede-chord angle, 42.5 deg 
{12}. 
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Fig. 21 Deviation-angle slope di/di at reference incidence angle de- 
duced from low-speed data for NACA 65-(Ayw) 10 blades [6]. Data for 
fixed 8, operation. 
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solidity and inlet-air angle. Qualitative agreement with theory 
is strongly indicated by the data. Inasmuch as the phenome- 
non is essentially a guidance or channel effect, it is anticipated 
that the slope values of Fig. 21 will also be applicable for other 
conventional blade shapes. Thus, it is possible to predict the 
deviation angle at incidence angles other than the reference 
location within the low-loss range of operation from the use of 
equation (8) and Fig. 21 for constant 8, operation. 


Summary 


The foregoing analysis has presented a correlation of experi- 
mental air angles for conventional compressor-blade sections 
is obtained in the low-speed, two-dimensional cascade. Simple 
general rules were evolved for the prediction of incidence angle 
ind deviation angle at the reference condition of minimum loss. 
These results, in conjunction with the loss correlations of [1], 
can permit an analytical prediction of the low-loss-region per- 
formance of conventional blades over a wide range of cascade 
geometries. Such relations can be used to evaluate different 
stage design diagrams or, conversely, to determine the blade 
camber and cascade geometry necessary to produce a given 
The rules also may be of help 
n facilitating comparisons between cascade and actual com- 
pressor performance. 


velocity triangle and loss level. 


However, the present analysis is incomplete. 
such 


Many areas, 
as the deviation-angle rule for the double-circular-arc 
blade, require further data to substantiate the correlations. It 
is likewise desirable to obtain a better evaluation of the differ- 
ences between constant inlet-air-angle operation and constant 
chord-angle operation. Furthermore, additional information 
concerning the influence of high Mach number and off-design 
incidence angles on cascade performance is needed. 
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DISCUSSION 
G. L. Mellor? 


The paper excells in its crisp, clear discussion of the pertinent 
variables connected with cascade flow. These designers who 
favor use of the traditional variables i and 6 to describe the cas- 
cade will appreciate this treatment. However, the writer would 
like to call attention to his theoretical potential flow solution.’ 
This solution, it is believed, was the first one to include all of the 
major cascade variables (camber, stagger angle, solidity, thick- 
ness, angle attack) and appears to check the 65-series data quite 
well in unstalled flow regions. Although the results were obtained 
in terms of the lift coefficient and mean angle of attack a straight- 
forward geometrical transformation allows one to describe the 
results in terms of i and 6 (actually the writer finds lift coefficient 
and the mean angle of attack quite convenient to apply directly 
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in design work). Therefore the author could have replaced many 
of his empirical curves with theoretical curves obtained from this 
potential flow solution. The theory would not only add precision 
and a wider range of predictability but automatically resolves 
several questions posed by the author. For example, the difficulty 
of making constant stagger predictions from constant inlet angle 


data simply does not exist when a complete solution is available 


Leroy H. Smith, Jr.‘ 


The author has once again done a fine job of data correlation 
using scientific principles to guide the work. 

The writer has had occasion to use the author’s method and 
has found it quite satisfactory in the region where it is applicable 
Like most semi-empirical methods, however, the results begin to 
be questionable when much data extrapolation is required; there 
is one corner of the region covered by the correlation where a 
This is the corner in which 
the inlet angle is high and the solidity is low. Here the method 


warning on this account is pertinent 
yields cambers that appear to be too high. As an extreme ex- 
ample, fora = 0.4 and 6, = 67 deg, the method indicates that an 
infinite camber is required to produce any turning with thin circu- 
lar-arc blades. 

In Fig. 21, the author presents a derivative giving the rate of 
change of deviation angle with incidence angle for fixed-8, opera- 
tion. In turbomachinery analysis we are usually interested in 
the rate of change of deviation with incidence for fixed-y opera- 
tion (y = chord angle). These two derivatives can be related, as 


shown by the following analysis. With camber and solidity 


fixed, and at fixed Mach number and Reynolds number, the 
deviation angle is a function of two other independent variables 


say air inlet angle and incidence angle 
5 = 6(f,, i 


For an infinitesimal change in these quantities 


06 
di 
Ot |g opi |; 


If we apply this equation in a situation in which the chord angle 
is fixed we may set d8, = di. Hence 


"a 06 
dod + ) di + 
8 op, |; 


Equation (11) is the desired result when it is applied at the 
reference incidence condition. The fixed-y derivative is seen to 
be the sum of the fixed-@, derivative of Fig. 21 and another term 
that gives the way the deviation angle changes as inlet angle 
and chord angle are changed simultaneously at the same rate so 


that the incidence remains constant. This last term can easily 


It can also 
be evaluated from the results of this paper, as the following 


be evaluated directly from the data of Reference [6]. 
analysis indicates. Let us apply Equation (10) in a situation in 
which the inlet angle and the chord angle are varied simul- 
taneously but at different rates so that the reference incidence 
condition is continually being met 


06 06 


diret + 
Ot ip; op, , 
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Rearranging, 
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The first term in the right-hand member of Equation (12) can 
be evaluated by using Equations (5) and (7) and finding graphi- 
cally the slopes of the curves in Figs. 12, 13, and 14: 
06 . ~. Wbo)r0 
= (K5)n(Ks), 

Os! into op; 

" Fig. 1 

g OMen 


s 


o” OD: Nims, 


Fig. 13 


ef 


The first partial derivative in the last term of Equation (12) is 
given in Fig. 21, and the other partial derivative in that term can 
be evaluated by using Equations (2) and (3) and finding graphi- 
cally the slopes of the curves in Figs. 6 and 7: 


Of tor on 


4 
¢ 
ob, tt of os, tt 


ref 


Fig. ¢ Fig. 7 
For a numerical example, consider NACA 65-(12)10 blades with 
o = land 8, = 60 deg 


For this case 


. 


00 
= 0.10 


= 0.10 + 0.20 


Oty 


When this value of 0.30 for the constant-chord-angle derivative 
is compared with the value 0.10 for the constant-inlet-angle 
derivative, we see that these derivatives are quite different. The 
0.30 value can be checked directly using the NACA carpet plots 
Since the difference between the constant-chord-angle and the 
constant-inlet-angle derivatives is strongly dependent on camber 
(see Equations (12), (13), and (14)), we might ask if the constant- 
inlet-angle derivative itself, as shown in Fig. 21, should not also 
be a function of camber. The writer has obtained the following 


values from the data of Reference [6] at Mr. Lieblein’s reference 


condition: 


60 deg 
0.8 , 1.8 2.1 
0.17 0.27 0.03 0.31 


6 


* A. R. Felix, “Summary of 65-Series Compressor-Blade Low-Speed 
Cascade Data by Use of the Carpet-Plotting Technique,”” NACA TN 
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The value from Fig. 21 is 0.10 for this case. Since these are 
derivatives of experimental data, they are probably no more ac- 
+0.05. 


This writer speculates that the increase that 


curate than about There still remains an interesting 


trend, however. 
occurs as the camber is increased from 0 to 0.8 is basically a 
boundary layer effect; the blades with a camber of 0.8 have, at 
the reference angle, more highly loaded boundary layers than 
those with no camber, and we would therefore expect that a given 
change in incidence would cause a greater boundary layer growth 
with the higher camber. For cambers between 0.8 and 1.5 it is 
believed that a potential-flow effect predominates: the trailing 
edges of the profiles become more and more axial so that the 
For 
the very high cambers, losses are quite high and real-fluid effects 


guidance capacity of the channel between blades improves 


once again predominate. 


Gino Sovran‘ 

The correlations presented in this paper are very convenient 
generalizations of the performance of two-dimensional com- 
pressor cascades, and the author is to be congratulated for their 
formulation. 

Che data of reference [30}' upon which this investigation was 
principally based contain experimental results for blades of 10 
per cent thickness ratio at values of inlet air angle from 30 to 70 
leg. In the tip region of compressors, air angles greater than this 
ue often involved and thinner blade sections are employed 
Reference [31], published subsequent to the formulation of the 
iuthor’s correlations, contains data at values of 8B; from 60 to 
It was found that 
t basic difference in cascade behavior was indicated by the two 


75 deg for blades of 6 per cent thickness ratio. 
sources. Whereas reference [30] showed that design angle of 
ittack was independent of §;, reference [31] displayed a 
nificant dependence on this variable. 


sig- 
The question therefore 
irises as to whether or not a similar change in behavior at high 
values of 8; and small values of thickness ratio might not occur 
for the correlations that the author has made. A comparison be- 
tween the measured results of [31] and those predicted by the 
correlation has been made by the discusser. Only the deviation 
ingle 6 was considered. 

lhe basis of the present correlation is that, for a particular 
amber line shape, a linear variation between 6 and @ exists for 


ind B 


i very good fit of the data for inlet air angles of 30 and 45 deg 


fixed values of @ As indicated in Fig. 15, this represents 

At angles of 60 and 70 deg, however, the data show a tendency to 

upward concavity and the linear curve fit is not as appropriate 
The data of [31 


vuthor and plots of equivalent deviation angle versus camber 


were handled in the manner indicated by the 


ingle were made. Unfortunately, the data were not very com- 
plete since no more than three camber angles were tested at any 
one inlet angle. With the few points available for each curve it 
was not possible to properly evaluate the adequacy of the linear 
curve fit. A consistent set of straight lines was fitted to the data 
however, and values of 6) and m were determined. The results are 
shown in the following two tables, where they are compared with 
those calculated by the correlation. The calculated values at the 
75 deg inlet angle were obtained by extrapolation of the correla- 
tion. Since the curve fitting could not be done very precisely only 
qualitative conclusions should be drawn from these data. 
Considering the inaccuracies involved, the comparison of slope 
ictors is quite good. That of the zero-camber deviation angle, 


however, leaves something to be desired. There is a significant 


lifference between the results from the two sources which in- 


.* Engineering Development Department, Pesearch 
General Motors Corporation, Warren, Mich. 
’ Numbers [30} and [31] designate 
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Table | 


A, = 
Cale 


Slope factor m for Ajo mean line 


A, = 70 deg 
Cale. Ref 

[31] 
0.368 
0.299 
0. 258 


60 deg 
Ref. 
31] 

0.327 
0.299 
0.220 


0.75 
1.00 
1.50 


0.330 
0.270 
0.205 


0.367 
0.310 
0.250 


Table 2 Zero-camber deviation angle 5) for 65-series section of 6 per 
cent thickness ratio 


8, = 6O deg 8, = 70 deg 8, = 75 deg 
Ref Ref Lef 
[31] Cale [31 {31 

= (0.75 0.72 0.60 1.02 0.45 0.58 
1.00 0.95 0.80 1.37 0.70 0.35 
1.50 1.31 0.88 1.97 0.92 


Cal 


In all 


greater than those actually measured. 


creases with air angle vases the calculated results are 
The difference could be 
due to either or both of the following factors: (1) the inadequacy 
of a linear relationship between 6 and @ at large values of 8,, and 
that 


used to obtain the calculated results for the 6 per cent thick 


(2) errors in the thickness correction curve, Fig. 19, was 


blades. Due to the limited nature of the comparison presented 
in the tables, it is not possible to determine how much of the in- 
dicated discrepancy in 6, is due to each of the two factors men- 
tioned. The question of the linear curve fit has already been 
discussed, and a general comment can be made about the thick- 
limited 
correlation at small values of 8; and is independent of o and 8, 
It seems quite possible that this independence is not valid at high 


ness correction curve. This curve is based on a rather 


values of inlet angle. At large angles the blade passage channel is 
very short and the blockage mechanism causing 4) is probably 
significantly different from that at small inlet angles 

Although the percentage difference in the 4) values of Table 2 
can be very large, the absolute difference is small and tends to 
indicate that the net effect, in terms of cascade performance, is 
also small. However, this is not necessarily true. The criterion 
for performance evaluation is the discrepancy in 4) as a 
centage of the required turning angle 6. In the tip 
compressor rotors, where large values of 8; and small values of ¢/« 


per- 
region ol 
are used, the turning angles are small. Relatively large per- 
centage errors in 8 and consequently in pressure rise can there- 
fore occur because of small errors in 6. As a consequence, the 
correlation presented by the author should be used with cautior 
in the indicated area. More data are needed in this region before 


a complete evaluation can be made 
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Author’s Closure 


In regard to Professor Mellor’s comment, comparisons with his 
excellent potential theory would undoubtedly have been helpful 
in the development of the empirical correlations. In particular, 
its usefulness in permitting more reliable extrapolations and 
providing information in such weak areas as the thickness correc- 


How- 


ever, the correlations were formulated before the appearance oi 


tion and the constant stagger derivatives is recognized. 


the theoretical work, and the author is in no position now to 
check into its application. Also, in view of the strong real-flow 
effects existing in cascades, it is believed that simple empirical! 
correlation, properly guided by theory, remains a necessary ap- 


proach in compressor design. It would certainly be desirable to 
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effect improvements in the correlations from the application of 
his theory. 

The expressions developed by Dr. Smith relating the deviation 
ingle derivatives for fixed 8, and fixed y operation are considered 
a valuable and enlightening contribution. In this respect, it is 
recognized that there are two factors at play in giving rise to the 
is the 
that for fixed 6, an increase 


higher derivative in the fixed y case 
potential flow effect. It is readily seen 


in incidence angle is obtained by a reduction in chord angle and, 


The first, of course, 


therefore, the guidance capacit) A lower derivative 
At the 
vth is also exerting an in- 
For fixed y operation, the increase in : 


is improved 
for fixed B; is therefore to be expected from this cause 
same time, the boundary layer gro 
fluence ir inlet angle re- 


quired by the increased incidence results in a greater rate of in- 


crease in equivalent diffusion ratio {1 For the example cited by 
lr. Smith, a 5-deg increase in 
2.21 for fixed 6; and to 2.42 for fixed 4 
Thus the associated greater rat 


cidence 


angle increases D,, to 
reference D,.* = 1.86) 
increase in boundary layer 
thickness in the fixed y case will tend to give a larger slope of 6 
versus t. It would certainly be interesting to obtain some indi- 
cation of the relative magnitudes of these contributions for dif- 
Professor Mellor’s work may be help- 


ful in evaluating the potential flow effect 


ferent cascade geometries 

Although readily accepting that the deviation slope at fixed 8 
ind o will be some function of blade for the reasons in- 
dicated by Dr. Smith), the 
without further evidence, of his interpretation of the 06/01 data 


presented 


camber 


wuthor is not completely convinced, 


It is indeed believed that the potential-flow and the 
effects 
stated, but it seems intuitively that these trends might be with- 


boundary layers introduce opposing with camber as 


out maxima in the range considered and, therefore, incapable of 
It 18 
the author’s feeling that perhaps not too much significance can be 


producing the rise and fall variation indicated by the data 


placed in the measured slope values for C,; = 1.2 and greater 


For these « ambers, dD. ns increases trom 1.86 to 2.2, which puts the 


reference point within or close to the indicated separation region 
1} The low-loss rat ge is ery small in these 


difficult to say just what the slopes mean 


cases, and it is 
Here again, Professor 
Mellor’s theory might Ix 


effect 


filts ring out the pot nti il flow 
Actually, the slopes presented Fig. 21 are indicative of a 


ow loss” or quasi potential-fl riatior 
intention at the 


corrections for the effect of bo 


It was the author's 


time to use these slopes as a basis for further 


ndary laver growth on deviation 
ingle in the hope of obtaining a scheme for predicting 6 versus i 
The slope values, 
plete ly applicable for « onfigurations 


near the separated region 


over wider ranges. therefore, are not com- 


vhose reference flow is in or 
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The comparisons between the empirical correlations and the 
measured results of [31] for 6) presented by Mr. Sovran pose some 
interesting questions that are worth pursuing. Of the two possible 
sources of discrepancy suggested, namely, the proposed thickness 
correction and a possible nonlinearity in 6 versus @, the author 
believes the thickness effect is a more likely suspect. Although it 
is true that some upward concavity in the 6 versus @ variation is 
observed for the data at high 6, in Fig. 15, it does not appear that 
this coneavity would affect the deduced values of do in the figure 
The high values of 6 at high cambers in Fig 


15 are due to pro- 


nounced boundary laver effects. (The flagged symbols indicate 
calculated | i was than 2 
and, therefore, probably in separate d flow The possibility exists 
that in the 


points for which the greater 


therefore, linear fairing of the data of [31], greater 
This, of 


course, would tend to result in reduced values of 69 and increased 


weight might have been given to the high loss points 
values of slope factor » However, as indicated in Table l, the 
Actually, 


is a reflection of the channel guidance capacity 


slope factors check well this is to be expected, since m 
Furthermore, 
excessive loss conditions at reference incidence do not seem to bee 
indicated for most of the camber data points of [31 Therefore 
if the derived data values of d9 and m in Tables 1 and 2 are funda- 


mentally correct, it is likely that the thickness correction is off 


Certainly, as Mr. Sovran suggests, the thickness blockage effect 


mav also be at high values of 


i function of 8, and o, especially 
12 that (6, rises sharply as 9 
iltimately return to zero at B, = 90 deg 


but no such rise is indicated by the data of Table 2 


these factors. It is noted in Fig 
is increased (it must 
Perh ups then 
the thickness correction Fig. 19 becomes more concave as 6, in- 
it is interesting to note that, if we take 
the 6 per cent blades in Table 2 to the cor- 


responding value of (6)0 in Fig 


creases In this respect, 
the ratio of 5, for 
19, the following values are ob- 
tained 


ry 
0 45 
0.45 
0.35 


that 
much with solidity and be on the average of about 0.41 for 6, = 
60 deg and about 0.25 for 8 70 deg (Fig. 19 gives 0.52 Here 
iwwain, the aid of potential flow theory can be enlisted. 


These values indicate Ky), at t/e = 0.06 might not vary 


These considerations and the limitation at high 8, and low ¢ 
indicated by Dr. Smith lead the author to concur with Mr 
Sovran’s comment about the need for further evaluation in the 


high 6 region for compressor application 


387 


SEPTEMBER 1960 





A Study of Boundary-Layer Characteristics 
of Turbomachine Blade Rows and Their 
Relation to Over-All Blade Loss 


This paper presents the results of a number of investigations concerned with the bound 
ary-layer characteristics of turbomachine blade rows and their relation to the over-all 
blade loss. It is demonstrated how the over-all blade loss can be obtained from the 
momentum boundary-layer thickness. The momentum boundary-layer thickness 1s 
in turn shown to be correlated by flow Reynolds number and total blade surface diffusion 
By assuming Zwetfel's form of blade-loading diagram the total blade surface diffusion 
parameter can be determined as a function of blade solidity and reaction across the 
blade row. Thus, this type of loss analysis enables an approximate predeterminalion 
of the over-all blade row loss as derived from fundamental boundary-layer concepts 
In addition, it shows the effect on over-all blade loss of varying such design features 
as solidity and reaction 
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Introduction 


the effect of the end walls and the effect of mixing to uniform flow 


conditions downstream of the blade row. The momentum-loss 


HE BASIC BOUNDARY-LAYER characteristics of 


turbomachine blade rows have considerable importance because 
the viscous losses are generated in the boundary layers of the 
blade surfaces and end walls. Thus, when considering a sub- 
sonic turbine operating at its design point, or point of highest 
efficiency, the major source of loss that limits this efficiency is 
The NASA over the past few years 
has conducted a number of investigations, both analytical and 


the boundary-layer loss. 


experimental, in order to better understand the boundary-layer 
This information is of use 
to the designer in order to properly allow for the displacement 
thickness in sizing flow passages and in predetermining the effi- 


phenomena occurring in blade rows. 


ciency of a turbine. 

This paper presents the results of these investigations and 
shows how the basic boundary-layer quantities can be related to 
the over-all blade loss. This is done by first considering the 
momentum loss for an isolated airfoil and transforming this loss 
into a total-momentum-loss parameter for a cascade including 


Contributed by the Hydraulic Division and presented at the 
Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of Tue AmerRicAN Society oF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, April 8 
1959. Paper No. 59—A-23. 


parameter can then be used to obtain a kinetic-energy loss for 
the blade row, which is an indication of the efficiency of the 
blade row. Finally, the over-all blade loss is developed from the 
basic boundary-layer momentum loss as a function of blade sur 
face diffusion, reaction, and solidity. The effect of Reynold 


number is also discussed 


Airfoil Boundary-Layer Characteristics 

The definitive equations of the various boundary-layer thick 
nesses and the relationships among them are developed in refer 
ence [1]' for compressible flow. The quantities that will be used 
herein are the displacement thickness 6, momentum thickness @, 
form factor H, and energy factor E. The form factor is the ratio 
of total displacement thickness to total momentum thickness 
and the energy factor is the ratio of total energy thickness to 
total momentum thickness. Fig. 1 shows a typical airfoil and 
its boundary-layer growth as well as an algebraic description of 
The factors H and E were de- 
rived in reference [1] as functions of Mach number and the 


the boundary-layer quantities. 


simple power velocity profile exponent n. This type of velocity 
profile is commonly assumed for turbulent boundary layer, and 


fully developed turbulent boundary layer is generally assumed 


Numbers in brackets designate References at end of paper 





Nomenclature 


area, sq ft reaction 
= aspect ratio, h/c 
: chord, ft 


: diffusion factor 


spacing, ft 


kinetic-energy factor 
kinetic-energy-loss coefficient 

form factor 

blade height, ft 

mean camber length, ft 

Mach number 

momentum-loss coefficient 
turbulent-flow 
simple power velocity profile 


exponent used for 
= solidity, c/s 
absolute pressure, lb/sq ft 
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Reynolds number h 


trailing-edge thickness, ft 
velocity, ft/sec 
flow angle measured from axial di- 
rection, deg 
stagger angle measured from axial 
direction, deg 
= displacement thickness, ft 2d 


momentum thickness, ft 3d 


Subscripts: 
base Reynolds number 
eff effective 

free-stream 

pressure surface 
suction surface 

total 

blade entrance 

blade trailing edge 
after mixing 
two-dimensional 


= three-dimensional 


Superscript: 


, 


= kinetic-energy thickness, ft = absolute total state 
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Fig. 1 Airfoil and boundary-layer parameters 


The variations of H and 
The points on the curve are experi- 


to prevail in turbomachine blade rows 
F are shown in Figs. 2 and 3 
mental data from reference [2] 
The form factor in Fig. 2 increases with Mach number and has 
slight variation with the velocity profile exponent n. In Fig. 3 
the energy factor is even less affected by the velocity profile ex- 
vonent and virtually unaffected by Mach number. The range 
of n used in the figures includes that generally encountered in 
turbulent boundary layer. Excellent agreement was obtained 
vetween the experimental results of reference [2] and those cal- 
culated for a simple power velocity profile having an exponent 
of ' the 


factors H and E can be determined with reasonable accuracy if 


Thus, by assuming a velocity profile exponent of ! 


the blade-outlet Mach number is known. The significance of 
al 


this will become apparent in the following sections 


Boundary-Layer Characteristics Related to Blade Row Losses 


In turbomachinery the airfoils are spaced around an annulus 


to form an annular cascade. It is of interest to determine the 
loss as a fraction of the momentum or energy of the ideal or free- 
stream flow. The fraction of the momentum loss 


see Fig. 4) can 


be expressed as 


(8 COS Qy - @ 0 


‘ , 


The numerator @, represents a length which, when multiplied by 
the free-stream momentum, yields the loss or deficiency of mo- 
= § 
— §,) is a length representing the ideal momentum of the 


mentum in the boundary layer. The denominator 


- 6, 
actual weight flow. 


8 COS Gy 


Thus, the term m, represents the fraction of 
momentum loss based on the actual weight flow. The expression 
for m, may also be written in terms of @,/l, which is the common 
nondimensionalizing the boundary-layer 


way of momentum 


thickness of airfoils, as 


s cos @ 


The kinetic-energy loss can be obtained by applying the factor 


E, or simply by 
mE 


Q = 


since E merely relates energy thickness to momentum thickness 
and the derivation of e; would be analogous to that of m;. There- 
fore, by using Fig. 3, e;: can be obtained as 

1.8 m, 


qQ = 


The foregoing discussion has, in effect, considered the loss of 
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Fig. 3 Variation in boundary-layer energy factor with Mach number 
and velocity profile exponent 

blade rows wherein the blades have infinite length. In a cascade 
however, there are end walls that also have boundary-layer 
losses that are appreciable. The loss on the end walls can be as- 
sumed to be equal to the average loss occurring on the blade sur- 
faces. Therefore, the factor to correct for the end walls can be 


expressed as the area ratio: 


Ay lade “T A wall 


Abiade 


By referring to Fig. 5 the wetted surface area of the blades per 
passage can be approximated as 


2c? 
The wetted surface of the wall area can be approximated by 
2¢8 COS As: 
Thus, 


+ 2c3 COB As 


2c?Q 


COS Os 
ot 


Therefore, 


COB Ag 


ot 


The efficacy of the loss assumptions and end wall area approxima- 
The 
two points represent the total-pressure loss computed from cir- 
cumferential surveys taken at many radii spaced across the blade 
span for the two indicated blade-outlet Mach numbers. The solid 
line represents the total-pressure loss as a function of Mach 


tions is shown in Fig. 6, which is taken from reference [3]. 
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Fig. 5 Relation of end wall area to blade surface area 
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Fig. 6 Comparison of blade row loss total-pressure ratio as computed 
from mean-section surveys with that obtained from complet t 
surveys 





number as computed from one circumferential survey at the mean 
radius location and the aforementioned end wall loss corrections 
Although the excellent agreement that can be noted in Fig. 6 
cannot be represented as a general result, it does lend strength 
to the contention that this is a reasonable method for including 
the effect of tue blade end wall losses. 

The discussion thus far has considered the loss occurring up 
to the station corresponding to the trailing edge of the blade 
Since the flow at this point is not uniform, it is also necessary 
of the 


The procedure to evaluate this loss is given in 


to consider the mixing loss that oceurs downstream 
blade ‘row. 

reference [1]. This mixing loss is a function of the blade angle 
a), Ve locity profile exponent n, 


blade 


total momentum thickness @,, 
, and the blade- 


Therefore, if the velocity profile exponent 


spacing 8s, blade blockage factor t 
outlet Mach number 
is assumed to be ! 

would be @, 


Mach number for a given blade row with two values of blockage 


(8 COS & 


, the only unknown for a given blade row 
Fig. 7 shows the variation of mixing loss with 
factor. 


The ordinate es/e, is the ratio of the over-all loss includ- 


ing mixing to the loss measured at the trailing edge. Because 
there are four variables affecting this ratio in addition to Mach 


number, a general statement cannot be made from the results 
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Fig.8 Breakdown of loss for transonic turbine blading to show effects of 
end walls and mixing 


shown in the figure. However, using the results of additional 
calculations could show that the minimum mixing loss (zero 
trailing-edge thickness) was on the order of 0.10 for a wide range 
thickness, blade blade-outlet 


Furthermore, the loss increases markedly (Fig. 


of momentum-loss angle, and 
Mach number. 
7) as trailing-edge thickness is increased from zero to some prac- 
tical finite value. Therefore, it can be concluded that the mixing 
is of significant magnitude and should be considered in determin- 
A breakdown of the over-all blade 
The 


two-dimensional cascade loss comprises about 0.55 of the total 


ing the over-all blade loss. 
losses is shown for a single-stage transonic turbine in Fig. 8. 


kinetic-energy loss, and the end walls and mixing account for 
The stator momentum-thickness 
ratio (0,/l) was determined from survey s to be 0.003 
effective momentum thickness (6,/! 0.007 
from the stator loss and the over-all turbine performance as 


0.25 and 0.20, respectively. 
The rotor 


was determined 


described in reference [4]. 
In summary, it can be said that the kinetic-energy loss of a 
blade row consists of the two-dimensional cascade loss, the end 


wall loss, and the mixing loss that occurs downstream of the 


f 


blade trailing edge. By using the assumption of a simple power 


velocity profile having a exponent, common in turbulent- 
boundary-layer practice, the three components ol loss and thus 
the over-all kinetic-energy loss of the blade row can be evaluated 
, 


in terms of one quantity, namely, @,/l, the momentum-thicl 


ness 


ratio. 


Correlation of Momentum Thickness With Diffusion and 
Reaction 


The previous section has indicated the importance of the 
momentum-thickness ratio @,/l in determining the over-all blade 
loss. It would therefore be desirable to be able to estimate mo- 
mentum thickness by a simple and easy method. A correlation 


of momentum thickness with total diffusion parameter D, has 
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Fig. 9 Correlation of momentum thickness with total blade surface 
diffusion 
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Fig. 10 Variation of blade surface total diffusion with reaction 


been est sblished (refs i4 


total diffusion parameter is the 


and |5 Tit 


The 


sum of the suction and pressure- 


is shown in Fig. 9 
surface diffusion parameters (D, + D,), which can best be de- 


scribed by the inset sketch This shows suction and 


blade chord. The 


suction and pressure-surf ac e diffusions are defined as 


pressure-surface velocities plotted against 


These data were obtained for a Re 
100.000 


nolds number of the order of 
The equation of the curve correlating the data is 


0.003 


14D 


The momentum thickness increases slightly with the total diffu- 


sion up to a diffusion value of 


ibout 0.4; above this value the 
momentum thickness increases sharply with increasing diffu- 


idvisable to 


} 


Therefore, it would appear 
diffusion below 0.4 or 0.45 i 


maintain the 
lesign procedure in order to 
avoid large blade losses. 

The total diffusion parameter D 
(defined as R, = 1 — Vo/V;) by 
ref. [6 
incompressible loss-free two-dim« 


can be related to the reaction 
ipplying Zweifel's form of blade- 
loading diagram Zweifel’s form (obtained assuming 
nsional flow having a constant 
axial velocity) represents as the maximum loading a rectangular- 
shaped diagram where the suction and pressure-surface velocities 
are constant with axial chord. The suction-surface velocity is 
eq ial to the blade-outlet velocity, and the pressure-surface veloc- 
The blade-loading coefficient as described by Zweifel 


is then the ratio of the actual blade loading to that of the ideal 


ity 18 zero. 
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Fig. 12 Variation of momentum-thickness parameter with solidity for 
several blade configurations 
form. Zweifel recommends a coefficient of 0.8 as being representa- 
tive of optimum solidity Herein the loading coefficient is ob- 
tained by maintaining the rectangular form of loading diagram 
ind adjusting the pressure-surface velocity to the proper value 
In this manner, total diffusion parameter can be simply related 
to blade reaction. This relation is shown in Fig. 10. The dif- 
fusion parameter is seen to vary from 0.55 at impulse conditions 
to 0 at a reaction value of 0.55. The negative values of diffusion, 
between reactions of 0.55 and 1.0, indicate that the pressure- 
surface velocity over the flat portion of the curve (see inset, Fig 
9) is higher than the blade-inlet velocity. The diffusion parame- 
ter increases rapidly with negative reaction. This occurs be- 
cause the diffusion increases on the suction surface as well as the 
pressure surface. In Fig. 11 the relation of Figs. 9 and 10 are 
combined to show momentum thickness 0,/1 directly as a function 
of reaction. The momentum thickness increases rapidly at nega- 
tive values of reaction and varies smoothly between reactions of 
0 and 1.0. The reaction value of 1.0 implies an inlet velocity 
negligibly small compared with the outlet velocity. This figure 
shows the desirability of utilizing reaction across the blade row 
and illustrates why impulse conditions are usually specified as a 
lower limit on reaction 

In Fig. 12 the momentum-thickness parameter 6,/1 is presented 
as a function of solidity (¢ = c/s) for a number of blade con- 
These curves were obtained by using Zweifel’s form 
of blade loading diagram and allowing the blade-loading coef- 
ficient to vary, thereby obtaining a range of diffusion for each 
blade configuration. 


figurations. 


The diffusion value was then used to de- 
termine the momentum-thickness parameter by the relationship 


of Fig. 9. The curves have the same general characteristic in 
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Fig. 13 Variation of blade row energy loss with solidity for several 
blade configurations 


that the momentum-thickness parameter increases slightly with 
decreasing solidity until some critical value of solidity is attained 
ind the momentum-thickness parameter increases sharply if 
solidity goes below this value. These curves represent a varia- 
tion in the blade-loading coefficient in order to cover a range of 
The momentum-thick- 
ness parameter @,/l is not indicative of the blade row loss on a 


solidity for a given blade configuration. 
percentage basis. Therefore, the loss of these blade configura- 
tions is shown in Fig. 13 in the form of the kinetic-energy loss 

Here it can be seen that each blade row configuration has a 
For values 
of solidity larger than the minimum loss value, the blade row loss 
increases slowly. 


solidity value at which the loss e is a minimum. 


This is because the effect of increased blade 
surface area is somewhat larger than the effect of decreased 
momentum thickness per blade. For values of solidity below 
the optimum, the sharp increase in blade row loss is due to the 
corresponding increase in momentum boundary-layer thickness, 
and this effect greatly over-shadows that of reduced blade surface 
area. Thus, the minimum-loss solidity represents an optimum 
compromise between momentum thickness 9,/l and blade surface 
area. The blade-loading coefficient corresponding to the mini- 
mum loss solidity was of the order of 2/3. 

It has been shown from flat-plate data that turbulent-bound- 
ary-layer losses vary inversely as the '/; power of the flow 
Reynolds number. The relation, shown graphically in Fig. 14, 
has been corroborated by the experimental results obtained 
from single-stage and multistage compressor investigations and 
from turbine tests. This correlation is of use in estimating losses 
for operational conditions that have not been investigated experi- 
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Fig. 14 Variation of momentum-loss parameter with Reynolds number 
mentally. Thus, over-all efficiency can be determined for opera- 
tion in an unknown region of Reynolds number from the rela- 
tion of boundary-layer momentum thickness with Reynolds 
number and the relation of blade loss with momentum boundary- 
layer thickness. 

The results in Fig. 13 illustrate how the basic boundary-layer 
The level of 
optimum solidity shown might be somewhat questionable due to 
the assumptions in Zweifel’s method and to the difficulty of defin- 
ing the momentum loss-diffusion curve 


concepts culminate in a blade-loss solidity curve 


Fig. 9) in the high dif- 
fusion region. It is felt that the trends are valuable in under- 
standing the effects of the boundary-layer loss and the physical 


characteristics of the blading on the over-all blade loss 
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been found that there are three types of behavior, corresponding to low, intermediate, and 

high frequencies. Low and very high frequency oscillations are shown to be well de- 

scribed by existing approximate solutions. However, an intermediate frequency region 


required a new analytic treatment, the results of which do in fact account for the measured 
flow behavior in that region 


Introduction 


gradients were produced to develop mean boundary-layer profiles 


A of the Howarth [5] type. Attention was restricted to cases up to, 
NUMBER of important fluid-dynamic phenomena 


luding stall flutter and rotating stall, are governed by bound- 
iry-layer unsteadiness and 


but not including, separation 
me The fluid dynamics are described by the following equations: 


are not, therefore, well understood Momentum 


Che problem of finding the behavior of the boundary layer in the 
presence of an unsteady pressure field is, in general, still unsolved a a oP . . o*u 
for special cases. For example, ( Oa y p oe 

several analytical developments, references [1, 2, 3, 5, 7, 8, 9, 10, Continuity 
12, 13, 15, 16, 17],' deal with harmonic oscillations but very little 


experiment il work has been re I orted, references [11, 6] 


though solutions are available 


This paper describes an experimental and analytical study of a 


laminar boundary layer subjected to a pressure gradient which Writing 


was the sum of a steady adverse cx mponent and a small oscillat- 


ing component corresponding to small r-independent oscillations 5 T Al 


velocity as 


cos wi (3) 
f the free-stream velocity Experimentally, adverse pressure 


where & b2/U 
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In this work two particular values of the mean diffusion 
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Lighthill parameter local free-stream velocity distance, perpendicular to wall 
dimensionless frequency parame- 
ter, (zw/U,,) 


rate of decrease of free-stream local free-stream average velocity 


from ’> = leading-edge free-stream average 
velocity 


velocity with distance 

leading edg dimensionless frequency parame- 
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boundary layer 99.5 per cent 
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parameter were considered § = 0 and § = 0.10. The first case hill approximated the in-phase component of oscillation by this 

is the Blasius flow and the second is a Howarth flow close to quasi-steady profile throughout the low-frequency range 

separation (which occurs at & = 0.12). The work of Nickerson [9] for small low-frequency oscillations 
The characteristic frequency parameter is xw/U,. The is also applicable. Typical results obtained from it are given in 

experimental results covered the range Fig. 4 and Fig. 5 allows comparison of the results of Nickerson 

and Lighthill on the basis of predictions of skin-friction amplituck 

0.1 ¥< 10 

and phase. 

and will be shown to extend from very low to very high-frequency Lin [8] has shown in another development that, regardless of 

behavior. the mean flow, high-frequency oscillations behave like the shear- 
Three existing analytical developments were found to be ap- 

plicable to the problem. 
One of these is the work of Lighthill [7] (Appendix) for small 

low-frequency oscillations in Blasius flow. Fig. 1 illustrates the 

results of typical calculations for this case and it was found that 

the method could be extended to oscillations in Howarth flow. 

Results for the case § = 0.10 are shown in Figs. 2 and 3. The 

peak in the quasi-steady velocity oscillation profile is due to the 

fact that, after a change in main-stream velocity, the velocity at 

a” given point in the boundary layer has two components of 

change, one due to change of the free-stream velocity and the 

other due to change of thickness of the boundary layer. Light- 
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Fig. 3. Application of Lighthill method to low-frequency oscillations of 
Howarth flow, — = 0.10,A = 0.152 
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Fig. 1 Solution of Lighthill for low-frequency oscillation of Blasius flow 








Fig. 2 Lighthill parameter, A(i), for out-of-phase component of velocity Fig. 4 Solution of Nickerson for low-frequency oscillations of Blasius 
oscillation in Howarth flow flow 
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Here the oscillations are inde- 


pendent of distance from the leading edge and a single curve is 


wave solution given in Fig. 6 


sufficient for all frequencies It may be seen that the phase of 


velocity oscillations near the wall is 45 deg ahead of the free- 


stream oscillation 


Experimental Methods 


To obtain a laminar boundary layer a simple open-circuit suc- 
tion-type wind tunnel has been constructed and is illustrated ir 
Fig. 7. It consists of a settling chamber, a contraction, a cylindri- 
al test section, and a suction fan 

Main-stream velocities in the test section were of the order of 


6 to 10 fps, yielding Reynolds numbers (based on the distance 


Fig. 5 Comparison of results of Lighthill and Nickerson for fiat-plate 


oscillating skin friction 


LAMINAR FLOW 


« n DIA 


TEST 


gradient was obtained by suction through 


of the order of 100.000 main-stream 


from the leading edgé 
pressure i small tube 
whose axis coincided with that of the cylindric il test section 


of the test 


The boundary layer was measured on the inside wall 
section and the ratio of its thickness to test-se ction radius was 
of the order of 0.15 so it 


Fig. 8 theoretical two-dimensional steady velocity profiles for two 


was considered two-dimensional In 
preasure gradients are shown along with corresponding measure- 
ments which support this conclusion. Harmonic oscillations of 
the flow were created by a sliding throttle valve located in the 
iownstream portion of the test section 

\ hot-wire 
measurement of the boundary-layer velocities 


ust d for 
Differences in 


spparatus and a d-c recording system were 


phase of the oscillations in the bound ry were determined 





Fig.6 Shear-wave solution (oscillating free stream) 
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Fig. 7 Experimental apparatus 


Journal of Basic Engineering 


SEPTEMBER 1960 595 





by electrical comparison of two signals, one in the main stream 
and one in the boundary layer. 


Results 


Oscillations of Low Frequency Blasivs Mean Flow. Experimental 
measurements of the amplitude of velocity fluctuations of various 
frequency in Blasius flow are shown in Figs. 9, 10, 11, and 12 for 
z<0.6. Nearly all the measurements presented here were made 
it a single station, which was about five test-section diameters 
from the leading edge. 

For comparison the theoretical predictions of Lighthill and 
Nickerson are shown and the agreement is very good, considering 
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Fig. 8 Steady-flow velocity profiles Figs. 13-15 Phase of low-frequency velocity oscillations in Blasius flow 
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Figs. 9-12 Amplitude of low-frequency velocity oscillations in Blasius flow 
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Fig. 16 Effect of oscillations on mean Blasius flow 

Fig. 17 Effect of oscillations on mean Howarth flow, — = 0.10 
the small absolute size of the fluctuations and the use of hot-wire 
spparatus in measurement 

Figs. 13, 14, and 15 represent the corresponding measurements 
of phase angle of the fluctuations relative to the main-stream 
results of Lighthill and Nickerson 
These 


theoretical results were obtained by small perturbation analyses 


oscillations and also show the 


for low-frequency fluctuations in zero pressure gradient 


The experimental fluctuations were of the order of 10 per cent of 
the free-stream velocity 
Fig. 16 is a representative mean-velocity profile for the oscilla 
tions in zero pressure gradient and indicates that the mean flow is 
inaffected by these oscillations 
Howarth Mean Fiow. Figs. 18, 19, 20 
f velocity fluctuations for low 


22. 23, and 24 represent correspond ng measurements of phase 
I 


and 21 show the amplitude 


and fairly low frequencies. Figs 


Through this frequency range, 0 < 1.6, the amplitude is 
given fairly well by the quasi-steady profile though with % > 1 
its magnitude is somewhat greater 

The theoretical results for the Howarth flow were obtained by 
an application of the Lighthill method to the case £ 0.10 
The Appendix describes these calculations and their results 

This low-frequency solution should be valid (for small perturba- 
0.45 
agreement with experimental measurement of phase for £ 
0.400, though with % = 
Fig. 24 shows that with 2 approximately unity the phase variation 
is similar to that of the shear wave. 


tions) in the frequency range 0 < & - Fig. 22 indicates good 


0.526, a definite discrepancy appears 


It will be seen later, however, 
that, for a range of 2 above unity, experimental measurements 
of phase are considerably different from shear-wave values 

17 is 


For the Howarth case, Fig a typical average velocity pro- 


file indicating no effect of the fluctuations on the mean flow 


Oscillations of Intermediate and High Frequency Blasivs Mean Flow. 


Velocity-oscillation amplitude variation in a Blasius boundary 


layer in the frequency parameter range 1.5 < ® < 10 is repre 
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sented by Figs. 25, 26, 27, and 28. Phase measurements for the 
same frequency range are represented by Figs. 29, 30, 31, and 32. 
While the amplitude is in fair agreement with the shear wave, 
the phase measurements are not. A method of accounting for 
the discrepancy is developed in the next main section. 
Howarth Mean Flow 


fluctuations for the case £ = 0.10 are shown in Figs. 33, 34, and 


Representative measurements of velocity 


35. Corresponding phase measurements are shown in Figs. 36, 
37, 38, 39, 40, and 41. 

It may be seen that in the lower part of this frequency range the 
velocity amplitude is quite different from the shear wave \ 
first-order intermediate-frequency solution, described in the next 
section gives a somewhat better prediction of the amplitude at an 
Rof 3.16 
ing discrepancy between measurements of oscillation amplitude 
This effect may be due to 
the flow, and the wall at probe 
6 indicates, the 
from the wall to the peak of the amplitude profile is inversely pro 


With increasing frequency there appeared to be increas- 


and corresponding shear-wave values 
an interaction between the probe, 
positions near the wall since, as Fig distance 
portional to the square root of the frequency 

As Figs 


tween experimental and shear-wave phase values and the maxi 


36 to 41 show, there are significant differences b« 
mum discrepancy occurs at a frequency at which the amplitude 
is reasonably well described by the shear wave rhis indicates 
that the effect of the steady boundary laver Ipon the oscillations 


is mainly on the out-of-phase component 


Analysis of Fluctuations of Intermediate Frequency 


The boundary-layer equations for unsteady incompressibl 


laminar flow are 


ou 


we can exper t 


Subtrac 


ol 
(1 
or 


) ; ' 
oy? 


steady part of the pressure gradient and 


UdU /dr > is the 


using Equation (7 


where 


we obtain from Equation (4) 


ol 
Or 


Thus Equation (9) becomes 
! 
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Figs. 29-32 Phase of intermediate and high-frequcncy oscillations in Blasius flow 
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Figs. 33-35 Amplitude of intermediate and high-frequency oscillations 
in Howarth flow, § = 0.10 
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or" 


600 / sepremBER 1960 


Lin [8) has shown that at high frequencies Equation (11) reduces 
to 
ou, oU | 
= +yp 
ol ol 


Ou 
— —wAU sin wl 
ol 


with boundary conditions 


uJ AU cos wl 


‘ 
The solution of Equation (12) is the shear-wav 


nated here by Usd, and may be expresst d as 


U 50 


AU 


w/e) 


= coswi—e 4 


For intermediate frequencies we may use a successive-approxima- 
tion procedure to solve Equation (9). The initial approximatior 
is the high-frequency solution given by Equat 

write 


where the subscript s» denotes the shear wave and 
approximation, and cause the velocity components se} 
satisfy continuity, we obtain 


Ou 


Then if we subtract the shear-wave equation 


Ol. , Ou 
j= = —wAU sinwt + v - 
at oy? 


from Equation (11) it becomes 


Un 


If the fluctuations are of fairly high frequency u,; will be con- 
siderably smaller than u,o and uo, though the latter two may be of 
the same order. Also since u, is independent of z, v will be zero 
vs Will be very small. Hence, 


Ouo 7 . 
will be small relative to u, 


OU 1 . R oun 
Uo will be small relative to Us 
Ox Or 
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Phase of intermediate and high-frequency oscillations in Howarth flow, — = 0.10 


Figs. 36-41 
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Oss : Ou 
will be small relative to u,o 
Ox Or 


Ous A Ou 
will be small relative to ux 
Or Or 


OUs1 5 , 
will be small relative to vo 
oy 


Ou. 


oy 
Ou 


will be small relative to v» 


will be small relative to t 


Vv 


OY 


het 

will be small relative to ¢ 
Thus the next approximation may be calculated from the in 
portant terms of Equation (18) which are 


—bAU cos wt — u, 19 


his has been done using the following approximation, which in- 
ludes the Blasius case, for Howarth flow: 


Ou U 
_ (Cyn? + Come 
zr 


Cm J. g S ies 


Or 


vhere C,, Co, C3, and C, are numerical constants. 


Biosius 


(0.7409 + 0.469n"*)e 


APPROXIMATION 


APPROXIMATION OF HOWARTH FL 
€-0O 
Fig. 42 Approximation of Blasius flow 
Fig. 43 Approximation of Howarth flow, £ = 0.10 
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Using continuity, vo is obtained from 


Ou 
dy 
Ox 


Figs. 42 and 43 show how satisfactorily this type of approximation 
0.10. The 


were obtained from Table 3 


y 
can be made to represent the flows 0 and & 
data for the Howarth flow (£& = 0.10 
of reference [5]. 
Using Equation (21) and Equation (20) the results have been 
obtained for the combined first and second 


are presented in Figs. 44, 45, 46, and 47 


approximations and 
Det s of the method of 


solution are given in reference [4] 


Conclusions 


A class of laminar boundary layers, subjected to small stream- 


wise-uniform, harmonic oscillation of their free ities, has beer 
studied experimentally and analytically 

The results of measurement and several analyses define three 
types of behavior of the boundary-layer oscillations corresponding 
to low, intermediate, and high frequencies 

For the class of flows considered, the effect of average free- 
stream pressure gradient has been demonstrated experimentally 
and accounted for analytically. 

Specific conclusions from the results of the presently described 
work follow. 

Low-Frequency Oscillations. The low-frequency smal! perturba- 
tion analysis of Lighthill gives amplitude and phase values which 
for Blasius flow agree well with measurements in the frequency 
0.6. Experimental free-stream oscillation 
amplitudes were of the order of 10 per cent of the mean flow. An 
Howarth flow that this 


range of good agreement contracts somewhat to 


range 0 < rw/U,, 


extension of the method to indicates 


TW ia . 
— < 0.45 for the case 
l 


™ 


0.10 


The work of Nickerson for the 


and phase values which have been experimentally verified in the 


slasius case gives amplitude 


range 0 < zw/U,, < 1 and thus represents improvement over the 
Lighthill development. 

Figs. 48 and 49 indicate that the maximum oscillation ampli- 
r than the quasi steady value 


Blasius case, and 1.2 for the 


tude rises to about 10 per cent greate 
at zw/U,, values of 1.7, for the 
0.10. 


Intermediate and High-Frequency Oscillations. 


Howarth case, é 
Figs. 48, 49, 50, 
and 51 show that for values of zw/U, greater than about 10 the 
shear wave should give a good descriptior of both amplitude 

For the Howarth 


case £ = 0.10 the maximum amplitude of the high-frequency pro- 


and phase of the boundary-layer oscillations 


file is about 35 per cent less than that of the quasi-steady profile, 

though the corresponding figure is only about 2 per cent for the 
Blasius case. 

For amplitude alone the shear wave gives values in good agree- 

greater than 3 in the 

Blasius case and 5.5 in the Howarth & = 0.10 case 


ment with the measurements for zw/U, 
, although there 
is a growing discrepancy at high % which is probably due to probe 
error. 
Figs. 50 and 51 indicate that there is a large frequency range, 
1 < zw/U < 10 in which the maximum lagging phase angle is not 
given by either shear-wave or low-frequency theoretical predic- 
tions. An intermediate frequency calculation based upon the 
shear wave but taking first-order convective effects into account 
has yielded a good description of phase and amplitude behavior in 
the range 3 < zw/U,,< 10. This development is not restricted to 
small perturbations. It is possible that the calculation of higher- 
order terms of the low and intermediate-frequency analyses 
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Figs. 44-47 Intermediate frequency corrections to phase and amplitude profiles of oscillations in Blasius flow and Howarth 
flow, — = 0.10 
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would permit their being joined smoothly, though the work en- 
tailed would be large 

The foregoing results apply to nonseparated flow. It seems 
that extension of the present methods of analysis to the study of 
oscillations of a separation region requires more information on 
steady-state separation; e.g., the variation of thickness of the 
separation zone with distance downstream. 
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APPENDIX 
Application of Method of Lighthill [7] 


The boundary-layer equations for two-dimensional incom- 
pressible flow are: 


McGraw-Hill 


Ou | ! ou 1 Op 


ol ; oy 4 p or 


or 
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Writing the velocity components u and v as the sum of steady 
and small oscillating components, they become 


u uo + Anet Au< 


v = vo + Ave™ Av< 


(uo, vo) is the steady mean flow and satisfies 


Oo OUo ou 
uo T Vo 


or oy " Oa 


U = Un + AUe™ AU 
In the free stream Equation (22) becomes 
oU _ oU 1 Op 
+ 


+ l v 


ol Or p or 


Using Equations (24) to (28) in (22), 
order terms yields 


and neglect ing s¢ cond- 


re) OU o( Au 
uo (Au ) + Au + t Ar 
Or or OY 


iwAu 


ow AU au 
1 = AU — iw Al 
or or 


—_ Us 


Low-Frequency Fluctuations 
Considering Au and Av to be the sums of in-phase and out-of- 
phase components we write 


Au = Uo, +- tile 


A = 1 tw 


qs 


where (u,,, ¥,,) is the quasi-steady solution and 


phase portion. 


the out-of- 


Substituting Equation (30) in Equation (29) and separating 
real and imaginary parts of the result gives two relations: 
Ou,, ; OUo 


us —- 


or ” 


Ole 
Oy 


O72 


y + 


v w( AU) 
oy? 


(32) 


Using Equations (30), (24), and (25) 


with Equation (23) 
realizing that 


and 


Oo Ovo 

ox oy 
we obtain two more relations 

ou 


qs 


Ole Ove 
or oy 


For low frequencies (—qwuz) can be neglected in (31) which will 
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then contain the quasi-solution u,,. 


Us + AU 


in the steady-flow, boundary-layer equation 
' 


Ou dU 
Oy Ox oy? 
since 


Olto 
— Al 
ol 


The solution for ue at 


Al 
, . 
low frequencies is obtained from Equation 
32) using Equation (39) and an integral technique 
First the term 


in (32) is rewritten 


Ous 
Vo 

oy Oy OY 
Using Equations (40 


and 52 


ind integrating gives 


- 2 


gus )dy 


[ w( Al only + v [ 
70 0 


ny 
The second integral in Eq lation (41 


reduces to 


d . 
la dy 
az Jo 


nd thus the equation may be written 


ou? . fe 
v ( ) w [ AU — u,,)dy 
Oy / ( 


g 
/0 


d @ 
-2 intady + C 
dx J0 0 


u Ay 
dx 
« 


The solution for u2 is obtained from this equation by use of a one 
parameter family of velocity profiles defined by 


62 
(1 — n, | an + (24 
v 


y/6 and 6 is the 99.5 per cent boundary-layer thick- 
Lighthill solved Equation 


Uw 


where 7, 


ness. 


12) for cases in which 
A (62/v)\(dU»,/dz) 
is a constant; ie 


power of z. 


is constant or proportional to any 
value of 0.149 for A. 


»., in which U, 
For the Blasius flow, in particular, he obtained a 


The solution for the low-frequency oscillations in zero pres- 
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(42) 


C, = 


This can be seen from the 
fact that the same equation can be obtained from substituting 


(34) 


sure gradient flow is presented in Fig. 1 by means of two parame- 
ters Au/AU the ratio of oscillation size in the boundary layer to 


that in the main stream and y the relative phase angle 
These are defined as follows 
35) 


Au ‘ ” 
AU AU) 


i2/AU 


may be written, for 


6( Uo/vr) 


l 
252(1 — n, ‘| an, + (24 - ) | 


2 
where A =0.149, and wg, is given by 
39 


( u ) 7 O ( u ) 7 
Uv Bilesiue 2 On Blasius 


For small low-frequency fluctuations in a streamwise-constant 
velocity gradient Equation (42) may again be used to predict 
fluctuation size (Au/AU) and phase y. 


In this case the following relations are used: 
The basic Howarth flow is given by 


U3 


AU 


u Us — br) ft 


& 1H 
The quasi-steady component is given by 


of Ny Of 
o& 2 


< Onn 


and 


In = My 


46) may be expressed in the 


m*(1 P as ) [4 Ur 


m 


Equation 


form 


Substituting Equations (48 19 


, . (50), (52), in (42) and re- 
arranging in order to solve for A is a lengthy process but a 
equation emerges of the form 


n 
4+ Ab(é) 


having the particular property a(0) 


0 
The quantities a, b, and c are defined by 


in which 


12m(1 
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d 
C; = (1 — &) (om + 8E *) 


l = of ny Of 
1-f+ 1 — &) — -——(1- l 
= f | J s s at 2 ony £) ann 


Cy, = 8&1 — &)m 


m 2 2n,,2 
i < f (: pd a) (2 + “hn ) dny 
0 m m m? 


3m 


and 


1 7p? j 
2 mM?) °"# 


m 
I, = — 
60 


are all determined from the Howarth data [5]. 
The solution of (54) can be written 


3 y (x) 5 
Y & ¢(x) " 
A(&) A(£o)a( £o) es f Clyde dy 


€ O(z) 5 
+ | atts  a(z) ] (57) 


a small finite number was 
chosen for & and A(£) obtained by numerical integration in the 
range 


Owing to the condition a(0) = 0, 


of the equation 
A(Aa) = [—c — AbJAéE (58 
Using this equation over a first very small step from 0 to &, since 
(aA) = 0 (59) 
(aA) = [—c — Ab]é, (60) 


Near & = 0, a behaves like 


and b and ¢ are regular and nonzero at & = 0. Thus 


aA, = 3.26&A, = [—c — AibJ& 
But since the step was specified very small 

A; = A(0) 

b, = b(0) = 2.59 


C, = C(O) = —0.853 (63) 

Thus Equation (63) gives the value for A(0) as 0.146. This 
value seems to be in remarkably good agreement, considering the 
numerical processes used, with the answer obtained by Lighthill 
for the Blasius value which is also A(0) and has the magnitude 
0.149. 

The calculated function A(&) is presented in Fig. 2 and the re- 
sults (Au/AU) and y¥ are given in Fig. 3 for the case § = 0.10. 

Equations (44) and (45) are again applicable, and Equations 
(49) and (52) define (u,,/AU) and (uw,/AU). 
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High-Frequency Fluctuations 


If the frequency is high enough, Equation 
shear-wave equation 


29) becomes the 


“ - o*7Au 
iw( Au — AU) = vp > 


? 
Y 


whose solution is given by Lighthill as 


Au = AU[1 — e~¥it/») “*) (65 

This solution is given in Fig. 6 in which (Au/AU) is the ampli- 
tude and y the phase angle of boundary-layer fluctuations rela- 
tive to those in the free stream. 

Equation (66), which follows, describes the high-frequency 
fluctuations in Blasius flow and also those in the Howarth flow 
under study. Their amplitudes are independent of z, the flow- 
direction co-ordinate. 

Lighthill found that his low 


matched quite well on the basis of skin-friction oscillations 


and high-frequency solutions 


Taking the matching point as the frequency at which the low- 
frequency solution predicted a phase advance equal to that of the 
shear-wave solution, 45 deg, he showed that the amplitude of the 
fluctuations agreed very well. This is shown in Fig. 5 which also 
indicates the prediction of Nickerson. 

For the fluctuations of Howarth flow being considered, the 
amplitudes of skin friction calculated by the low and high-fre- 
quency approximations are compared as follows for the case — = 
0.10, & being the fractional reduction of leading edge free-stream 
velocity at the station in question. 

The out-of-phase, low-frequency, skin friction fluctuations are 
= 0.45 for the 
matching point and a value of A of 0.152 from Fig 


obtained from Equation (67) using a value of % 
} and m= 
3.81 and are, thus, of amplitude 


rs) U2 FT 
; = 0.46(1 
dy \AU/y=0 
§=0.10 


The amplitude of the quasi-steady fluctuations is obtained 


from the Howarth data 


re) Uns . 
( = = 0.47(1 
oy \AU J y=0 


&=0.10 


The skin-friction amplitude is then 


ra) (=) 
dy \ OU Jy=0 


&=0.10 


0.66( U 


while that given by the shear wave is 


3 (3 , 
dy \ AU Jy=0 © \ 


which may be expressed as 


re) ( Au ) 7 
dy \ AU Jy=0 


having a value at the matching frequency (2 


0.10 of 
re) ( Au ) Me 
; : = 0.64(l 
dy \ AU Jy=0 


(69) 


[z(1 — (70) 


0.45) and at — = 
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Thus on the basis of oscillating skin-friction amplitude and 
phase, the low-frequency small perturbation analysis of Lighthill 
should be valid, for the Howarth mean flow — = 0.10, in the fre- 
quency-parameter range: 


0 « < 0.45 


For the Blasius case, using the same criterion, the correspond- 


ing range is 
0< 2 < 0.60 


However, as is shown by experimental measurements across 


the boundary layer, there is a considerable range of frequency 


parameter ¥ above these respective upper limits in which the 
phases of the ve locity oscillations are not described accur ately by 
the high-frequency solution. In this range there is still an interac- 
tion between the steady flow and the fairly high-frequency oscilla- 


tions. 


DISCUSSION 
Sin-| Cheng? and Norman A. Evans? 


This paper represents a notable contribution to the subject of 
certain types of commonly occurring unsteady flows, and it ap- 
pears that a considerable amount of experimental work was per- 
formed 
ugree favorably with 
How- 


ever, from the results presented, it is difficult to determine the de- 


In a general sense, the results obtained 
those that can be predicted by new or existing theories 
tailed tendencies because each set of curves (e.g., Figs. 9-12) has 
more than one parameter varying. For example, at low fre- 
quencies, Nickerson’s theoretical amplitudes are well supported, 
but for the phase, from Figs. 13-15, it is not possible to decide 
definitely in favor of either Lighthill’s or Nickerson’s theory 
Figs. 13 and 15 (2 = 0.472 and 0.830) seem to lend more support 
to Nickerson, whereas Fig. 14 (2 = 0.522) shows better agreement 
for Lighthill 
are subject to possible effects from the superimposed variation of 


It should be pointed out that these observations 


the parameter € (0.1-0.15 
teference [4] 


Do the 
authors have results available which will form comprehensive sets 


The writers also referred to the original report 
and the results quoted there are the same as in this paper 


for a constant value of € to facilitate a more detailed scrutiny of 
the tendencies of the amplitude and phase? Additional informa- 
tion on certain aspects of the experimental procedure, as, for in- 

ance, the method of measuring the mean velocity profiles and 
operation of the sliding throttle valve, would have been helpful 
in assessing the full validity of the results. 


Sture K. F. Karlsson’ 
This paper is a significant contribution to the study of unsteady 
boundary layers. The behavior of laminar boundary layers with 


and without mean pressure gradient have been investigated 


theoretically and experimentally 


Low 


over a large range of the fre- 


quency parameter £. is well as high frequency behavior were 
included 

The 
magnitude of the free stream velocity. At least in 


unsteadiness consisted of a sinusoidal variation of the 
the theoretical 
work the amplitude of this variation has been held constant, in- 
It has 


not been stated explicitly that the same is also true in the ex- 


dependent of the co-ordinate in the free stream direction. 


periments. The significant parameter in this respect is 

? Department of Aeronautical Engineering, School of Engineering, 
Princeton University, Princeton, N. J. 

* NATO Postdoctoral Fellow, The Royal Institute of Technology, 
Department of Electronics, Stockholm, Sweden. 
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z 

N On M, 

where A is the acoustical wave length corresponding to the free 
stream fluctuations, and M the Mach number in the free stream. 
If this parameter and the amplitude of the oscillations both are 
large enough, it may not be permissible to disregard the free 
stream pressure gradient generated by the oscillations, when 
theoretical and experimental results are compared. 

So long as one deals with fluctuation amplitudes that are not 
too large, the present results can be used in a Fourier analysis to 
calculate the boundary layer behavior for an arbitrary fluctuation 
of the free stream with time. As demonstrated in this paper, it 
is necessary to exercise caution in applying the low and the high 
frequency solutions for intermediate values of the frequency 
The fact that the two approximate solutions intersect at an in- 
termediate value of the frequency is no assurance that either 
solution is even approximately correct in the neighborhood of the 
intersection. This has been pointed out by H. Tennekes (Johns 


Hopkins University, Aero. Dept. Report, May, 1959 


H. Kraft‘ 


Every time some work is published on time varying and/or 


three-dimensional flow an attempt is made to understand the 


true nature of important phenomena of fluid flow. Our meager 
understanding of the effects of these two variables may very well 
prevent us from the utilization of processes which have a chance 
of being much more attractive than those which we are using 
now. 

Thus, without mentioning it, the authors are participating in 
a large and difficult pioneering effort aimed at the exploration of 
the missing dimensions. Their results show a good agreement 
with analyses which were made on the basis of a number of as- 
sumptions and simplifications. Wherever such agreement exists 
one may accept their assumptions as essentially correct. To 


mention a very important one: The absence of separation of 


the boundary layer. Here is a question: Can it be said that in 
the higher part of the intermediate frequency range there could 
Here the 


Separation could explain 


be intermittent separation of the boundary layer? 
agreement with analysis is not so good. 
the discrepancy between analysis and experiment. We have 
observed periodic vortex shedding in this frequency rangs 

More and more one is driven to the conclusion that there is 
little if any steady-state separation just as it is not very helpful 
These 


simplifications were of great use and have brought us far but we 


to assume that turbulence is steady and two-dimensional 


now are feeling the need for better insight into fluid dynamic 
phenomena which will concern us in the near future. Personally, 
this discusser is intensely interested in the 
efficient 
all basically periodic. 


apparently very 


propulsion of animals—fish, birds, insects. These are 
Here is one conjecture which touches very 
Human 
It is tied to 


A nonsteady starting vortex must be shed to 


closely on the problem of the oscillating boundary layer 
flight by airplane is a steady-state process. 1 loss 
the induced drag 
establish circulation 
latter. 


pattern which yields a force when we deal with accelerating or 


There cannot be any force without the 


There can be, however, a truly reversible, potential flow 


decelerating flow. Suppose an insect or a bird which can vary the 


form of its wings more or less at will can feel the pressure pattern 


of the velocity changes and forestalls separation by 


proper 


geometry changes. It then could exert a force on the air by a 


sequence ol accele rations and dece lerations much as one can 


move a chair when sitting on it. The only loss now is that in the 
boundary layer and that is the loss due to the phenomena de- 

4 Aerodynamics Engineer, Turbine Division, General Electric Com 
pany, Schenectady, N.Y. Mem. ASME. 
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scribed in this paper. The question is now whether it is high or 
low compared to a friction loss in equivalent steady motion. 
The authors have the data to find out. 

This discusser’s Company has a slightly less general but more 
important interest in these results. 


The flow process in turbines 
and compressors contains a rather pronounced nonsteady com- 
It was for this reason that Prof. C. C. Lin was asked to 
make the calculation to which reference is made in this paper. 


ponent. 


Here the frequency was taken high—in the “shear wave region.’’ 
The work has not yet been driven to the point where the separa- 
tion characteristics of the boundary layer flow could be studied. 
The analytical approach is very difficult and additional experi- 
mental work dedicated to separation is badly needed. 

It can also be expected that an understanding of periodic vortex 
formation and decay will bring a marked progress in the under- 
standing of turbulence. 

In any case it is necessary to expect that a proper explanation 
of these phenomena cannot shy away from nonlinearity. This 
means, among other things, that useful solutions will be confined 
to certain regions, to certain combinations of variables. To find 
them is the job. 

Here should be the answer to the problem why, in spite of pre- 
dictions, the famous bumble bee “‘flies anyway.”’ 


Authors’ Closure 


In reply to the matter discussed by Dr. Cheng and Dr. Evans, 
the authors agree that the experimental results shown in Figs. 
13 and 14 do not show decisively whether the theory of Lighthill 
or that of Nickerson yields the best prediction. Figs. 11 and 12 
suggest, on the basis of amplitude measurements, that the results 
of Nickerson may be somewhat more accurate. However, the 
low frequency measurements were made at frequencies less than 
a cycle per sec and the phase measurements were not expected 
to have high precision. 

tegarding the theories of Lighthill and Nickerson, however, it 
seems probable from Fig. 5 that at very low frequencies they will 
give identical predictions and that Nickerson’s results should be 
able to predict low frequency behavior up to a higher value of %. 
Lighthill’s low frequency result (for the Blasius case) is clearly 
limited to a maximum range of 


0< #< 0.6 


Fig. 15 does suggest that Nickerson’s results are valid appreciably 
above this range. 

Concerning the effects of variation in oscillation size, experi- 
mental measurements in addition to those reported were made of 
oscillation amplitude and phase for several values in the range 


0.05 < € < 0.20 
However, no significant dependence on € was discernible. This 
result is perhaps not surprising considering the calculations of 
Karlsson [6] on the quasi-steady Blasius boundary layer which 
showed that for € < 0.3 the amplitude dependence of the first 
harmonic term is negligible. Also, the peak amplitude of the 
second harmonic oscillations for € < 0.3 is less than 7.5 per cent of 
ihe free stream oscillation and less than 10 per cent of the ampli- 
tude of the local first harmonic oscillation at the point in the 
boundary layer where the amplitude of the second harmonic is a 


maximum. Since in the frequency range 0 < % < 0.5 the flow 
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may be described as ‘“‘nearly quasi-steady,’ the ¢-dependence 
might have been expected to be small throughout. 

Referring to experimental procedure, the sliding throttle valve 
consisted of a '/,.-in. plate containing 4 parallel slots */2 in. X 
3'/2 in. spaced '/» in. apart and located normal to the direction of 
the plate motion. The sliding plate was placed against a station- 
ary circular plate (see Fig. 53, Ref. [4]) containing an identical 
slot arrangement and located normal to the axis of the test 
section. The sliding plate was driven by a connecting rod and 
eccentric from a shaft whose speed could be varied in steps from 
0.065 rps to4rps. The eccentricity was continuously variable by 
means of a screw adjustment and the effective ratio of connecting 
rod length to crank arm length was at least of the order of 100. 
For measurement of the flow a constant current hot wire ane- 
mometer was employed, using a probe specially designed to mini- 
mize flow interference in positions near the wall. The wire cali- 
bration procedure and a typical calibration curve are given in ref- 
erence [4]. The unsteady d-c voltage signal from the hot wire was 
recorded by a d-c Sanborn recorder. From the maximum and 
minimum voltages of the approximately sinusoidal recorded 
curve, oscillation amplitude and mean flow magnitude could be 
accurately deduced, checking for drift of the recorder before each 
reading. Phase measurements were all made for small amplitude 
oscillations, for which the voltage variation was indeed very 
closely sinusoidal. Thus phase could be determined by using 
two wires, one in the boundary layer and one in the free stream 
Measurements were made of the amplitudes of both and also their 
vector difference, by means of a switching device. 

The authors are grateful to Dr. Karlsson for mentioning the 
general significance, for unsteady boundary layers, of the pa- 
rameter 


& 
M 

2n 
However, in the present problem this parameter had negligible 
importance and a maximum numerical value of the order of 0.01. 
The time taken for an acoustic signal to travel from the throttle 
valve to the upstream end of the test section and return was very 
Hence 
the fluid behaved essentially as though it had infinite acoustic 
velocity. 


small, indeed, relative to the shortest period of oscillation. 


The streamwise variation in the amplitude of the free-stream 
oscillation was negligible. In principle, a variation must, of 
course, have existed due to boundary-layer displacement-thick- 
ness fluctuation, which was nonuniform in the flow direction 
However, in the present experiments the displacement thickness 
was of the order of 5 per cent of the test section radius and small 
perturbations thereof would have had unimportant effects. 

Measurements of the free-stream oscillation amplitude at three 
different stations revealed no detectable streamwise variation. 

The authors agree wholeheartedly with Mr. Kraft on the im- 
portance of further studies of unsteady flow and especially in 
relation to separation. In fact, the work described in this paper 
was inspired by our desire to understand the part played by the 
boundary-layer separation time delay in governing the frequency 
of rotating stall in axial compressors. Obviously, only a slight 
dent has been made in the problem and we hope that Mr. Kraft’s 
description of the many applications will lead others to give the 
subject of unsteady separation the attention which it deserves. 
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Experimental Determination of 
Statistical Properties of 
Two-Phase Turbulent Motion 


Experimental methods for the determination of certain statistical properties of turbulent 
conveyance and diffusion of solid particles in a gaseous state are presented 
include a tracer-diffusion technique for the determination of gas-phase turbulent motion 
and a photo-optical technique for the determination of motion of solid particles. Results 


Methods 


are discussed and compared with previous analytical results 


Tae 'WO-PHASE FLOW stream to be referred to here 


onsists of solid particles suspended and conveyed by a turbulent 


gaseous stream Systems involving two-phase streams are 


many, including pneumatic conveying devices, combustors of 


solid and liquid fuels which have be ised for a long time; more 
still 


which the 


recently, solid-propellent rockets, H-iron processes; and 


more up-to-date, the nuclear-propulsion devices in 
temperature 18 suc h that erosion of refractories has to be con- 
sidered 

Experimental studies on the over-all cl momentum 
the 
{1,2 


for instance, for the design 


iracter ol 


transfer of a two-phase stream have been made, notably 


measurement of pressure-drop characteristics in pipe flow 


These results furnish adequate data, 


of a pneumatic conveying system. In many however 


cases 


some statistical details of the motion of the two phases are 


needed, especially where momentum transfer is the primary con- 


ransport processes [3 


tributor to other 
Many analytical studies have been made on the dynamics of 
Oscillator, 


in a viscous fluid was first studied by Stokes [4 


particle motion in a fluid motion of a solid sphe re 
The motion of 
The 
general equation governing particle motion in a turbulent medium 
Tchen [6] 


sidered by Lumley [7, 8 


a pendulum in a turbulent fluid was studied by Lin [5}. 


was derived by and its details were recently recon- 
Solution of the equation of motion in 
the Eulerian system Davies 
[9]. 


limiting the solution to small particles in a stream of relatively 


ot co-ordinates was attempted by 


In all studies, viscous drag of the sphere was assumed, thus 


low turbulent intensity Based on such premises, for small 


particles whose diameter is still many times that of the mean- 
free-path of the fluid 
tween particle and stream motions according to statistical dis- 


tributions was obtained and presented in Reference [3 


an asymptotic limit for the relation be- 


based on 
the Lagrangian system of co-ordinates.” 

In reality, even in the case of motion in a steady fully developed 
turbulent main stream, one is concerned with not only large- 


particle Reynolds number [3] but also the contribution of rela- 
! Numbers in brackets designate References at end of paper 
? Other simplified analyses are given in References [20] and [21 
Contributed by the Hydraulic Division and presented at the 
Annual Meeting, Atlantic City, N. J.. November 29—-December 4 
1959, of Tae American Soctety oF MECHANICAL ENGINEERS. 
Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, July 
14, 1959. Paper No. 59-—A-59. 


Journal of Basic Engineering 


‘ 


tive acceleration and probability ol particle-stream encounter! 
10] as well as wall interference which will be presented in lat 
papers. 

Although methods an ie 
presented in References [6] and [8 


developed to solve the equatiol 
by an analog computer, the 
complexity and number of variables involved [8] suggest that an 
experimental system is probably the best analog 

The scope of this paper entails the determination of the turt 
lence characteristics of both the solid and fluid phases of the tw 
The stream is 


phase stream a fully developed turbulent 


stream flowing horizontally and transporting spherical 


beads of close size range Two basic experime ntal techniq ie 
The turbulence of the fluid phase is determined by 
The turbulent 


particles is determined by using a photo-optical technique 


Two-Phase Flow Duct 


A two-phase flow duct av itl u blower was used to prod ice t! 


used. 


a tracer-diffusion technique motion of 


turbulent stream, with a bead-feeding apparatus to meter glass 


beads into the stream at a constant rate, and a separator to re- 


cover and weigh the beads 
This duct o 


produce flow at velocities from 20 to 100 Ips 


3-in-sq cross section was designed and built 

Although a duct 
of larger cross section would be preferred, the choice was such 
that the amount of solid partic les to be handled was kept reasonu- 
ble. 


tion requirement which will be explained 


The square section was ¢ hosen because of the instrumenta- 
The length of the duct 
was chosen such that: 

1 Fully 


the location of measurements as checked by pitot-tube traverses. 


developed square-duct turbulent flow was obtained at 
This demanded no more than 10 duct heights for the length from 
iir inlet 

2 The solid particles reached their asymptotic state of steady 
The length 
The 
basic considerations on which the length was arrived at are pre- 
With this length provided for, the method 
of introducing the solid particles into the stream was immaterial 


turbulent motion at the location of measurements 


of the test section was chosen to accomplish this condition. 
sented in Appendix 1. 


Interest was purely on the asymptotic steady state of turbulent 
motion. 

Three assemblies made up the completed duct: The stream in- 
ducer, the optical or test section, and the diffusion section, Fig. 1 
solid 


stream with fluctuating velocities 


* Encounter between a particle and the elements of the 
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Fig. 1 


The stream inducer had an entrance cone followed by approxi- 
mately fifteen duct heights of straight duct. A pitot static tube 
was located on a traversing slide to facilitate velocity determina- 
tion, and an opening through which the beads were metered and 
dropped (beads entered at right angles to free-stream velocity) 
was located about five duct heights downstream. 

The optical section had transparent removable plexiglas walls 
to facilitate observation and for photographing bead motion. 
The test section was 10 ft long to allow for the acceleration time 
required, Appendix 1. 

The diffusion section accommodated the tracer-gas inlet tube 
and a sampling probe could be inserted along its length. The 
downstream end was connected to a separator and blower so that 
the air went from the separator to the blower and from there on 
to the exhaust. 

The bead-feeding apparatus consisted of a variable-speed screw 
feeder giving less than 1 per cent variation in bead-flow rate. 


Tracer- Diffusion Apparatus 


Although the well-known hot-wire techniques for the study of 
turbulence in gas streams are widely used, it is impossible to 
utilize the hot wire for the study of the fluid phase of this system 
because of the solid particles in the stream. Hence a tracer- 
diffusion technique similar to that used by Towle and Sherwood 
{11] and Latinen [12] was chosen as a practical measuring device. 
This technique, based on the Lagrangian system of co-ordinates 
also renders comparison with preliminary analytical results [3] 
simple. 

In a diffusion process, the rate of both eddy diffusion and molec- 
ular diffusion make up the total diffusion rate. For the case of 
turbulent flow, where there is only a short time for diffusion, eddy 
diffusivity predominates [12]. In this method, a tracer is intro- 
duced into the center of the stream, and the tracer-air mixture 
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3 X 3-inch duct used in the experiment 


concentration C is sampled at various normal stations r down- 
stream through the cross section of the duct. The mean squared 
displacement (z*) is related to the radial concentration gradient 
oC /dr at any time ¢, (and hence axial location 
an approximation) ; 


/AC/Co) 1 |} Oln(C/Co . 
z¥t)) = —r(C/Co) = (1) 
or 2 o(r? 


where (> is the ratio of the volume rate of flow of helium to the 
volume rate of flow of air plus helium. 
2.) 


For nondecaying turbulence [13] 


is r 
- (72) = (y*) R dt 
0 


2 dt 


aces ding to (as 


(For proof see Appendix 


over a long time 7’, where FR is the Lagrangian correlation and 

(u®) is the mean squared velocity (intensity)?. Further 

( P 1 ad? 

u*) = (x?) | mo (3) 
2 dt? 


giving the intensity of the fluid-phase turbulence and the scale of 
turbulence (Lagrangian integral scale) 


, 
l, = ({u?))' ‘f, Rdt (4) 


This is as much information as the tracer-diffusion technique can 
yield. Under the condition of nearly isotropic turbulence in the 

* Effect of molecular diffusivity due to local concentration gradient 
as discovered by Townsend [22] is offset here by measuring the 
concentration gradient at r = 0, such that r/2z remains small or ap- 
proaches zero. It should be noted that the molecular diffusivity of 
helium in air is only '/1 of that of thermal diffusivity of air. 
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middle-third portion of the duct height, it is assumed to be an 
adequate description of the stream turbulence. An additional 


check is furnished by the eddy diffusivity, 


1 d(z*) 
2 dt Jur 


Molecular diffusivity of the system chosen is negligibly small (of 
order 5 X 10~‘ ft*/sec) for helium to air when compared to eddy 


D = l{(u?))'”* = (5) 


diffusivity. 

There are only two common gases with a thermal conductivity 
appreciably different from that of air—helium and hydrogen. 
considerations. 


To 


Helium was selected as the tracer from safety 
The thermal conductivity of helium is 7.5 times that of air. 


Wet 
Test 
Meter 


Three stage pressure » ttPa 


reduction 


measure the helium-air concentration, a thermal-conductivity 
cell bridge was used (modified from Reference [14]). The wiring 
2 and 3. The 


immersed in a constant-temperature bath slightly above room 


and piping diagrams are shown in Figs. cells are 


temperature. The accuracy is better than +0.1 per cent helium 
in air by volume. 

The sampling probe is a modified depth gage which is attached 
'/,-in. tube carrying a hypodermic tubing 0.041 in. OD, 0.008 
in. wall thickness, and 1#/,. in. long. The tracer tube is shaped 
like a total head tube facing downstream and located at the 
center of the duct. It is made of tubing 0.180 in. OD, 0.015 in 
wall thickness, and is 1.25 in. long. Subsequent check with a 
: tracer tube shows that the of the 0.180-in 
tubing is negligible. 


toa 


ie. interference 
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Fig. 2 Piping diagrams of thermal conductivity cell apparatus set up for sampling 
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Fig.3 Wiring diagram of thermal conductivity cell apparatus 
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Photographic Apparatus 

Since at any given time there are many beads moving at rather 
high speeds in the air stream, the measurement of their turbulence 
characteristics presented a unique problem. A technique of 
photographic recording by successive exposure was developed. 

\ slit of light '/is in. thick was projected through the top of the 
duct vertically downward along the axis. The lamp used was 
standard line-source flash lamp driven by an Edgerton high-speed 
The light was collimated by a cylindrical plexiglas 
condenser lens of approximately 1'/:-in. focal length. After 
collimation, the light passed through a '/,.-in. aperture, 4 in. 
A 4 X 5-in. view camera 


stroboscope. 


long, to form the desired slit of light. 
with an f:4.5, 6%/3-in. focal-length lens was set up perpendicular 
to the slit of light and focused on its plane (at approximately one- 
to-one magnification). When the shutter was opened and the 
lamp flashed at a high repetitive rate, the resulting photograph 
was a multiple-exposure record of bead positions as they flowed 
down the duct. The lamp was triggered by an audio oscillator 
Hewlett-Packard model 2100 ed) whose frequency was monitored 

1 high-speed electronic counter (Hewlett-Packard model 521A) 
and the shutter-lamp sequence was controlled by a multiple 
timer. A co-ordinate system was included by a second exposure 
which photographed an illuminated grid plate placed in the 
position of the slit of light. The grid plate was made by accurately 
iligning and photographing a piece of graph paper on a high- 
contrast glass photographic plate and then cutting the plate to 
the proper size. Fig. 4 is a block diagram of the camera, lamp, 
oscillator, timer, and counter system. 

The photographic record gives the Ar and Ay displacements 
in the axial and the vertical directions from an initial point in the 
region of steady turbulent motion, from which 


>( Az)* (6) 
D( Ay)? (7) 


From similar considerations of Equations (2) to (5) the particle- 


phase motion can be determined. 


Experimental Techniques 


investigation 


The experimental includes determination of 


fluid-phase-turbulence characteristics with and without solid 





Audio 


Oscillator 














particles by the tracer-diffusion method and those of the motion 
of solid particles by the photo-optical method. The investigation 
presented here was restricted to the middle third of the duct, 
where the fluid flow is approximately isotropic. 

The air velocities dealt with were 25, 55, and85fps. Thetwo 
size ranges of glass beads used were 105 to 125 microns and 210 to 
250 microns with flow rates up to 0.5 lb/min. The choice of feed 
rates and duct velocities was governed by the limitations of the 
available equipment. The particle size was selected for the ease of 
recording. 

In the tracer-diffusion measurements, the helium flow to the 
tracer inlet was regulated so that the gas flowing out of the tube 
The sampling 
probe traversed the middle inch of the duct and its positions were 
read from the depth gage. 


was at the same velocity as that of the stream. 


The recording potentiometer recorded 
the bridge unbalance and bridge voltage. data is 
shown in Fig. 5. 

The particle motion was photographically recorded with the set 


up shown in Fig. 4. 


A typical set of 


The exposure of the grid plate was made 
or holder, 
shutter 


(1/y see, f:5.6) and then, without moving the camera 
the shutter was recocked and the lens set at £:4.5, the 
speed was set at a time greater than that required for a bead to 
The oscillator 


the desired frequency which was displayed in the forn 


traverse the area to be photographed. was set at 
ol counts 
by the high-speed electronic counter, and the “camera” timer on 
This controlled the 


event tin 


the multiple timer was set to 0.1 to 0.2 sec 
time duration of the flashing lamp. The 
on 10 see which controlled the closing of the high- 
the Edgerton high-speed stroboscope. After the start 
(for 20 to 30 flashes 5000 to 8000 flashes per sec wer 
The film used was Kodak Royal Pan, an 


er was set 
ge relay in 
the flashir £ 
used and 
reset were automatic. 
extremely fast type-B pan film with fairly fine gr It was de- 
veloped for 9 min in DK-50 developer; Fig. 6 is a typi 
of particle motion. These photogr iphs were enlarg 


urement purposes. 


The data obtained from tracer-diffusion measu 
1) to (5 A 
of helium concentration was introduced by introd 


evaluated according to Equations ( 


fluent concentration 




















Ca N. 
Relay 














Fig. 4 Block diagram of apparatus for photographing the beads in the stream 


612 


SEPTEMBER 1960 


Transactions of the ASME 








i * 


.' A. LL. iL J 
12 ‘4 16 18 20 
POSITION FROM TOP ef DucT, ~ 





Fig.5 Typical plots of C/C, versus position at various sampling stations 


V/V, (8) 


where |) is the volume rate of flow of helium and V, is the volume 
rate of flow of air plus helium, both corrected for temperature, 
pressure, and humidity. Fig. 7 shows a typical In C/C, plotted 
versus r?, from which (z*) at different time (or axial location) is 
determined from the slope at r = 0 where the influence of finite 
boundary is least felt. Figs. 8 and 9 are thus obtained from Fig. 7 
for the same typical case; Fig. 8 is the curve of mean-square dis- 
placement and Fig. 9 is the curve of Lagrangian correlation. The 
scale of turbulence obtained from the correlation, according to 
(13) 


(9) 


for the approximation Ry = e~""/** was found to be less consistent 
than the one obtained from calculation of eddy diffusivity by 
Equation (5). This is because of the slow convergence of the 
correlation with time. 

The intensities of stream turbulence for flow without solid 
particles is shown in Fig. 10 together with the results of Townend 
[15] for square duct and Laufer [16] forround duct. The present 
measurement with tracer diffusion gives only the mean intensity 
of turbulence. In spite of this inadequacy, Fig. 10 shows that the 
results conform to the general trend of velocity distribution in the 
middle portion of the stream. The extent of accuracy and feasi- 
bility of using the present results for predicting the conditions in 
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a round tube can also be seen from this comparison. The intensi- 
ties of stream turbulence with various types (size and flow rate) of 
solid-particle loading (0.2 to 0.4 lb/min for all cases) is shown in 
Fig. 11. It can be seen that, within the range of particle loading 
(up to 0.06 Ib of solid per lb of air) in the present experiment, the 
presence of particles does not substantially affect the turbu- 
lence of the air stream. This is further seen from the scale of 
turbulence and eddy diffusivity presented in Figs. 12 and 13 

The evaluation of the motion of the particle phase was made b 
measuring Az and Ay for each successive image of each trace 
(such as indicated in Fig. 6) from an arbitrary initial point, since 
steady-fluctuating condition exists at the optical section. The 
distance from the launching point is immaterial here. The root- 
mean-square displacements were plotted against time, and dif- 
ferentiated graphically to obtain the velocities u, and v, of the 
particles in the z (axial) and y (normal) direction. For each 100 
trace samples histograms were plotted (such as Fig. 14) to deter- 
mine the squared-value particle velocities u,* or v,* according to, 
assuming Gaussian distribution [17] (for the sake of consistency 

n u,* —" sg? (10 


N ®6 


where n is the number of particles in a given velocity range, \ 
is the total number of particles in a given sample, and 8 is a con- 
stant. From matching of 8 scale, 


3 
(u,?) (or (v,*)) = 6? 


These results of intensity measurements are presented in Fig. 15 
Results here indicate that the particle motion is nonisotropic 

The particle diffusivity (from which scale of turbulence of 
particles can be determined) was determined following an analo- 
gous statistical scheme. By plotting displacement (y-direction 
of particles spreading from a similar initial time on a histogram, 
Fig. 16, the particle diffusivity can be determined from 


n e7r/4Dt 


La ) 
N 4mDt - 
Consistency of this approximation was tested over two down- 
stream stations in each case. The particle diffusivity and scale of 
turbulence for various stream and loading conditions is shown in 
Figs. 17 and 18. The scale of turbulence of solid particles may be 
defined as a measure of the mean size of whorls of a group of 
particles. 


The results given make it possible to determine the relation 
between the turbulence characteristics of the two phases. 

Since this paper deals with the middle third of the fluid stream 
only, 


(u*) > (v*) (13 


To compare with the preliminary analytical results [3], the first 
quantities considered are the mean relative motion ((u?) - 
(u,*)/(u*)) and ({v*) — (v,?)/{v*)). As shown in Fig. 15, (u,*) and 
{v,*) are quite different. As a basic parameter relating particle 
and stream motion, 


V/s 1 
K «= Re ( “) (*) (14) 
18 l; p 


(This is identical to K'/* in [3]); the particle Reynolds number 
Re = d,((u*))'/*p/u, where d, is the diameter of solid particle and 
p,/p is the ratio of density of particle and stream, and yu is the 
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Bead image trace photograph. U = 50 fps; bead flow rate = 0.606 Ib/min; flashing rate = 5000 per sec. 
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Fig.8 Typical curve of mean squared displacement (same case as Fig. 7) 
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Fig. 7 Typical plot of Im (C/C,) versus r*®; 55 fps stream; no solid 2) 


particles Fig.9 Typical Lagrangian correlation of stream motion, » = 


(same case as Fig. 7) 
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Fig. 10 Stream intensities as compared to other measurements 
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Fig. 11 Stream intensities with or without solid particles Fig. 12 Eddy diffusivities of stream 
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viscosity of the stream. AK is therefore based on the limiting case 
of a particle moving at constant velocity (equal to mean stream 
velocity) in a fluctuating fluid field and is therefore a reference 
measure of momentum exchange. Figs. 19 and 20 show the mean 
| can relative motion between the solid particles and the stream as a 
# function of duct Reynolds numbers. Parametrically shown are Re 

and Fr in terms of g/FV (ut)! The particle Froude number 
shows the gravity effect, Fr = (u?)/gd. Fig. 19 shows that the so- 
lution of Reference [3] as an upper limit of ((u?) — (u,))/(u) is 

nearly true not only for small Re and K, but, in addition, large Fr 
and stream Reynolds number Re, even though the value of K may 
be quite large. Fig. 20 shows less favorable agreement even for 
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Fig. 13 Scales of turbulence of stream 
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Fig. 14 Typical histograms of particle motion (85 fps stream velocity, 100 micron beads at 0.395 
ib/min) 





BIG / sePTEMBER 1960 Transactions of the ASME 








Ls 
re) pus sianew PARTICLES 
& 100 MICRON PARTICLES 












































20 40, 60 
MEAN VELOCITY FPS. 


Fig. 15 Intensities of particle motion 
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Fig. 17 Average particle diffusivities 
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Fig. 16 Typical histograms of particle diffusion (85 fps stream velocity, 100 micron beads at 


0.395 tb/min) 
this condition. This is wall 
effect, because of the significant increase in fluid intensities toward 
(16). 
figures can be attributed to the combined effect of gravity and 
Th 


Ie presented in a later paper 


attributed to the significance of 


the wall All the experimental points below 0 in these two 


the wall interference wall-interference considerations will 
In addition, the probability of 
particle-stream encounter has a significant bearing on this system 
For an idealized system [3] the ratio of particle diffusivity D, to 
eddy diffusivity of stream can be expressed as (the asymptotic 
limiting value for very small particles conveyed by an ideal con- 
tinuum ): 


D, 4 2 _ 
[ - cos 2 7 yaya (2) = | 15 
D 7 Je Jo t+ K*y r r 
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where y is the 
Fig. 21 
this limiting value 


wave number, and dn ‘ ad it ded in 


are also experiment il results showing deviation from 
For the density ratio of particle to stream 
(1780) in this experiment, the value of D,/D is much smaller 
than 1—to the order of 107-2 to 10~'. The trend is that as A in 
creases, for a given mean stream Reynolds number, this D,/D 
The 


ratio of D,/D is also smaller for greater mean stream Reynolds 


These fac ts, 


first decreases below 1 and then starts to increase again 


numbers besides suggesting that the parameter K 


is not a sufficient generalization, as well as wall and gravity 
effects, indicate that the probability of encounter between a solid 
particle and the field of fluid turbulence has a more significant 


The 


D ipproac hes a constant value also suggests that, at 


contribution here than in the ease of intensity of motion 
fact that D 
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Fig. 19 


high stream Reynolds number, D,/D is almost a simple function 
of density ratio only. 

Dimensionless correlation of Fr, Re, |; ‘d,, and Re indicates 
that the dimensionless parameter f(p,/p \(Fr)~? (Re)(/d,)*Re) 
is predominant in two-phase turbulent motion, where f is a func- 
tion of (p,/p). Correlations based on this dimensionless grouping 
are shown in Figs. 22 and 23 for the ratios 


(u®) — (u,?) 


(u?) 


(v?) va (v,) 
 - 


and D,/D. 

The eddy diffusivities measured with the square duct were 
somewhat higher than those for a round duct as measured by 
Sherwood [18] based on the same duct Reynolds number. 


Conclusions 
The experiments described show that: 


1 For a two-phase turbulent stream of the loading from 0.01 
to 0.06 lb of solid per lb of air and particle size below 250-micron 
diameter, the stream turbulence is not significantly affected by 
the presence of the particles. 

2 The particle motion is nonisotropic, even where the stream 
motion is nearly isotropic, mainly due to gravity and wall 
effects. 

3 The intensity of particle motion is greatly affected by the 
distribution of stream intensity in the duct. The probability of 
particle-stream encounter is a significant contribution where the 
duct Reynolds number is high and the value of K = [(4/2/18) 
Re (d,/h)(p,/p)] is high. 
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Relative intensities between particles and stream in the direction normal to mean flow (.. . indicates spread of data) 


4 The probability of particle-stream encounter has a sig- 
nificant effect on the particle diffusivity, which, in the cases 
studied is of the order of 107? of the eddy of the 
stream. 


diffusivity 


5 The particle Reynolds number of the cases investigated is, 
in all cases, below 10, hence the Stokes approximation of drag is a 
reasonable one. It, however, contributes to the greater diffusivity 


of larger particles. 
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APPENDIX 1 


With the particles introduced at nearly zero axial flow velocity 
dropped from the solid feeder), they 


are accelerated by the 
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Fig. 22 Relative intensities versus Fr ~*Re(/ /d,)*Re 
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stream over a length L to nearly the same me 


the stream. This length was determined by integrating 
lation: : 
dq 
dt 


where q is the difference between the cor 


= Fq 


stant mea 


the stream and the mean velocity of the solid parti 


3 ( CU pp ) 
q 
4 dp, 
a measure of the relation between viscous drag at 
particle and stream. Since the length dL travers 
particle in time dt is (U — q)dt, eliminating time 


Equation (16) and followed by integration, we get 


[" q-U 
JU Fq 


the length of duct over which the differen 


L = dq, 


and solid particle velocities is reduced to q 
is approximated by 
4.8 
Cc, 0.64 
2 
for spheres and R dpq/, to account for the 


from the Stokes approximation when dealing wit! 
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Fig. 23 Diffusivity ratios versus Fr *Re(l,/d,)*Re 
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Fig. 24 Duct length required to accelerate the particles to near the mean velocity of the stream (glass beads in 
air at room condition) 


velocity of solid particles 


The result of the numerical integration 
is plotted in Fig. 24. 


APPENDIX 2 


At steady state the partial differential equation in cylindrical 
co-ordinates for isotropic diffusion is 


03 l : . 
D - + ~ (17 
or? T 2° 2 
where D 


diffusion coefficient 
direction 


and 2 distance in the flow 


Solution of this equation with no wall boundary has been 
obtained by Wilson [19]. Written for mass-transfer analogy the 
solution is 
: ,  (u/D 
(U/D)* --| 
= e z 
42 
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where a is half the duct height 


From Einstein’s equation of 
diffusivity, for isotropic turbulence, 


Substituting in Equation (18) for D, an equation for the mean 
squared displacement can be obtained 


from which (z*) can be expressed as: 


, OC / Co) 1 | Oln c/a 
rc/c. : phon 
wih or 2 Xr)? 
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The Turbulent Boundary Layer at a Plane 
sames P. sonnston | Of Symmetry in a Three-Dimensional Flow 


Research Engineer, Ingersoll-Rand 

Company, Pailipeburg, M. 4. Methods for treating a turbulent three-dimensional boundary layer at a plane of sym 
metry are presented. Reasonable agreement with experiment was achieved by the use of 
momentum integral techniques in the prediction of momentum thickness, shape factor 
wall shear stress, and the location of separation. 


=: THE COURSE of experiments on three-dimen- 

ional, turbulent incompressible boundary layers [1]? information 
vas deduced about boundary layers that are symmetrical about 
plane normal to the wall bounding the flow. In this paper 
methods for computing the characteristics, including separation, 


head 


this type of flow are presented. It is shown that adaptations 
f two-dimensional momentum integral computing methods are 


dynamic 


iccessful in predicting the characteristics of the experimental 
case. 

\ common example of a plane of symmetry boundary layer 
flow is the flow over a flat wall through which projects, at right 
angles, a circular cylinder, Fig. 1. A single, flat plane of sym- 
metry exists in this flow. It is normal to the wall, parallel to the 


pressure 


upstream velocity and intersects the stagnation line of the 

cylinder. At the plane of symmetry, the boundary layer velocity 

profiles are collateral. However, due to the fact that the main 

flow must turn to flow around the cylinder, secondary flows de- 

velop in the wall boundary layer which cause its velocity profiles 

to be skewed‘ at points off the plane of symmetry. Although it - —_— 
appears to be, the flow at the plane of symmetry is not two-dimen- weperation 
sional because it is completely immersed in a truly three-di- 

mensional flow. This fact will become clearer in the discussion of 

the momentum integral equation. 


Taken in part from ScD thesis, Mechanical Engineering Depart- 
ent, Massachusetts Institute of Technology, Cambridge, Mass., 
June, 1957. 
2 Numbers in brackets designate References at end of paper. 
All velocity vectors lie in a flat plane for collateral profiles Fig. 1 An example of plane of symmetry boundary layer flow 
' The vectors are at different angles when viewed along y for skewed 
profiles, : } j 7 | 
Contributed by the Hydraulics Division and presented at the It is observed that separation of the plane of symmetry 
Annual Meeting, Atlantic City, N. J., November 29-December 4, boundary layer will occur at a point S (see Fig. 1) upstream 
1959, of THe American Society or MecHanical ENGINEERS. of the cylinder because the layer cannot sustain forward motion 
Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 
10, 1959. Paper No. 59—A-72 character of such separation is different from that at the plane 


under the pressure rise to the cylinder stagnation point. Sepa- 
ration also occurs at points off the plane of symmetry, but the 





Nomenclature 


a parameter I component of main stream ve- the plane of symmetry, Fig. 2 


a paramete city in r-direction 7 ; 

1 parameter loci bed -directio eae angle of main flow streamlines 
— 9 et value of U at upstream infinity th resect to uleme of ov 

skin friction coefficient : ; ar 4 with respect to plane of sym- 

for potential flow solution of metry, Fig. 2 


at the plane of symmetry the jet 
magnitude of the velocity vector » Ww components of ¢ in the z and z- 
directions 


angle of limiting wall stream- 


line with respect to U 
in the boundary layer . 
outer limit of integration with } main stream velocity angle of c with respect to U 


respect to y, lies outside the components of ¢ parallel to U displacement and momentum 


boundary layer and normal to U 6.. thickness parameters 
tan Y,, = a parameter ‘ parameter expressing the degree 
6,/0, = shape factor of streamline divergence in ; 
U6,/v Reynolds number “wedge’’-type flows density 

based on 6, : = co-ordinate directions, z = 0 on ( shear stress at the wall 


kinematic viscosity 
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As described in [2, 3, and 4] separation points in three-dimensional 


flows occur at “singular’’ points or “ordinary’’ points. Singular 
separation is characteristic of two-dimensional flows in which the 
wall shear stress goes to zero at the separation point and 180-deg 
flow reversal appears downstream. The only requirement for 
separation at an ordinary point is that the flow leave the wall; 
the shear stress need not go to zero nor must flow reversal occur 
In three-dimensional flows ordinary separation is common. On 
the plane of symmetry the separation point will be singular but 
all other points on the separation line passing through the plane 
of symmetry will be ordinary points (see Fig. 1) 

There are no known methods of locating ordinary separation 
in a three-dimensional turbulent flow. However, many methods 
exist for predicting singular separation in two-dimensional flows 
The methods proposed here will allow the determination of the 
singular separation in plane of symmetry flows by extension of 
two-dimensional methods. The ability to locate this point per- 
mits one to estimate the position of the line of ordinary separation 


passing through the plane of symmetry 


Analytical Method 


Because the flow considered here is turbulent, the momentum 
integral equation will be used for the analysis along with empirical 
information concerning the change of velocity profile shape in a 


pressure field and an empirical wall shear stress law 


- 
Main Flow “ 
Streamlines a) Streomiine of 
| Symmetry 


tangent 


1 
’ 
y formal to paper 


Fig. 2 The co-ordinate system and velocity vector components in plane 
of symmetry boundary layer flow 


The Momentum Integral Equation. The integral 
equation in the z, y, z co-ordinate system, Fig. 2, has been de- 


momentum 


duced in [5] or it may be derived by methods similar to those out- 
lined in [6], pp. 479 to 480. Neglecting pressure variations nor- 
mal to the wall and terms due to turbulent fluctuations® the mo- 
mentum integral equation at the plane of symmetry is: 


06, i fF ow 
- (26, + 6.) - { u) dy 
or U : 


where 6, and @, are as usual defined by: 


1 f l d 
- (U —u)dy; 86, ; [ (U — u)udy (2) 
U 0 U* 0 


. 


to the two-dimensional 
momentum integral equation if the term to the left of the equal 
sign is dropped. It is instructive to study this extra term by 
breaking it into two parts. 

One observes, Fig. 2, that the velocity vector U, at a point on 


One notes the similarity of equation (1 


a main flow streamline, has an angle a with respect to its com- 
ponent U in the z-direction. As indicated earlier, the boundary 
layer velocity vector c will generally be skewed relative to the 


§ See discussion in [5] concerning the neglected terms. 
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direction of 0. Fig. 2 shows c in a skewed position and indicates 


two sets of components into which it may be broken. For main 
flow streamlines close to the plane of symmetry, where a is small, 
one may write simple relations connecting these two sets of com- 


ponents, 


i — ai 


With the foregoing, it may be shown that the additional term, 
which makes the two-dimensional momentum integral equation 


valid for flow 


l d . Ou l 
- (U —u dy a 
U* Jo dz UY? 


. 


at the plane of symmetry, may be written as 


Ps ou 
(C0 -—@a dy 
n Oz 


0a 


« 


Oz 


Utilizing the definition of 6, and 6,, 


equation 


Ow 0a 06... 
H ‘ ze 


Oz * dz oz 
The 6, 0a /dz represents the contribution of main flow streamline 
divergence or convergence and the 06,,/dz-term the contribution 
of boundary layer skewing to the extra term in the momentum 
integral equation. The following discussion should clarify this 
statement 
The only flow patterns in which no boundary layer skewing 
will occur are those having radially divergent or convergent main 
flow streamlines. This case has been treated in [7] and the re- 
sults are reviewed in [6], pp. 479 to 480. These so-called wedge 
flows result in the following momentum integral equation: 
06, (20. 48 1 ol “ 6. C4 
ox ‘ “ U oz xX 2 


where X is the distance from a point in the flow to the origin of the 
radial streamlines (X is positive if the flow is divergent, negative 


if convergent It is seen that the extra term in equation (6) is 


equivalent to 6, in equation (5), i.e. 


where X is now interpreted as the distance from point a (Fig. 2) 
Point b is located at 
the intersection on the plane of symmetry of the tangent to a main 
This com- 


to point b on the streamline of symmetry. 


flow streamline which lies a distance dz from point a. 


parison of the 6 


z 


Oa ; J 
> -term of equation (5) to the analogous term 


in equation (6) for wedge flows clearly demonstrates that this 
term represents the effect of the local rate of main flow streamline 
divergence on the momentum integral equation. 

Physically, the 00,,/dz-term represents the rate at which the 
deficiency in z momentum at the plane of symmetry is being 
transported away from the plane of symmetry by adjacent 
boundary layer skewing. If there were no skewing, w and thereby 
06,,/dz would also be zero 
Thus, when there is skewing, 00,,/dz exists and it represents the 
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6., would be zero for all values of z 
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Fig. 3 Diagrammatic sketch of apparatus used in experiments 


contribution of the boundary layer skewing to the momentum 
integral equation. 

Methods of approximating the values of 6, da/dz and 06,,/dz 
for a case of plane of symmetry flow will be discussed later in the 
paper. 

The Shape Factor and Shear Stress Equations. If one can find 
methods for approximating da/dz and 06,,/dz, two empirical 
equations are required, in addition to the momentum inte- 
gral equation, in order to formulate a solution. In two-dimen- 
sional flows one traditionally, with a few exceptions, finds these 
two auxiliary equations in the form of a shape factor and a wall 
shear stress equation which, for example, express H, and C,, as 
functions of U, dU'/dx, and Re,. 

Unfortunately, not enough data exist on three-dimensional tur- 
bulent boundary layers to allow the independent formulation of 
equations of this type. Therefore, here it is assumed that methods 
developed for two-dimensional turbulent boundary layers will be 
satisfactory for determination of H, and C,, in the plane of 
symmetry flows. 

There is no basis in fact for this assumption in the case of the 
shape factor. However, in the case of wall shear stress, it was 
found [1, 3] that the Ludweig-Tillman skin friction formulation, 

Cy, = 0.246[exp( —1.561H,)| Rg,~*-™ (7) 


/ 


closely approximates the main flow component of the local skin 
friction in three-dimensional turbulent boundary: layers. 
tion (7) will be assumed valid for plane of symmetry flows. 

Numerous functions expressing the change of shape factor with 
respect to conditions along the flow path having been presented 
in the literature of two-dimensional turbulent boundary layers. 
The calculations in this paper were carried out by two different 
methods. One was the ‘“E’’ process of Rotta [8] which is quite 
similar to the method of Truckenboldt outlined in [6]. The other 
was the older method of von Doenhoff and Tetervin [9]. 

The Rotta method involves the use of several charts and tables 
for which the reader is referred to the original. However, the 
von Doenhoff and Tetervin method may be expressed in terms 
of a shape factor equation which in our nomenclature is written 


dH, 2B dU 
| exp 4.680(H, — 2.975) > To : 2 
dr C dz 


2.035(H, — 1.286 
oo . | (8) 


Equa- 
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where 
B = [5.890 logw(4.075Re¢,))? Sa 


Note that 2/B is the skin-friction coefficient of Squire and Young 
which was used in the derivation of equation (8 Equation 
(8a), for B, should be used only in equation (8) and not used to 
calculate C,, which we have assumed is more nearly approxi- 
mated by equation (7). 

These equations and methods have, of course, not been directly 
The only indication of 
their validity lies in the success with which they have been used 


established for three-dimensional flows. 


to compute the properties of the following special 


A Case of Plane of Symmetry Flow 
Experimental Arrangement and Results. 
produces the case of plane of symmetry flow to be described herein 
was devised to obtain experimental information on the properties 


The apparatus which 


of three-dimensional turbulent boundary layers in general. 
fully described in [3]. 

The apparatus is shown in Fig. 3. It consisted of an air supply, 
rectangular entry duct and the test section. Air moving at 100 ft 
per sec entered the test section from the entry duct as a two- 
dimensional jet. The test section back wall caused the jet to 
diverge symmetrically about an imaginary plane (the plane of 
symmetry) which lay on the center line of the test section and 
which was normal to the upper and lower test section walls. 

Potential flow calculations of the main flow using reference [10], 
pp. 9 to 13, are presented in Fig. 4. In the experiment the jet did 
not issue from upstream infinity nor was it exactly two-dimen- 
sional (due to thickening of the boundary layers in the test sec- 
tion) as assumed for the potential theory. However, pressure 
measurements, Fig. 5, agreed quite well with this theory up to a 
point just ahead of the separated region where the boundary layer 
begins thickening very rapidly. 

A two-dimensional collateral boundary layer was grown on the 
walls of the entry duct. 
tom walls at entry to the test section. 
1.1 in. thick and Rg, was 5.5 x 10°. 

Complete boundary layer traverses‘ were made of many points 
along and to either side of the plane of symmetry. The results of 
these traverses are presented in Figs. 6, 7, 9, and 11 as plots of 


It is 


It was uniform on the 
Atz 


op and bot- 
= 0 the layer was 


® See [1 and 3] for description of instruments. 
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Fig."5 Dynamic head ratio as a function of distance along the plane of 
symmetry of the experiment 
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Fig. 7 Shape factor H, on the plane of symmetry of the experiment 
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termes Ret 8 back wall at the plane of symmetry. Fig. 8 is a photograph of dye 
Oere 


[incnes) 


traces on the bottom test section wall which show the flow direc- 
tion deep in the boundary layer.’ It is assumed that they indi- 
cate the direction of the limiting wall streamlines [2, 3, 4]. Com- 
plete reversal of the flow occurs at the singular point where the 
separation line crosses the plane of symmetry. All other points 
on the separation line are ordinary points at which the limiting 
wall streamlines tend to become tangent to the separation line 
The fact that separation actually occurs at the line indicated in 





| 
20 


s Orstonce [imemes) 








7 Cys, determined as described in [1], equation (28) where y, = 
0; a “Law of the Wall” method. 
Fig. 6 Momentum thickness @. on the plane of symmetry of the * Traces formed by placing a dye drop on the wall 


The wide end 
experiment of the streak is its upstream end. 
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Fig. 8 Wall-flow traces obtained by the use of dye on the test-section wall. In the figure the main flow 


is downward. 


The back wall lies next to the black arrows at the bottom. 


The thin black line is the esti- 


mated line of separation. The lines of black arrows to the left and right of the central line lie on the com- 


puted main fiow free streamlines. 

Fig. 8 was substantiated by smoke flow studies [3]. In regions 
downstream of the separation line the boundary layer became 
very thick relative to the passage geometry and it was impossible 
to distinguish between main flow and boundary layer flow. 

Special Momentum Integral Equation Applicable to This Case. 
If equation (1) is rewritten utilizing the results of equation (5) 
one obtains: 


. me — 6, (9) 


(20, + 6,) oU da 06... 
ox 2 U ox dz oz 


Additional assumptions will have to be made if this equation is 
to be used in calculation. These assumptions allow the solution 
of the plane of symmetry problem without a detailed solution of 
the surrounding flow. 
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Fig. 9 Skin friction coefficient C;. on the plane of symmetry of the ex- 
periment 
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As was indicated, the main flow potential solution in this case 
agrees quite well with measured pressures. Therefore, it is ap- 


propriate to assume, ahead of the separation, that 


oa l ou 


~ (10) 
oz U oz 


from the continuity equation in a two-dimensional main flow. 
The treatment of the 04,,/0 
easily demonstrated 


term as an z-derivative is not so 


As pointed out in [1], simple relationships seem to exist be- 


tween the and @ components ol the skewed turbulent boundary 


yer velocity vector c. These relationships are depicted graphi- 


cally in Fig. 10 as a polar plot of the locus of the tip of c. One 


may split the layer into two regions. Region I lies very close to 


the wall and here the vectors c are collateral (lie at the same angle 
1 ,, in Fig. 10). 


normally comprises 95 per cent ol the total la 


Region II is the outer part of the layer and 
The 
this 


yer thickness. 


relationships between velocity components according to 


model are: 
Region | (11 
Region II (12 


where e and A are not functions of This simple model forms 
the basis for the following remarks 
For high values of Rg, (gr it has been shown, 


reference |1], equation (25 d é iat 6., may be ex- 


pressed as 


6. A(6 : (13) 


This same expression results from assuming that Region I has 
zero thickness and by substitution of equation (12) into equation 


1). Differentiation of equation (13) with respect to z results in 


oO... 
= 14 
Oz 


for the plane of symmetry. In the case of a well developed, two- 
dimensional, collateral, turbulent layer entering a region of turn- 
ing where the main flow streamlines 
shown [1, 11] that 


are circular arcs, it has been 


15 


from which it is seen that 
16 


Curve A of Fig. 11 shows a comparison, with measured values, of 
)7,,/0z computed from equation (14) and assumption (16 

Measured values 6. and 6. were used in equation (14 together 
with the potential flow theory values for da /dz in equation (16) to 
obtain curve A. Also shown in Fig 


is was curve A except that 


11 is a curve B, computed 
the factor 2.0 in equation 16) has 
Note that the measured values lie 


been changed to value of 1.0 
closer to curve B. 

The conclusions to be drawn from this figure are that 04 /dz is 
proportional to 0a/dz but that one cannot evaluate the constant 
of proportionality from the simple theory as attempted in equa- 
tion (15). First, Re- 
was not greater than 10‘ so that assumption (14) is not exact 


Second, it has been shown 


This is not une xpected for several reasons 
1] that the simple assumption (15) is 
not exact in flows in which pressure gradients exist along main 
flow streamlines. Henceforth the constant in equation (16) will 


be taken as 1.0 so that 


(17) 
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Fig. 11 The skewing effect term 0¢,,/O0z in the momentum integral 
equation on the plane of symmetry of the experiment 


Substituting equa into (9) one obtains the 


momentum integra 


Equation (18) may be integrated to give 


0,U* 0.U") ,—0 4 U? dz 19 


from which one may deduce the variation of @, along the plane of 
symmetry, to a first approximation, by assuming a constant value 
for Cy, 

Discussion of Results. Calculations were carried out using equation 
(19) together with the von Doenhoff and Tetervin equations (8 
and (8a) for the shape factor and equation (7) for skin-friction co- 
efficient. Calculations were also conducted using equation (19 
together with the semigraphical procedure of Rotta [8]. The 
calculated results are shown in Figs. 6, 7, and 9. Experimental 
data were used for initial values as well as for the values of [ 
dU /dz. 

It is seen, Fig. 6, that either method resulted in good agreement 
with experimental values of 6,, 


and 


Curve 
A gives the result that is calculated from the two-dimensional 
momentum integral equation and curve B gives the result cal- 


Two additional computed curves are shown in Fig. 6. 


culated from the plane of symmetry momentum integral equation 
from which has been dropped the term due to main flow diver- 
gence but which includes the term due to boundary layer skewing 
It is concluded from these curves that the effects of the main flow 
divergence outweigh the effects of skewing for this case. 

Fig. 7 presents the shape factor distribution. One might expect 
the method of Rotta, curve D, to give better results than that of 
von Doenhoff and Tetervin, curve C, because it is claimed that 
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Rotta’s method is valid for wedge-type flows as well as two-dimen- 
sional flows. However, in this case the inverse seems to be true. 
Note that the slight rise in curve D at z = 4 resulted from difficul- 
ties in matching the real initial conditions to those required by 
Rotta’s method. One cannot draw any conclusions from these 
results as to which of the two shape factor computing methods is 
most appropriate. The author feels that any method that works 
reasonably well in two-dimensional turbulent layers would have 
worked well here. 

Fig. 9 shows the computed skin friction coefficient distributions. 
The data points, as noted previously, were obtained by a Law 
of the Wall technique. If the data had been obtained by the use 
of equation (7) and experimental values of H, and Rez, they would 
have agreed with curve C to a greater precision than shown. 

Taking the point where wall shear stress equals zero as a crite- 
rion for singular separation, the plane of symmetry separation 


occurs at: 


x = $1 in., from observation of flow traces, Fig. 8. 
32 in., from extrapolation of data in Fig. 9. 
r = 34in., from extrapolation of computed curve C in Fig. 9. 


x = 31in., from extrapolation of computed curve D in Fig. 9. 


i= 


If one uses for a criterion of separation a value of shape factor 


equal to 1.8, separation occurs at: 


= 30 in., from data in Fig. 7. 


= 29 in., from the computed curve C in Fig. 7. 
‘ 


x = 28 in., from the computed curve D in Fig. 


[t is concluded that the separation point location at a plane 
of symmetry may be predicted with reasonable accuracy. 

Further it is believed by the author that for internal flows 
better predictions of separation should result in cases of plane 
of symmetry flow than in cases of two-dimensional separating flow. 
The reason for this belief is that three-dimensional separation 
should be quite stable. Separated fluid is steadily carried away 
from the separation zone by the sidewise motion of the boundary 
layer. However, in pure two-dimensional flow periodic build-up 
and collapse (transitory stall, see [12]) of the separating flow 
often occurs due to the fact that stagnant fluid in the separated 
region appears to be carried away in an unstable manner by the 
main flow 


Conclusions 


Here we have attempted to demonstrate that ordinary momen- 
tum integral techniques may be applied to a case of three-dimen- 
sional turbulent boundary layer with some success. 

The case of flow containing a plane of symmetry has been 
treated. Methods of solution involving the use of the momentum 
integral equation along the plane of symmetry together with 
auxiliary expressions and methods for treating the velocity profile 
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shape factor and skin friction have been presented. It has been 
shown, for a particular case, that these methods yield results in 
good agreement with experiment. 

It is the author’s hope that methods similar to that shown for 
reducing the momentum integral equation from a partial to a 
simple total differential equation may aid in solution of other 
plane of symmetry problems. Also, it is felt, although not fully 
justified, that the use of two-dimensional auxiliary methods for 
determining the shape factor and skin friction will lead to good 
boundary-layer solutions. 
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Farmington, Conn. 


Heat-Transfer Characteristics of Hot-Film 
Sensing Element Used in Flow Measurement 


The static and dynamic heat-transfer characteristics of several forms of hot-film element, 


used in flow measurement, are herein presented 
terms of external heat-transfer resistance and internal heat-transfer impedance 


These characteristics are defined in 
and 


from these terms the frequency response of a probe element is derived 


Introduction 


a hot-film type of sensing element used in flow 
measurement [1]! is similar to the better-known hot-wire ane- 
mometer, in which a heated sensing element is used to detect the 
Unlike a hot wire, the hot film is 
a thin platinum film of about 50 to 100 Angstroms, fused to the 
surface of a supporting glass head form 


characteristics of fluid motion 


Fig. 1 shows some of the various basic probe forms now being 


produced. They are arranged in four basic groups, viz: 


Group A 
Group B 
Group C 


Cylindrical wire form 
Basic wedge form 
Ring-type or axially symmetric form 


Group D—Plain strip form 


The probe body is generally made out of a 2 to 4-millimeter 
OD standard pyrex glass tubing of 4 to 5 in. long 
for electrical connection to the hot film are insulated with a thin 


Platinum leads 
coating of glass and inserted into the tubing. The tubing with 
The 


head form, excluding the cylindrical wire type, is then cut at one 


lead wires is then sealed off at both ends by fusing the glass 


end of tubing and polished on a faceting machine. The process 


of fusing hot film to glass head form is similar to that employed for 

' Numbers in brackets designate References at end of paper 

Contributed by the Fluid Mechanics Subcommittee of the Hy- 
draulic Division and presented at the Annual Meeting, Atlantic 
City, N. J., November 29-December 4, 1959, of THe AMERICAN 
SocteTy or MecwanicaLt ENGINgEERS 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, July 2, 
1959. Paper No. 59—A-172 


Nomenclature 


decorating wares by glass and ceramic industry The basic 


chemical used is platinic chloride and flux dissolved in an oil 
vehicle 
at 530 C 


and fuses it to the glass surface 


This is applied to glass at the desired area and then fired 

The heat reduces the platinic chloride to pure platinum 
The exact chemical nature of the 
resultant fusion, so far, is not clearly known, except that the film 
retains the same high temperature-coefficient-of-resistivity as 
pure platinum and its electro-thermo resistance, under high tem- 
, 


perature cycling, is exceptionally stable and reproducible 


The film is connected to the platinum leads by means of a layer of 


platinum sponge, which serves as a good electrical connection 


This type of probe structure provide s some distinctive proper- 
ties and permits its use in extreme flow conditions not considered 


These 


heat-transfer 


practical for a hot wire properties will be discussed in 


terms of structural and characteristics for the 


various forms of probe shown 


General Theory 


In order to use the hot-film probe as a temperature or flow de- 
tection element, either as a direct sensing device or in the feed- 
back loop of a constant-temperature-anemometer, the first step 
is to investigate its static and frequen y-response characteristics 

The static heat transfer from a heated hot-film element can be 
considered in two separate parallel heat current paths 

1 Convected heat from film surface to flow mediun 

2 Conducted heat from film through backing material 
and eventually into the flow medium 


glass ) 


The radiated heat loss from film is generally small compared to 
the foregoing heat losses and is, therefore, neglected 





temperature of hot film, in deg ¢ 


temperature of flow medium (or 
equilibrium temperature of hot 
film when it is unheated 


Cc 


, in deg 


Nusselt number, 


temperature of solid, in deg C 

heat current in calories per second 

thermal conductivity of flow me- 
dium defined at '/.(7', + T',,), in 
cal/(sec (em )(deg C 

thermal conductivity of backing 


for hot 
(sec (cm ) deg >) 


material film, in cal, 


radius sensing element, in cm 


kinematic viscosity defined 
1/(T, + T,,), in em*/sec 
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lth 
Reynolds number ) 
Vv, 


V; vy, in cycles /s 
Prandtl number ( ) , frequency, in cycles 
a = 


sf 


thermal diffusivity of 
dium, in cm?/sec 

thermal diffusivity of backing ma- 
terial for hot film, in em*/sec 

width of hot film in the direction 
of mean flow, in em 

length of hot film normal to the 
direction of mean flow, in cm 


mean flow velocity, in cm /sec 


time, in sec 


2xf, angular velocity, in radians 


H sec 
(K,(T, — T,, unit imaginary number, \ rom] 
flow 


me- ‘ 
thermal 


characteristic resistance, 
in deg C/calorie/sec 

characteristic thermal impedance, 
in deg C/calorie/sec 

wave length of a harmonic heat 
wave, in cm/cycle 

Bessel function of order » 


normal distance from the surface r’,(f) 
of hot film, in em J 


decibel, 20 logio 
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Fig. 1 Various types of probe forms 

The equation of total steady heat transfer from a heated hot- 
film cylinder and a heated 30-deg hot-film wedge can be expressed 
by the following correlation of dimensionless factors with ex- 
perimental data: 
For cylinder 


Nu = (1 + 1.5Re®-5)Pr®.3 
For 30-deg wedge 


Nu = (4 + 1.5Re®4)Pr.* + 0.6 K, 
K,; 

The coefficients of Equation (1) are approximately the same as 
that given in reference [3], except the nonexponential coefficients 
are increased by a factor of m according to the definition of Nusselt 
number used in this paper. Equation (2) represents the mean 
value of a large number of probes tested. The maximum experi- 
mental deviation from the equation is about +20 per cent. Be- 
cause of the fact that the experiments involve a large number of 
physical properties and measurements, the aggregate accuracy of 
the equation should not be expected to be better than +30 per 
cent. The last term of Equation (2) represents the Nusselt num- 
ber of heat conduction through glass head form. Its coefficient, 
by experiment, is found to be much less than the computed value 
based on uniform film temperature. The reason being that the 
assumption of uniform film temperature implies a stepwise tem- 
perature change or infinite heat transfer at the edge of a hot film, 
which is not physically possible. The actual film temperature 
distribution is, therefore, not uniform, and should have a definite 
finite temperature gradient at its edge. Both Equation (1) and 
Equation (2) are limited up to a Reynolds-number range of 1000. 

Here we shall introduce a dimensional term FR, the character- 
istic heat-transfer resistance, defined as: 

Rr = Al (3) 
AH 
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Equations (1) and (2) can be rewritten in terms of Ry, respec- 
tively, as: 
For cylinder 


1 


Ry =< me et 
(1 + 1.5 Res) PPK, | 


For 30-deg wedge 


| 


Rr = . “ ~ nee 
(4 + 1.5Re®*) Pr? K, + 0.6K,] 1 

The dynamic heat transfer between hot film and its backing 
material can be defined by a characteristic impedance Z, as: 


z. T,(f) 
H(f) 
where H(f) is the sinusoidal heat current, between the film and its 
supporting body, due to the sinusoidal film temperature 7,(f). 
H(f) is a complex term which is a function of frequency. Z, 
being a reactance should be infinite when f = 0 

The exact analytical solution of Z, for most of the probe forms 
shown in Fig. 1 are still not available. This is due to the fact that 
the boundary conditions are too complex to permit a workable 
solution to be derived. However, the exact classical solutions for 
the case of a semi-infinite wall and that of a long cylinder are 
known [4, 1] and can be expressed as a function of frequency 
For semi-infinite wall 


For cylinder 


Z, = 


where 


'y WwW 
unt wv, =i* J, \t* a . 
a, 


The impedance Z, for an infinite wedge has been solved [1], but 
at low frequency for a finite wedge probe it does not give correct 
result. 


The impedance at low frequency is, therefore, obtained 
experimentally. Attempt to solve for impedance of a plane strip 
of hot film has not been successful. Experimentally, it was found 
to be close to the impedance of a semi-infinite wall at all frequen- 
cies, although it is generally expected to be less than that of semi- 
infinite wall at low frequencies. 

The foregoing impedances are plotted in Fig. 2. One interesting 
characteristic to be noted from the figure is that, at dimensionless 
frequency factor b Vw a, > 100, the impedance of all cases ap- 
proaches that of semi-infinite wall asymptotically. 

In order to explain this phenomenon, we shall now examine the 
propagation and attenuation of a heat wave in a semi-infinite 
solid, the equation of which is 

2rn 
r) 


T(n, f) _ 2an 
— p) =e A costa — 
7 


where 


is the heat wave length 
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Fig. 3 shows the temperature distribution in the solid at various 
cyclic period ¢ 2xn/> indicates the attenuation 
of peak temperature as the heat waves propagate from the surface 
into the solid. At a depth of approximately */,A, the peak tem- 
perature attenuates rapidly to | per cent of that at the surface, 
and at one J it is only 0.19 per cent 


The envelope ¢ 


Therefore, whether the solid 
is infinitely deep or just one A deep, it makes no difference to the 
dynamic heat-transfer characteristic. The dimensionless fre- 
quency factor when divided by constant 72*/* should give the 
actual b to A ratio. For by ‘w/a, = 100 the « orresponding b to A 
ratio is 11.3. In other words, at a ratio greater than 11 the dy- 
namic heat exchange between hot film and its backing material is 
essentially a skin effect and thus independent of its geometric 
form 

The one-dimensional heat wave length for glass with a surface 
temperature fluctuation of 10° cycle per second is about 0.00027 
em. This is still large compared to the thickness of hot film which 
is at least 300 times thinner. Therefore the effect of hot film 
on dynamic heat-transfer characteristic is negligible and can be 
ignored. 

With the characteristic thermo resistance 2, and impedance Z, 
known, it is relatively simple to compute for the frequency re- 
sponse of hot-film temperature due to a constant magnitude of 
The total heat transfer 
from a hot film due to a harmonic surface t mperature is 


sinusoidal heat exchange from the film 


H(f) = 


We define 
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Fig. 2 Characteristic thermal impedance 
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+ 


.3 Attenuation of harmonic heat-waves in semi-infinite solid 


To = H(f\R; 11) 
where 7) is the ideal temperature or temperature when f — 0, and 
Zr 
obtain the equation of frequency response in terms of the charac- 
teristic R, and Z, 


Substituting Equation (11) into Equation (10) we 


= — (12) 

T Rr+Zy 
The frequency response derived from Equation (12) for a 
cylindrical hot-film probe and a 30-deg hot-film wedge probe are 
4 and 5. 
ratio in decibels and the phase shift in degrees are plotted against 


shown, respectively, in Figs The absolute temperature 
the dimensionless frequency factor for various Reynolds numbers. 
The maximum phase lag at high frequencies for any hot-film 
probe is 45 deg, whereas for that of a hot wire the phase lag is 90 
deg. This is due to the fact that penetration of heat wave into 
solid reduces as the square root of frequency. The maximum at- 
tenuation rate of frequency response is inversely proportional to 
square root of frequency. This again is different from hot wire, 
the signal of which attenuates at a maximum rate inversely pro- 
Experimental check on the foregoing 
response curves has indicated that, for a frequency factor above 


portional to frequency 


10, the result is as perfect as could be expected 


General Characteristics of Various Types of Probe 

The general characteristics of a cylindrical probe, Fig. 1(A), is 
very similar to that of a hot wire. The directional response is the 
same. That is, at constant film temperature the variation of heat 
loss at various yaw angles is nearly a cosine function from 0 to 60 
deg, and no variation or constant response to all pitch angles. 
The selection of cylindrical wire size is no longer limited by signal 
to noise consideration as in the case of hot wire, because the 
electrical resistance of hot film can be of any practical value un- 
limited by its physical size. For additional details with regard to 
hot-film cylinder with heavy film and over-protective coating, 
the reader should consult the extensive work of Lowell [5]. 

The cylindrical probe form is known to be very sensitive to 
collection of dirts and gas bubbles, by virtue of highly concen- 
Lints 
that wrap around it cannot be easily dislodged, and so it is not a 
good self-cleaning probe form. This form of probe is not normally 
used in view of the more simple hot wire. 


trated heat-transfer rate at its forward stagnation zone. 
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Fig. 4 Frequency response of uncompensated hot-film cylinder in water 
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Fig. 5 Frequency resp 


The 30-deg wedge form, Fig. 1(B), has been found to be most 
versatile for a hot-film probe. It possesses most of the desirable 
characteristics that are wanted in a sensing element, such 
as structural strength to withstand extremely high flow speed; 
structural stability against aerodynamic vibration or stress; 
efficient heat transfer which makes it less susceptible to collection 
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of dirt and provision of a high signal output. The directional 
response characteristic is shown in Fig. 6. 


that of a linearized-constant-temperature operation [1], 


The curves shown are 
or they 
can be considered approximately as changes of heat-transfer ratio 
for various pitch and yaw angles. 
form is the high sensitivity of its pitch response, which is much 


One drawback of this probe 
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Fig.6 Relative directional response of various pitch and yaw angles for 30-deg wedge probe 


less than the ideal cosine response. However, this characteristic 
may be utilized as a very sensitive device for flow direction de- 
tection. A wedge probe like that of a cylindrical wire is suscepti- 
ble to collection of lints in flow field, but to a lesser extent. This 
was found to be most severe when the probe is used in liquid. 
Constant filtering of flow medium is, therefore, required. 

The basic 30-deg wedge may be cut at any angle and position 
on a probe body, as shown in the figure. One is shown cut with 
the wedge set at 30 deg from the normal of probe body, or two of 
these may be combined in one to form a V probe which is used for 
measurement of cross-velocity components. The wedge, which is 
cut parallel to the axis of probe body and in the form of a hatchet, 
is used in confined flow field such as in the space between stator 
blades of a turbine or small pipes. The film on each side of a 
wedge can be separately connected into two independent hot 
films for special compact directional correlation and measure- 
ments 
” The probe forms that are free from fouling by lints are of conical 
and hemispherical shapes as shown in Fig. 1(C). The hot film 
The 
probe is free from collection of individually suspended 
fiber but is susceptible to collection of flocks of fiber; 


while the 
hemispherical probe has been found to be free from fouling by 


flocks of fiber when the size of flock is not much larger than the 
hemisphere. 


assumes a narrow concentri 


conical 


ring around the circular form. 


These special probe forms are used mainly in large- 
scale prototype measurements where filtering of fluid medium is 
impractical 


such as in seawater and large waterway experi- 


ments. 

Another probe form is a strip of film fused to a flat surface of 
any flow boundary. One form is shown in Fig. 1(D). The probe 
is mounted flush with the flow boundary, and its cylindrical body 
permits the film to be oriented at any angle parallel to the flow. 
This probe has to be calibrated in terms of the velocity gradient 
normal to the boundary. Means for such calibration are beyond 
the scope of this paper. The resultant signals derived from such a 
probe will, therefore, permit measurement of mean and fluctuat- 
ing velocity gradients normal to the wall. This type of measure- 
ment, hitherto not possible with other known methods, will prove 
to be of importance in fluid dynamic research. 


Conclusion 


The hot-film sensing element described here has solved one of 
the most severe limitations in the art of hot-wire anemometry 


Journal of Basic Engineering 


which requires interdependency of necessary electrical wire re- 
sistance for sufficient signal to noise ratio and necessary physical 
size of wire for mechanical strength. For sufficient signal strength, 
hot wire of the order of 0.0004 cm is commonly used. In the 
case of hot film, the film resistance is no longer dependent on the 
physical size of probe form, and thus optimum signal and me- 
chanical strength are possible 

In presenting the general characteristics of a hot film, emphasis 
has been stressed to bring to the reader a clear physical picture 
The 
derived for 
various forms of probe should enable computations to be made 


of the complex dynamic heat-transfer action involved. 
characteristic thermo-impedance and _ resistance 
for frequency response with a fair degree of accuracy, satisfactory 
for most practical applications, such as for the design of constant- 
temperature-hot-film-anemometer. No attempt will be made here 
to describe such an instrument 
to reference [1] 
paper, 


The reader is suggested to refer 
for further details 
considerable 


Since the publication of that 


made in the control 


These will be presented at a later date 


advance has been 


circuitries 
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DISCUSSION 
S. J. Kline* 


The importance of this paper lies primarily in calling attention 
to the development of a new instrument with certain excellent 
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characteristics for measurement of mean and fluctuating veloci- 
ties. While the hot film is certainly not the answer to all prob- 
lems, it does on the other hand possess characteristics which make 
it a better tool for certain tasks than any other instrument cur- 
rently available. 

Among the advantages of the hot film are: (i) an extremely 
high degree of ruggedness compared to a hot wire, (ii) the ability 
for adaption to almost any desired probe shape, (iii) considerably 
lower sensitivity to dirt and contamination than a hot wire. 
These characteristics make it very useful in pulsating flows, ap- 
paratus with mechanical vibrations, dirty air streams, etc., where 
use of hot wires is very difficult, if not impossible. The hot film 
can also be placed directly on a wall which has obvious advantages 
for measurements of wall shear, etc. The primary disadvantage 
of the hot-film as compared to the hot wire has been probe size. 

In addition to these advantages of the hot film, it may be use- 
ful to add comment on Dr. Ling’s associated electronic gear and 
on experience with both at Stanford University. The electronic 
equipment sold by Dr. Ling operates the film sensing element at a 
constant temperature, not only for mean velocity, but also for 
fluctuations (by utilization of high response servo stabilization). 
This mode of operation has the considerable advantage of allow- 
ing accurate measurement of fluctuations beyond the linear range, 
which makes it particularly useful in situations such as those 
occurring downstream from rotating cascades. 

With this mode of operation the question concerning the 
author’s analysis raised in written discussion at the meeting by 
Mr. J. A. Miller is irrelevant, since with a constant temperature 
operation energy absorption by the backing is not of concern. 
Thus, Dr. Ling’s analysis in the present paper is merely to indi- 
cate the advantages of response and servo-characteristics which 
arise from use of a hot film as opposed to a hot wire. 
fortunate that this point is not made clear in the paper. 

Recent work at Stanford University with hot-film equipment 
has shown that cylindrical probes of the order of 0.002 in. in 
diameter by '/i6 in. long, can be constructed using hot-films 
These probes not only largely resolve the 
size problem, but have the added advantage of the better im- 
pedance matching and reduced axial heat conduction compared 
to a hot-wire. 


It is un- 


coated on glass fibers. 


They are of course very fragile—as are hot wires 
of the same size. 

Hot films have been successfully used for mean fluctuation 
velocity measurement in air at Stanford and more recently in 
water. 


In air no special difficulties arise. In water, problems of 


contamination and calibration drift arise. It appears necessary, 
particularly at low velocities, to outgas the water sufficiently to 
allow some over-heat without formation of bubbles. This, of 
course, is not always possible. However, since the hot-film oper- 
ates with lower overheat ratios and probe shape can be controlled 
to give better scouring of bubbles, the problem is far less severe 
with a film than in the case of the hot wire. 

In summary, the hot-film instrument, particularly when used 
in a circuit which operates at constant temperature for fluctua- 
tions as well as mean velocity, offers many advantages over the 
more conventional hot wire and allows extension of its range of 
application. It should provide a useful additional tool for the 
fluid mechanics researcher in many important problems. 


J. A. Miller® 


The author of this paper appears somewhat confused in that 
he does not attempt to discover the effect of the dynamic flow 
history on the rate of heat transfer from the element which is in 
fact the question of interest, but rather investigates the heat 
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transfer picture resulting from a sinusoidal variation in the hot 
film temperature. Indeed, he fails even to indicate precisely how 
such a sinusoidal variation may be induced—certainly it is not 
linked to the velocity appearing in the author’s thermal resistance 
R, since that velocity is defined as the ‘‘mean flow velocity.” 

The author’s equation (12) which he terms the frequency re- 
sponse equation is not actually the ratio of the change in sensed 
quantity (the velocity in this case) to the change in signal (the 
heat-transfer rate in this case) which one ordinarily calls the re 
sponse or sensitivity. Nevertheless, the author does not hesitate 
to compare the values obtained from this equation with the results 
of Lighthill* for the response of the heat-transfer rate to fluctua- 
tions in the stream velocity for a cylinder normal to the flow 
(hot wire probe). 

Clearly the only possible way to determine the dependence of 
the heat-transfer rate or the film temperature on fluctuations in 
the stream velocity, the sensing of which is the purpose of the hot 
film anemometer, is to perform an energy balance on the film, re- 
placing the mean velocity in the thermal resistance term by the 
instantaneous velocity which may be assumed to vary in some 
periodic way. From this the film temperature may be obtained 
as a function of the instantaneous velocity and the effects of fre- 
quency and amplitude of the velocity on the film temperature may 
be studied. 

Such an analysis leads to somewhat cumbersome mathemati- 
cal problems; it is hoped, however, that these remarks will 
focus attention on this rather interesting challenge. 


Author’s Closure 


Mr. Miller’s comment on the temperature-response, equation 
(12), is correct. The reason the equation is left in its present 
form is a matter of practical simplicity. Under conditions where 
the relationship between flow velocity and heat loss is taken to 
be locally linear, i.e., when the magnitude of fluctuating velocity 
is small compared to the mean flow velocity, equation (12) can 
be taken to represent the frequency response due to velocity 

In all anemometry work, the consideration of space resolution 
requires that the physical size of sensing element should be less 
than '/,> the wave length of the smallest eddies to be measured 
The frequency factor under this requirement, according to 
Lighthill,‘ is within the range whereby the external heat-transfer 
characteristic Ry can be taken to be independent of time. On 
the other hand, the hot-film technique can be applied as a unique 
experimental agency to verify the work of Lighthill. By means 
of servo control, the hot film can be maintained at a constant 
temperature. Thus, the thermal im- 
pedance Z, can be made infinitely large with respect to Rp and 


characteristic internal 


permit R,, now to be considered a function of time, to be 
measured. 

In reference to Professor Kline’s comment on the long term 
stability of hot-film in water, it may be added that, by using 
microfiltered water free of chlorine and similar halogens, excel- 
lent stable operation has been obtained. Successful stable opera- 
tion in sea water has also been achieved. This is accomplished 
by minimizing the leakage current in the electrolyte through re- 
duction of the area of electrodes which connect the film to the 
lead wires. Also, by keeping the potential gradient or the volt- 
age across the film within a safe level, the erosion of platinum 
film by chemical reaction with free halogens can be inhibited 
These modifications permit large scale turbulence measurements 
to be conducted in the ocean.® 


4M. J. Lighthill, ‘“‘Response of Laminar Skin Friction and Heat 
Transfer to Fluctuations in Stream Velocity,”’ Proceedings of the 
Royal Society (London), vol. 224, series A, June, 1954. 

‘HH. L. Grant, et al., “A Spectrum of Turbulence at Very High 
Reynolds Number,” Nature (London), vol. 184, September 12, 1959. 
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temperature is described 
sion wave to travel a known distance through the test medium 
velocity measurements are presented for normal hydrocarbons from C, to Cie for tem- 
peratures and pressures from 60 to 250 F and 0 to 5000 psig, respectively. 
of the hydrocarbons was also determined 


The method used measures the time required for an expan- 
The results of the sonic 


The density 


The absolute viscosity of the test compounds was determined by use of a rolling-ball 
viscometer for pressures from 0 to 6000 psig in the temperature range given 

Tabulated and graphical results are presented for adiabatic bulk modulus, density 
and absolute and kinematic viscosity for the range of hydrocarbons tested 


™ current investigation was motivated by prob- 
lems associated with fuel-injection systems in internal-combustion 
engines in which a minute volume of fuel is measured and injected 
into the combustion chamber at a predetermined time. The de- 
sign and operation of these systems depends upon the properties 
of the fuel used, particularly the bulk modulus, viscosity, and the 
specific gravity at the temperatures and pressures expected to 
exist within the fluid volume 
Present literature provides considerable data on the effect of 
temperature and pressure on the physical properties of mineral 
oils [1, 2, 3, 4].4. In addition, some effort has been expended in 
an attempt to provide accurate correlation relations for prediction 
of physical properties at high temperature and pressure from 
known data at approximately ambient conditions [5, 6, 7, 8, 9, 
10]. While these studies have provided information regarding 
the physical properties of numerous single and multicomponent 
liquid hydrocarbons, and have shown that some correlations may 
be available for prediction of properties at elevated temperatures 
and pressures, they have not provided the basic information 
necessary for accurate determination of the physical properties of 
homologous hydrocarbons at elevated temperature and pressure 
It is the purpose of the present investigation to provide data 
on the bulk modulus, viscosity, and specific gravity of straight- 
chain hydrocarbons, from C, to Cys, such that basic knowledge 
may be obtained with respect to the effect of molecular structure 
on the change in physical properties due to an increase in tem- 
perature and pressure. The C, to Cis group was chosen since 
fuels used in automotive engines will normally have an average 
composition in this range. Further investigation is proposed on 
other homologous hydrocarbon groups 
The hydrocarbons used in this investigation are listed in Table 
1 with the specific gravity at 60 F determined with the Westphal 
balance and the kinematic viscosity 100, 130, 


and 210 F determined with a Zeitfuchs capillary-tube viscometer 


in centistokes at 


The pure-grade hydrocarbon was 99 mol per cent minimum 


yurity and the technical grade 95 mol per cent minimum purity. 


Numbers in brackets designate References at end of paper. 

Contributed by the Fluids Mechanics Subcommittee of the Hy- 
draulic Division and presented at the Annual Meeting, Atlantic City, 
N. J., November 29-December 4, 1959, of Tae American Society 
oF MECHANICAL ENGINEERS 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, July 27, 
1959. Paper No. 59—A-169. 
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Table 1 

Specific 

gravity 

Grade 60 F 100 F 
Pure 0.6641 0.4220 
Pure 0.6884 0.5223 
Pure 0.7068 0.6380 0.5409 0.4037 
Pure 0.7341 1.0072 0.8430 0.5806 
Technical 0.7476 1.2031 0081 0.6667 
Pure 0.7590 1.8295 4289 0.8755 
Technical 0.7680 2.1962 6459 0.9950 
Pure 0.7765* 3.0890 2615 1.2510 


Kinematic viscosity, 
centistokes 
130 F 
0.3710 

0.4550 0.3393 


Hydrocarbon 210 F 
n-hexane 
n-heptane 
n-octane 
n-decane 
n-undecane 
n-tridecane 
n-tetradecane 
n-hexades ane 


> Subcooled. 


Bulk Modulus 


The adiabatic bulk modulus is expressed by relation 


B, = pe lb/ft? 
where 
density, lb sec*/ft* 


sonic velocity in the medium fps 


The sonic velocity ¢ of a rarefaction wave was measured in a 
closed system by recording the time interval for the primary 
pulse to travel a fixed distance under controlled conditions of pres- 
sure and temperature in the undisturbed liquid. The density of 
the liquid at the test pressure and temperature was determined 
from the known volume of the closed system and measurement of 
the mass required to establish the desired statepoint. 

The sonic velocity c of the pressure disturbance is influenced by 
the gx ometry of the system and the physical properties of the 
The extent of the 
velocity attenuation due to the distortion of the plane wave into a 
Pp irabolic wave form is expressed by the Helmholtz equation [ 11] 


= ()"T 


sonic velocity of the pressure disturbance in the medium 
corrected for attenuation fps 
internal radius of the tube, ft 


medium at the existing statepoint conditions. 


where 


absolute viscosity of the medium at existing statepoint 
conditions, lb sec /ft? 

2mc/2L frequency, cps 

L = tube length, ft 


A knowledge of the change of viscosity with statepoint conditions 


635 


SEPTEMBER 1960 























START 
g 


STOP 





Te 


Fig. 1 


is essential in order to correct the measured velocity c from the 


finite system to the system infinite in extent in which the plane 
wave is assumed to exist. 


Measurement of Sonic Velocity 


A schematic diagram of the equipment is shown in Fig. 1. A 
0.239-in-ID  thickwall steel tube, @ containing the 
medium under tests, is supported in a 2.5-in. iron pipe @) which 
served as a heating or cooling jacket. 


seamless 


The temperature of the 
fluid under test, regulated by cooling water or steam in the 
jacket, was measured by Cu-Co thermocouples @ 


touching 
the seamless steel tube. 


The pressure pulse in the tube from 
which the sonic velocity was determined was generated by the 
discharge of a small quantity of the fluid through a magnetic 
spray valve (3) mounted at the end of the tube. The magnetic 
valve was actuated by the discharge of condensers @ when a 
DPDT switch was snapped, from a 32-volt power source, to the 
valve circuit. The sudden opening and closing of the valve dis- 
charged a small quantity of the fluid from the system to the 
atmosphere with a resulting pressure drop and the generation of a 
rarefaction wave in the system. The mass of fuel discharged 
reduced the over-all equilibrium pressure in the system by ap- 
proximately 20 psi. The pressure disturbance was converted to 
an electrical signal by use of pressure transducers @ located a 
distance of 22.42 ft apart in the tube. The initial pulse at the 
valve end of the tube was used to trigger the start circuit of a 
Hewlett-Packard interval timer ®, the second transducer upon 
receiving this pulse triggered the stop circuit of the timer which 
then recorded the time interval in microseconds for the disturb- 
ance to travel 22.42 ft. A record of disturbance could be pi ‘ked 
up simultaneously on an internally triggered oscilloscope, Fig. 3 
The system was charged from the container @ through a three- 
way valve @ to a pipette © from which the volume and 
weight of the medium added to the system, and its density under 
the existing conditions, could be determined. The temperature 
of the charge entering the system was measured with a Cu-Co 
thermocouple @ before entering the Bosch fuel pump (@ 
To eliminate as much of the external system as possible from the 
tube subjected to the pressure pulse, a 


check valve @) was 


inserted between the pump and the tube. The pressure was indi- 
cated by a 0 to 6000-psi Heise gage with a least count of 10 psi 
The pressure gage and the line between it and the pulse tube was 
filled with mercury to reduce the volume of fluid with which the 
system was charged, thereby also reducing the error in the deter- 
mination of the density at the existing conditions. The valve 
end of the line and the recording instrumentation are shown in 
Fig. 2. 
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Experimental apparatus for determination of sonic velocity 
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Fig. 2. Instrumentation for the determination of sonic velocity 
A typical signal received by an oscilloscope from the transducer 
at the valve end of the line is shown in Fig. 3. The distance be- 
tween any two consecutive pulses on the trace represents the time 
interval required to traverse the line in two directions. Since 
the interval timer is triggered to start and stop by the signal re- 
ceived from the first pulse at the upstream and downstream trans- 
ducers, the time for the wave to travel the length of the line is not 
sub‘ect to the influence of any other disturbances. The influence 
of pressure drop in the system is not of concern since the initial 
wave front travels at the sonic velocity under initial-state-point 
conditions and is always traveling through the undisturbed 
medium. With the temperature adjusted to the desired value, 
and the maximum pressure in the system, readings were taken at 
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Fig. 3 Oscillograph of the pressure amplitude of a disturbance moving at sonic velocity 


in the liquid under pressure 
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Fig. 4 The influence of pressure on the sonic velocity of a pressure 
disturbance in n-decane 


The 


line length of 22.42 ft between pressure transducers divided by 


100-psi intervals from maximum pressure to 500 psi or less 


the reading of the interval timer in seconds gave the velocity of 
The 


presented in 


propagation of the pressure disturbance in the system 
results with the system charged with n-decane are 
Fig. 4 with temperature constant and pressure as the dependent 
variable. A cross plot of these values with temperature as the 


dependent variable is presented in Fig. 5. Similar tests were 
run on the other hydrocarbons, the results of which are given in 
Tables 2 to 7. 

The density of the several hydrocarbons at existing statepoint 
to the 


From these and the velocity 


conditions was determined and plotted similarly 
fand 5 


data the adiabatic bulk modulus was calculated. 


sonic 
velocity curves of Figs 
The variation 
of density with temperature and pressure for the range of hydro- 
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Fig. 5 The infivence of temperature on the sonic velocity of a pressure 
disturbance in n-decane 

carbons tested is prese nted in I ig. 6 The influence of the length 
of the carbon chain on the change of density with pressure and 
temperature ts ¢ 
at 50 F 


vident from the graph. The density of n-octane 


and atmospheric pressure, for example, is the same as 
However, at 


6000 psi the density of n-octane is 0.725 and that of n-tetra- 


n-tetradecane at 200 F and atmospheric pressure. 
decane 0.735. For the temperature range indicated in Fig. 6, the 
hydrocarbons tested fell on the zero pressure line for all tempera- 
tures. At pressure greater than atmospheric the change in 
density for n-hexadecane is a direct linear relationship horizon- 
tally across the pressure slopes. As the molecular weight of the 
hydrocarbon decreased, the deviation from the linear relationship 
increased. The deviation from the linear change with pressure 
for the several hydrocarbons is indicated on the graph with the 
corresponding temperature as subscript to the number of carbon 
atoms in the chain 

The adiabatic bulk modulus was calculated from the foregoing 
density and velocity determinations and is presented in Fig. 7. 

For the range of hydrocarbons investigated, the utility of the 
plots is limited as parameters for application to problems associ- 


ated with hydraulic systems by the freezing and boiling points of 
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Influence of pressure, temperature, and compressibility on the density of normal paraffin hydrocarbons 
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Fig. 7 Adiabatic bulk modulus of normal paraffin hydrocarbons 


the medium under consideration. Within these limits the ac- 
curacy of the results is within +2 per cent. Check points and 
successive readings from the associated instruments deviated less 
than 1 per cent. The lowest accuracy lies in the evaluation of 
the density as a function of the pressure, the correlation of which 
with"pressure and temperature is dependent on the calibration of 
the system volume based on random values of the density of pure 
hydrocarbons obtained from several sources in the literature. 
The deviation from the mean does not appear to be greater than 
+2 per cent. The use of a large tube, 0.239 ID, eliminated the 
requirement of corrections for attenuation of the velocity of the 
pressure waves except in the case of n-hexadecane where the maxi- 
mum reduction in the sonic velocity in the tube relative to the 
velocity in a medium infinite in extent was less than 1.5 per cent. 


Measurement of Viscosity Under Pressure 
The viscosity of the hydrocarbons at temperatures from 60 to 
250 F and pressures from 500 to 6000 psi was determined with a 
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Cimco (Coleman Instrument and Manufacturing Company 
rolling-ball viscometer, Figs. 8 and 9. The viscometer consists 
of a pivoted pressure chamber which supports a precision-bore 
monel tube 0.64285 in. ID in which the roll time of a steel ball of 
known diameter is the basic variable in the measurement of the 
viscosity. The ends of the tube and the pressure chamber are 
sealed with plugs containing electromagnets which when energized 
hold the ball in the end position while the tube is inclined to a 
When the 
central switch on the operating panel, Fig. 9, is moved to the run 
position the upper magnet is de-energized, the ball is free to roll, 
and the timer is started. When the ball has completed its roll of 
the length of the tube and contacts the second electromagnet, the 
timer is stopped, establishing the roll time for the set conditions. 
The pressure chamber may be set in any one of five positions from 
an angle of 10 to 60 deg, the positions being so chosen that each 
increase in angular setting will increase the roll time by 50 per 
cent for a fixed set of conditions. 


specific position and the timer is set to zero reading. 


The temperature of the pres- 
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sure chamber is controlled by fin strip heaters and a blower, Fig. 
8. The temperature of the charge is determined with Cu-Co 
thermocouples installed within the pressure chamber. A mag- 
netic pump, Fig. 8, may be used to circulate the fluid through the 
system, however, the pressure chamber is isolated from the 
pump circuit by a swivel valve between the pump and the tube 
when a run is in progress. 

The basic relation used to determine the absolute viscosity of 
the medium at fixed temperature and pressure is 


b= ByKo(p, p,)t centipoise (3) 
where 
p, and p, are the densities of the steel ball and the medium at test 


temperature and pressure, respectively 


Table 2 
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= time in minutes for the ball to roll the length of the 
tube 


Ko is a calibration constant for the viscometer at 75 F, a func- 
tion of the geometry of the system, i.e., tube length, angle of 
inclination, and diametral clearance between the ball and the 
tube. This constant was determined with dry air in the viscom- 
eter for which the properties at pressure and temperature are well 
established. Further checks were made against the viscosity of 
the hydrocarbons tested at atmospheric pressure in the capillary- 
tube viscometer. The values so determined were recorded in 
chart form with diametral clearance between the ball and the 
tube versus the value of Ky for the five angles of tube inclination 


Table 4 


DECANE 


Pressure Temperature 
Psig °F 

60 

10€ 

150 


on 


Table 5 
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Fig. 8 Cimco viscometer and circulating pump 


Table 6 


n-TRIDECANE C,, 


Absolute 
Viscosity 


Kinematic 
Viscosity 


Adiabati 
Bulk Modulu 
cs Psi 
2.71 184, 
1. 829 P 161, 786 
1.231 135 
0.913 


2. 90 


By, is the temperature-correction factor for Kg, accounting for 
the change in tube length and diametral clearance with tempera- 
ture 


dD, 


2.34 (diute — drat C disbe AT (4 


where 


d the mean thermal expansivity between 75 F and T deg 
F 
D, = the ball diameter at 75 F 
C the diametral clearance between ball and tube at 75 F 


AT = (T deg F — 75 F) 
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Table 7 


The absolute viscosity w and the kinematic viscosity »y = p/p 
of several hydrocarbons covering the range of those tested are 
reported in Tables 2 to 7 and plotted to logarithmic scales in 
Figs. 
gated. 

The viscosity measurements could be determined on repeated 


10 and 11 for the pressure and temperature range investi- 


runs within +1 per cent. The limitation of the use of the re- 
ported results in Figs. 10 and 11 are in the range approaching the 
boiling and the freezing points where the accuracy of the values 
determined from these charts may deviate from the mean by 
+7 per cent due to the nonlinearity of the logarithmic plots of 
the viscosities with temperature in this region. In the normal 
fluid region the accuracy of the results is dependent upon the 
density determinations which are estimated to be within +2 per 
cent 

The observed decay of the pressure pulse, Fig. 3, as it traveled 
the length of the tube suggests a means of determining the vis- 
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Fig. 9 Cimco viscometer contro! pane! 
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Fig. 10 Absolute viscosity of normal paraffin hydrocarbons 


cosity of the medium from an analysis of the wave attenuation 
An analysis shows that attenuation of the wave strength is due to 
the growth of a boundary layer behind the propagating disturb- 
ance, and further that the magnitude of the attenuation changes 
in relation to the existing laminar, or turbulent, motion in the 
boundary layer. While the analysis of the data did not lend it- 
self to accurate computation of viscosity, it did reveal the func- 
tional dependence of attenuation on viscosity and thus a correla- 
tion of attenuation-viscosity information. Thus it appears 
feasible to correlate wave-attenuation measurements and estab- 
lish viscosities at elevated temperatures and pressures by calibra- 
tion of the facilities with a medium for which these properties are 
known. While this approach should 


it was not possible to correlate wave-strength attenuation during 


yield accurate results 


this investigation due to nonlinear magnitude response of the 


pressure transducers 
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Conclusions 

The apparatus described for the measurement of the sonic 
velocity of a pressure disturbance in a medium under pressure is 
The 


pressure disturbance generating the pulses to trigger the timing 


simple and yields results in a minimum expenditure of time. 


device is similar to the phenomenon encountered in hydraulic sys- 
tems. The range of pressures and the temperatures chosen for 
the investigation are those found in many automatic control sys- 
tems. The correlation of the results over this range are presented 
in graphical form for ready reference for specific values or param- 
eters as required for engineering calculations 

The current investigation was limited to normal straight-chain 
hydrocarbons A continuation of the investigation with 
branched-chain hydrocarbons of homologous groups, and cyclic 
structure, would yield a family of charts usable for estimating the 


reported properties for mixed hydrocarbon groups with sufficient 
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accuracy for preliminary engineering calculations of hydraulic 
sVvstems 

The decrease in the height of successive pressure amplitudes of 
the disturbance generated by the pressure pulse shows promise 
of a method of determining the viscosity of the fluid in the system 
concurrently with the determination of the sonic velocity 
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DISCUSSION 
A. S. Levens? 


The graphical representation of the relationships among the 
variables—carbon atoms, temperature, pressure, and adiabatic 


bulk modulus—as shown in Fig. 7 is quite good for the specific 
values of temperature and pressure If it were desired to use 
smaller intervals of deg F and psig, there would be a crowding of 
curves 


An alternative method for presenting the rel itionship among 


the variables is shown in the nomogram, Fig. 12 he design of 
Professor of Mechanical Engineering 


g Universit 
Berkeley, Calif 


of Cahtornia 


the nomogram was based upon the fundamental principles* 
employed in making a transformation of families of data curves 
to nomographic alignment charts. Interpolation of the values 
7 “Adiabatic Bulk Modulus’ 


is greatly enhanced by the use of the graduated scales shown in 


between the various curves of Fig 


the nomogram In addition the interrelationships among the 


variables are more apparent in Fig. 12 than in Fig. 7 
In a similar manner Figs 
10 “Absolute 


ol the paper The 


13 and 14 were designed as alterna- 
Viscosity,’ and 11 “Kinematic Vis- 


idvantages of the presentations in the 


tives to Figs 
cosity 
nomographic-alignment chart form are fairly evident 
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Fig. 12 Adiabatic bulk modulus of normal paraffin hydrocarbons 





Fig. 13 Absolute viscosity of normal paraffin hydrocarbons 
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Fig. 14 Kinematic viscosity of normal paraffin hydrocarbons 


Authors’ Closure tions at the pressure and temperature of interest and involve 

less chance of error when the result is desired at some intermediate 

The authors wish to acknowledge the interest taken by Prof. pressure or temperature not plotted in the graphical scheme pre- 

A. S. Levens in providing a nomographic presentation of the sented by the authors. The charts are considered a valuable 
results. The nomographs allow rapid and accurate determina- addition to the use of the results in engineering computations. 
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PWR Core 2 Design, Bettis Atomic Power 
Division,' Westinghouse Electric Corporation, 
Pittsburgh, Pa. 


Introduction 


q PWR, a water-moderated and cooled nuclear re- 
actor for power generation, fuel elements are contained within 
assemblies, and the assemblies are arranged such that they create 
many individual closed parallel flow paths between plenum cham- 
bers of a containing pressure vessel. The power distribution 


across the PWR core, which consists of fuel assemblies 


(145 and 97 for the first and second PWR cores, respectively) is 


many 


uneven and, to utilize the available coolant flow efficiently, the 
flow rate to individual] assemblies is apportioned according to their 
power generation. Because of the design and the flow character- 
istics of the assemblies, to achieve the desired distribution of flow, 
resistance must be added to certain assemblies. In some cases 
the flow resistance which must be added is very high, in excess of 
90 ft of water (525 F and 2000 psiau The high unrecovered loss 
of pressure head imposed by a single-hole sharp-edge orifice ap- 


However, at the PWR de- 
sign flow rates, efforts to achieve the required pressure loss with a 


peared attractive for this application 


single-hole sharp-edge orifice results in excessively high water 
velocities, which imposed severe erosion and flow distribution 
problems. To alleviate the flow distribution problems, multi- 
hole orifices were considered, which led to multihole orifices in 
series, in which the holes of successive plates are misaligned to in- 
crease the flow resistance at a relatively low water velocity. Fig. 1 
shows the flow resistance scheme employed in the fuel assemblies 
of the first PWR core. 

With this scheme, however, the resistance to flow is fixed and 
can only be changed by inserting a new unit with a different hole 
size. Because the power distribution across the core varies dur- 
ing core life, a considerable improvement in performance could be 
realized if the flow distribution to the fuel assemblies of the core 
A method of 
achieving the desired variation in flow resistance without chang- 
ing orifice units is being considered for the second PWR core. 
This method is the use of multihole orifices, as shown in Fig. 1, 


could be varied relative to the power variation. 


modified to provide means by which alternate plates can be ro- 
tated to change the hole alignment of successive plates, thus 
changing the resistance to flow. 

The flow resistance scheme tested, for which data are presented 
It consists of three sharp 
multihole or multislot orifice plates in series in which the center 
plate can be rotated to give the desired misalignment of openings 
in the plates. 


in this paper, is shown in Figs. 2 and 3. 


The conduit in which the orifices are positioned is 


! Operated for the U. 8S. Atomic Energy Commission by Westing- 
house Electric Corporation, 

Contributed by the Hydraulic Division and presented at the 
Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of Taz American Society OF MecHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be un- 
derstood as individual expressions of their authors and not those of the 
Society. Manuscript received at ASME Headquarters, July 26, 
1959. Paper No. 59—A-182. 
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Variable Flow Resistance With Adjustable 
Multihole Orifice Plates in Series 


a circular annulus and, in the case of the multihole plates, the 
range of orifice to annulus flow area ratio chosen for test was be- 
tween 0.09 and 0.40. This range of area ratio was selected be- 
cause it included the orifice flow area which would give an allowa- 
ble water velocity through the orifices at the required flow rates. 
For the PWR design, in order to avoid these high velocities 
(>50 ft/sec), a minimum area ratio of approximately 0.25 was se- 
lected. For the multislot design, area ratios below 0.25 were not 
studied. The plates tested were 0.1875 in. thick and two spac- 
ings between plates (0.160 and 0.347 in.) were tested. The di 
mensions of the plates are shown in Figs. 6 and 7. The 0.160 
in. spacing was the desired spacing for the intended application, 
and the 0.347 in. spacing was the maximum which could be ob- 
tained with the design setup. 

The tests were run in a low temperature, low pressure water 
flow loop at flow rates sufficiently high that the Reynolds number 
for flow through the orifices was well above the region where vis- 
cous forces become negligible and the flow resistance coefficient re- 
mains essentially constant with increasing Reynolds number. In 
addition to tests with three orifice plates in series, flow character- 
istics of two plates in series and of a single orifice plate were de- 
termined. For the three and two plates in series, the range of 
flow resistance was determined for the condition where all pene- 
trations are aligned to the condition of maximum misalignment 


Summary and Conclusions 


Tests performed on the multihole and multislot orifices in ser- 
ies showed that a considerable range of flow resistance could be 
obtained when the alignment of penetrations is varied. For the 
area ratio (0.221) tested which gave the largest resistance to flow 
in the case of the multihole orifices, the results showed a range of 
pressure loss coefficient of about 1 to 6 when the holes are varied 
from the in-line to the maximum misaligned condition. In the 
case of the multislots with an area ratio of 0.267, the range in 
pressure loss coefficient was about 1 to 4. These loss coefficients 
are based on the velocity through the orifices. For the multihole 
geometry tested, the rate of increase in flow resistance with in- 
crease in hole misalignment was very high, occurring for this de- 
sign over a 15-deg angular rotation of the center of the three 
plates. This made the accuracy of plate positioning very impor- 
tant because of the sensitivity. This high sensitivity was not 
desirable for the intended application. It was desirable to 
increase the angular rotation of the center plate to achieve the in- 
crease in flow resistance, that is, to reduce the sensitivity of flow 
resistance with angular position of the center plate. To spread out 
the increase in flow resistance with angular rotation using the 
multihole configuration is not feasible; therefore consideration 
was given to narrow slots. Employing slots rather than circular 
holes allowed greater freedom in the selection of the range of 
angular rotation to go from the minimum to maximum flow re- 
sistance. The flow resistance coefficient variation of 1.0 to 4.0 
stated in the foregoing occurred linearly over an angular rotation 
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of the center plate of 30 deg. For this reason, in the PWR, where END CAP SUPPORT SPIDER 
the variable flow resistance scheme is being considered, the multi- ; 
slot plate design has a definite advantage. 


Test Setup and Loop Description 


Figs. 4 and 5 show a schematic and photograph of the loop that 
was used in these studies. In the test section of the loop, two 4- 
in. ID parallel legs, in addition to the 10-in. ID main piping, is 
provided. This permits considerable flexibility in setting up and 


HOUSING —————__—___-} 


ADJUSTABLE , = ° STATIONARY 





running several tests. As shown in the sketch, the variable re- ORIFICE PLATE £ ORIFICE PLATES 
sistance orifice test unit was placed in the outside leg of the loop : 
test section. The outside leg, and also the inside leg, contains a 
flow regulating valve and flowmeter (orifice). During testing, the 
valves in the inside leg and main piping are closed, so that all the 
loop flow was through the test unit. This allowed the measure- 
ment of the flow rate by an orifice in the 4-in. ID line, and also by 


ANGULAR J} - 
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Fig. 2 Variable pressure drop orifice test unit (right) ~ END CAP 
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an orifice in the 12-in. ID main piping. This gave a continuous 
check on the measurement of flow. In addition, an orifice in the 
inside leg of the test section was calibrated by the weighing 
technique and was used periodically to check the other two ori- 
fices in the loop. The temperature of the loop was controlled by 
regulating the flow rate through the surge tank near the inlet to 
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Fig. 4 Test loop schematic 














the pump. To measure the pressure differential across the test 
unit and flowmeters, 100-in. well-type Meriam manometers were 
used. 

The test unit shown in Fig. 2 consists of three orifice plates 
(0.1875 in. thick), two stationary and one adjustable; a housing 
which also acts as a flow conduit; end caps which join the main 
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piping of the 4-in. leg; a support spider to give axial support with 
the housing; and a guide pin and angular adjustment points to 
provide a positioning device for the adjustable orifice plate. For 
the plates with round holes, angular positions 0, 7!/2, 15, and 22'/2 
deg were used. Zero degrees in this case is the configuration 
where all holes are aligned. For the angular slots, the range was 
extended to 30 deg, making five instead of four positions, as used 
with plates having round holes. 
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For each position, three test runs were made. The manome- 
ters were bled and the zero was checked before and after each 
run. For each run, readings were taken at intervals from a low 
flow rate to a rate at which the capacity of the 100-in. mercury dif- 
ferential manometers was reached. 

The pressure loss coefficients for each position, presented in this 
report, are the average of the three runs and are based on the ve- 
locity through the test unit orifices. 
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Discussion of Results 


The flow resistance coefficients were obtained from the test 
data by the following procedure. The equation relating velocity 
head, pressure differential, and pressure loss coefficient is: 


KV," AP 2 
AP = or K = g 


29 Vv. 
Using the standard orifice equation, 
ViA, = CpAi V2 gh, 


and from continuity, 
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VARIABLE RESISTANCE ORIFICE 
ONE MULTIHOLE PLATE 
NO OF HOLES = 24 





The Reynolds number was determined from the following: 


D,Vop 
m 


Re = 


From the calculation of flow resistance coefficient 


A 
V, = co( ‘) v/ 2 gh 
Ao 


Re = C: Vh 


where 


Fig. 7 Position and blockage multislot orifices in series AP = pressure differential across test unit 
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Curve 6 
flow resistance coefficient 
velocity through multipenetration orifices 
flow area of multipene tration orifices 
velocity through flowmetering orifice in 4-in. line 
flow area of flowmetering orifice in 4-in. line 
pressure differential across flowmetering orifice 
discharge coefficient of flowmetering orifice 
acceleration of gravity 
equivalent diameter of multipenetration orifices 
p density 
= Viscosity 


Curves 1 through 4 give the results of tests using three and tw 
spacings 
In general, the resistance coefficient increases for the first 
third 
resistance coefficient did not 
The 


sketch shows the view seen by looking normal to the three plates 


multihole plates in series for two different between 


plates 
Jetween the 


three angular positions of the center pl ile 


ind fourth positions, however, the 


change appreciably. This can be explained by Fig. 6 
and therefore the 
holes are shown clear. With the center plate in the 7! 
deg the shaded portion shows the blockage 


caused by the misalignment of the center plate 


In the zero-ce gree position, ill holes are iligne d 
+, 15, and 
a position, 
It can be seen 
that the blockage increases considerably when the center plate 
is rotated from the 0 to 15 deg position ; however, between the 15 
ind 22'/, deg positions, the change in blockage is not significant 
For this reason, there is a relatively small change in the resistance 
coefficient between the 15 and 22! 


, deg positions Also, because 
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that portion of the curve has been indicated with a 
broken line 

Curve 5 gives the results for one orifice plate with three differ- 
ent area ratios 4s shown by the curve, the area ratio at which 
the maximum resistance occurs was covered by the test 
the loss coefficient is larger for 


Generally a single plate than for 


three or two closely spac ed plate s with all holes aligned Closely 
rt tubes, which exhibit a lower loss 
It is 


t for a single multihole 


spaced pl ites are similar to sh« 
coefficient than a sharp edge orifice of the same area ratio 
ilso believed that the drop in coefficien 
plate at the lower area ratios, as shown in Curve 5, is also due to 
the flow characteristics be ing similar to a short tube. This is true 
because, at the smaller hole sizes, the thickness of the plate is Sig- 
nificant, and therefore the plate departs from a sharp edge thin 
plate orifice to something Approac hing a short tube 

Because of the rapid change in flow resistance with small angu- 
lar rotation of the center multihole plate, and because of the in- 
effectiveness of the last 7'/, deg rotation from 15 to 22'/, deg, this 
The « bjec tive 


was to obtain a uniform or linear resistance variation with mis- 


type of multipenetration plate was not desirable 


alignment of penetrations and to have the 
These multislot 
Curves 6 to 9 give the results for the multislot design 


range occur over a 


larger angle objectives led to the design 


As can 
be seen in the curves, the resistance coefficient varies linearly with 
angular position of the center plate and the range of angular ro- 


tation was extended to 30 deg. Fig. 7, which is similar to Fig. 6 
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for the multihole plates, shows the linear increase in blockage 
with angular misalignment, and therefore explains the linearity of 
the resistance coefficient with angular misalignment 

Curves 10, 11, and 12 show typical Reynolds number versus 
flow resistance coefficient curves for the one, two, and three plates 
in series. In the case of the three and two plates, the adjustable 
plate is in the zero position, i.e The curves are 
presented to show that the coefficient is constant in the range of 


, all holes aligned 
teynolds number tested. Similar curves for the remaining con- 
ditions are not presented because of their unimportance and be- 
cause of the large number of curves that would be required. 
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Tables 1 and 2 present the test data in tabular form 
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Cycle-Dependent Stress Relaxation 
of A-286 Alloy 


When an axial fatigue specimen is subjected to repeated strain cycling about a fixed 
mean strain value, the mean stress decreases with the number of strain cycles 
explore this type of material behavior, tubular fatigue specimens of A-286 alloy have 


To 


been axially tested under conditions of controlled strain, and the cycle-dependent 


relaxation of mean stress measured 
It was found that, in the case of A-286 alloy, most of 


also reported 


Fatigue data for five initial mean stresses are 


the relaxation 


occurred early in the fatigue life, especially during the first ten cycles 


= A MATERIAL is repeatedly subjected to an 
alternating strain cycle about a fixed mean strain, the stress will 
tend to decrease. This has been called cycle-dependent relax- 
ation of mean stress. 

The experimental and analytical work done by Morrow and 
Sinclair [1]? on SAE 4340 steel showed that the amount of cycle- 
dependent relaxation depends on the loading conditions and hard- 
ness of the material. ‘To further explore this phenomenon with 
respect to differences in material, the following program was 
carried out on A-286 alloy, a metal with somewhat different 
stress-strain properties from that used in the previous investiga- 
tion. 


Experimental Investigation 

Tubular specimens shown in Fig. 1 were initially strained to 
a given mean value é) about which a constant amplitude of 
strain €, was cyclically applied. The mean stress oy was meas- 
ured as a function of the number of cycles N. 

The specimen dimensions, apparatus, and test procedure were 
the same as used in Reference [1]. Details will be found in the 
Appendix. 

Initial Mean Stress 0». 
mens (approximately eight specimens per set) were loaded at 


Variables Investigated. Five sets of speci- 
initial mean stresses ranging from 60,000 psi in compression to 
80,000 psi in tension. 

Amplitude of Alternating Strain €,. 
made to a fictitious stress amplitude o 


In this paper, reference will be 
a a8 well as the strain 
amplitude €,. It should be kept in mind that o, = €,E. 


Each specimen of the five sets was cycled at a different ampli- 
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Applied Mechanics, University of Illinois. 

* Numbers in brackets designate References at end of paper. 
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Nomenclature 


tude of alternating strain. This amplitude was chosen to be 
wide enough to encompass the fatigue limits of all the sets and 
to obtain a wide range of relaxation data. 

Experimental Results. The results obtained can be separated 
into three main categories—stress-strain data, fatigue data, and 
relaxation-of-mean-stress data. 

Stress-Strain Diagram. The log of the maximum stress was plotted 
versus the log of the plastic strain which occurred on the first 
The best 


straight line was placed through the plot by the method of least 


cycle for all tests conducted with a tensile mean stress. 
squares. Adding the average plastic strain to the elastic strain 
for various maximum stresses, it was possible to construct the 
stress-strain curve shown in Fig. 2 which represents the aver- 
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eries 0.400°R 


0.3210 
rpaarerernae spqrnnagnnane 
LLL a 0 
a: —- = Drill, ream @ hone 
te 0.26)" 


Fig. 1 Critical dimensions of test specimen 
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Fig. 2 Stress-strain diagram 





= elastic modulus of the material 
(taken as 30 10° psi) 
= number of load repetitions - 


loading 


€ = total unit strain 
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plastic strain remaining after 
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€, = plastic strain accumulated on 


loading 
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= plastic strain given up on un- 


= alternating strain - 
= initial mean strain 
= unit stress 

= alternating stress 


stress in a cycle of fatigue load- K, n, b 


ing with the largest absolute 
magnitude 
initial mean stress 


= mean stress at the end of one 


cycle 


On mean stress at NV cycles 
= €,f o;, Ki, = empirically determined con- 


stants 
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age stress-strain behavior of all specimens for the first quarter 
cycle. 
Reloxction Data. 
mean stress remaining at N cycles are given in Fig. 3 
Fatigue Data. 
to fracture for each set of specimens are shown in Fig. 4 


Summary plots of the fraction of the initial 


Plots of stress amplitude versus number of cycles 
The 
indicated stress amplitude is actually the strain amplitude multi- 
plied by the modulus of elasticity. These S-N diagrams differ 
from convention in that the mean stress may change during 
fatigue loading 

Horizontal lines on each of the S-N diagrams were in some 
cases established on the basis of only one runout specimen; there- 
fore these estimates of the fatigue limit might be in error by as 
much as +5000 psi. A found 
fatigue limit and the initial mean stress and is plotted in Fig. 5. 


consistent trend was between 


Analysis and Discussion 


rhe following is an analysis and discussion of trends observed 
from mean-stress-relaxation and fatigue data. 

Discussion of Mean Stress Relaxation. For A-286 the major por- 
tion of the total relaxation occurred during the first cycle. Re- 
laxation during cycles, subsequent to the first, generally repre- 
sented only a small per cent of the total. Furthermore, except 
for specimens tested at stress amplitudes above 80,000 psi, the 
decrease in mean stress after 100 cycles was almost negligible. 

Within the range of strain amplitudes at which specimens were 
tested in this investigation the amount of first-cycle relaxation 
increased with an increase in both initial mean stress and strain 
amplitude. 
for the same 


As can be seen by comparing Figs. 3(b and d 
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alternating stress, the relaxation of compressive mean stress was 
This was probably 
due to a difference in the shape of the static stress-strain curve 


less than for the same tensile mean stress. 


for tension and compression 

Analysis of Mean Stress Relaxation. It was found that the equa- 
tions developed by Morrow and Sinclair [1] which described the 
cycle-dependent relaxation of mean stress for SAE 4340 steel were 
not directly applicable to A-286. Two of their assumptions 
which did not agree with the observed behavior of A-286 are: 

1 “If the vield strength is exceeded, the strain is assumed to 
increase without addition of stress (flat-top stress-strain relation- 
ship 

2 “On unloading to zero stress from either maximum or mini- 
mum stress, the stress-strain response is considered to be linear 
following a line parallel to the elastic-modulus line.’ 

A-286 deviated from the 
type behavior in the first assumption by a significant amount. 


Static stress-strain data showed that 


That is, within the range of application, stress continued to in- 
Also, 
it was found that A-286 did not unload linearly but in a nonlinear 


crease with added strain at a gradually decreasing rate. 
manner dependent on the maximum strain from which it was 
unloaded. 

First-Cycle Relaxation of Mean Stress. 
laxation of mean stress as a result of the first strain cycle is given 


4 schematic illustration of re- 
in Fig. 6. From this figure the first-cycle relaxation of mean 


stress can be related to the plastic strain €, remaining after com- 
pletion of the first cycle, since €,Z is the decrease in mean stress 
for the first cycle. Since €, is the difference between plastic 
strain occurring on loading €, and that given up on unloading 
€., the following equation expresses the mean stress after one cy- 


cle, in terms of plastic strains 
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oO; = % — (€,-—€)E 


From analysis of first-cycle relaxation data it was determined 
that €, was directly proportional to €, and dependent on the alter- 
nating stress amplitude o, as follows: 


Oo 
é; CO; 


[t was found that the constants o, and n had the values 
140,000 psi and 2.72, respectively. 

Expressions for €, and €, can be found in terms of 01, 90, @,4; 
and ¢,, from inspection of Fig. 6 as follows: 
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Then, substituting from Equation (1), 
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o,=(¢,-¢,)\,1- + 
o% 


we have, in dimensionless form, the following equation: 


0; -—7¢ a a 
| S 1 =- (5) 

Oo To a 0 
As stated before, n = 2.72 and o, = 140,000 psi. Maximum 
stress reached on loading, ¢,,, can be found from the average 
, 


stress-strain diagram (see Fig. 2) knowing the mean strain and 


The expression for this stress-strain dia- 


g ( o \'t 
Eg K 


The value for K was taken as 164,000 
and 177,000 psi for tensile and compressive mean stress, respec- 


amplitude of strain. 
gram is 


where ¢€ is the total strain 


tively, 
A plot of Equation | 


points are 


5) is given in Fig.7. Sample experimental 


also shown These curves indicate that there is a 
stress amplitude which gives the maximum mean stress relax- 
ation for A-286. This optimum value is dependent on the initial 
mean stress. The equation also indicates that there is one value 
of stress amplitude (€,£ = 140,000 psi), above the optimum, for 
which there is no decrease in mean stress in the first cycle re- 
gardless of the initial mean stress value 


Nth Cycle Relaxation of Meon Stress. Companion tests, using solid 
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A-286 
steel changes considerably for cycles subsequent to the first 
This change is illustrated in Fig. 8. 


specimens have shown that the stress-strain relation for 


Because of the complex 
cyclic stress-strain behavior of this metal it was impractical to 
develop analytical expressions to describe relaxation of mean 
stress as a function of the number of cycles. 

Also it was found that the amount of relaxation occurring after 
the first cycle was relatively small except when the specimen was 
The following empirical 
expression described the mean stress relaxation well: 


o o g 4 
So ne * log N (6 
Oy oO K, 


This equation is in a form similar to the simplified expression 
given by Morrow and Sinclair for Nth cycle relaxation. The 
constants in Equation (6) as determined from a plot of log o, 


subjected to high alternating strains 


against the log of the approximate slope of the relaxation curves 
are: b = 3.2 and K,; = 230,000 psi. Relaxation of mean stress 
curves as computed from Equations (5) and (6) are given in 
Fig. 9 for o = +60,000 psi. Representative experimental 
data from Fig. 3(b) are also shown for comparison. 

Discussion of Fatigue Properties. The effect of mean stress on the 
fatigue limit of A-286 followed the same trend that previous in- 
vestigations have shown [3]. An increase in the initial tensile 
mean stress resulted in a decrease of the fatigue limit (see Fig. 5). 
It must be kept in mind that the stress is not constant through- 
out the life of the specimens, but is somewhat less than the initial 
value. For specimens tested at the fatigue limit the relaxation 
of mean stress was never larger than approximately 25 per cent. 

At low amplitudes of alternating strain, tensile mean stress 
decreased the fatigue life but it had little effect at high ampli- 
tudes due to the large relaxation of the initial mean stress. 
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Summary and Conclusions 

Approximately fifty A-286 specimens were studied in axial 
fatigue to determine the effect of cyclic straining on the relax- 
ation of mean stress. Three sets of specimens with tensile mean 
stress, one set with compressive mean stress, and one with zero 
mean were studied. For each of the mean stress conditions, the 
specimens were subjected to various alternating strains of con- 
stant amplitude while the mean strain was held constant. 

Under these conditions the mean stress was found to decrease 
due to accumulated inelastic strain. The amount and rate at 
which the mean stress decreased was dependent on the initial 
mean stress and the amplitude of the applied alternating strain. 

Expressions previously [1] to describe cycle- 
dependent relaxation in SAE 4340 steel did not give good esti- 
mates of the measured relaxation when applied to A-286. It 
was found that the difference in behavior of these two metals 
was due to the difference in the shape of the stress-strain rela- 
tionships and due to changes in the stress-strain curves during 
testing. 


developed 


Conclusions which seem warranted on the basis of the analysis 
and data in this paper are: 


1 First cycle relaxation of mean stress was found to account 
for a large portion of the relaxation which occurred in A-286. 

2 The analysis presented describes quantitatively the 
cycle-dependent stress relaxation of A-286 measured in this 
investigation. 

3 The fatigue limit was lowered by tensile mean stress and 
raised by compressive mean stress as shown in Fig. 5. 

4 Due to relaxation of mean stress, the fatigue life at high 
amplitudes of alternating strain was affected only slightly by 
the magnitude of the initial mean stress. 
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APPENDIX 
Material, Specimens, Apparatus, and Test Procedure 


The material used in this investigation was A-286 heat and 
corrosion-resistant alloy, precipitation hardened to Rockwell 
hardness C 25. The approximate ultimate strength of this ma- 
terial was found to be 153,000 psi. Its composition in per cent 
was: Ni, 26.00; Mo, 1.25; C, 0.05; Cr, 15.00; Ti, 2.00; Si, 
0.50; Va, 0.30; Mn, 1.35; Fe, balance. 

Specimens. 
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Critical dimensions of the specimens are given in 
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Fig. 1. Machining of the tubular specimen was critical because 
thickness of the test section had to be uniform. After drilling 
the hole it was honed to fit a mandrel. The use of a mandrel 
for turning operations insured concentricity of the hole in rela- 
tion to the outside surface. The outside of the test section was 
mechanically polished with successively finer grades of oxide 
cloth and polishing paper (grade Nos. 240, 1, and 00). Scratches 
resulting from the final polishing were oriented nearly parallel 
to the axis of the specimen by controlling the relative direction 
and velocity between the paper and specimen while polishing 
The inside of the test section was again rough honed until all tool 
marks were taken out, and then honed to a high polish. 

After fabrication the specimens were stress-relief annealed for 
one hour in a vacuum at 900 F in order to minimize residual 
stresses due to machining. 

Apparatus and Test Procedure. An axial-load 
was used. 


fatigue machine 
It was a modification of that described by Findley 
[2]. This machine is a constant amplitude of deflection type, 
with a capacity of about 3000 lb. 

Load was measured with a ring-dynamometer electzically 
The 
gages were arranged in a four-arm external bridge giving com- 
plete temperature compensation. 

A clip extensometer was used for the strain pickup. Its sens- 
ing elements were two heat-treated steel loops with SR-4 strain 
gages mounted on them as on the load cell, utilizing the same 
type of bridge circuit. 

Zero readings were taken before and after each test as a check 


instrumented with four SR-4 wire-resistance strain gages. 


on the load cell and extensometer gages, and readings of a stand- 
ard bridge circuit were made to check for drift in the strain indi- 
cator. 

The general procedure followed for all tests was: 


1 The specimen was placed in the machine and axially 
aligned through the use of a distortion detector reported by 
Findley [2] 

2 Zero load readings for the extensometer and load cell were 
recorded. 

3 To find the extensometer readings corresponding to the 
desired strain range, the specimen was cyclically loaded in the 
elastic region about zero mean stress. In this way the extensom- 
eter was calibrated for each test from the maximum and mini- 
mum loads, area of the specimens, and modulus of elasticity. 

t After the range of strain was established, the desired initial 
mean stress was applied. 

5 The first ten cycles of strain were applied by hand. Read- 
ings of mean stress were taken after each of the first five cycles 
and after the tenth. 

6 After the tenth cycle the eccentric was adjusted so that, 
with the machine turned on, the desired condition of mean strain 
and amplitude of strain were obtained 

7 The motor drive, which revolved at 1200 rpm, was then 
turned on. Subsequent readings and adjustment to the initial 
mean strain were made when necessary by stopping the machine 
periodically throughout the remainder of the test. 

8 Hysteresis heating was noted in some specimens for high 
amplitudes of alternating strain. Two attempts were made to 
reduce this heating—cooling the specimens with air blowers, 
intermittent loading of the specimen. In 
heating the data were omitted. 
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This paper tackles an important interesting problem in exem- 
plary manner. The writer was especially pleased by the clear 
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emphasis on cyclic strain and on initial mean stress rather than 
cyclic stress and maintained mean stress. These conditions apply 
to many important practical problems, such as bolts and notches. 

To help him digest the data of the paper, the writer has 
sketched a diagram which contains many of them and which 
suggests certain laws applicable to this material. This diagram 
(Fig. 10) is perhaps crude, but it helps visualize what goes on and 
gives a quick over-all picture of the behavior of this material 
It would be interesting to compare other materials in similar 
manner. 

Data are plotted in terms of alternating strain over initial mean 
stress; some of the lines are interrupted near zero mean stress 
because they lack both sense and interest in that region. 

Ihe dashed lines at about 45 deg were obtained by converting 
the loss of mean stress at 10 cycles from relative to absolute values 
and cross plotting it over alternating stress. The slope suggests 
that loss depends mainly on the highest stress in the cycle 

The horizontal dash-dotted line indicates that the loss of mean 
stress between 10 cycles and 1000 cycles is less than 5 per cent 
if the alternating stress is below 90,000 psi; more than 5 per cent 
for higher alternating stresses; independent of the mean stress 
This line was obtained “by eye only.’’ 

The gently sloping lines are taken from the SN data The 
lowest of these (fracture at 10 million cycles) corresponds to Fig 
5 of the paper 

Work such as that presented in this paper may well provide 
The 


material at the root of a notch may be subject to strain cycles 


needed clues to help solve the riddle of notch strength 
“ hich involve considerable build-up or decay of (residual mean 
stresses. This makes analysis in terms of stress extremely diffi- 


cult, if not impossible. Analysis in terms of strain, based on 


work like the authors’, may be the best approach 


R. W. Smith‘ 


The authors have made a very worth-while contribution to the 
knowledge of mean stress effects upon constant strain range 


fatigue behavior. The subject of mean stress is all too often 


‘ National Aeronautics and Space Administration, Lewis Research 
Center, Cleveland, Ohio. 
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slighted in the discussion of reps ated strain cycling tests such as 
mechanical low cycle or thermal fatigue although the authors 
show mean stress to have an important influence upon unnotch 
fatigue life and fatigue limit when the total strain range is less 
than twice the yield strain of the material The writer wishes 
to offer some additional constant strain range data for both un- 
notched and notched A-286 bars obtained as part of a low cycle 
fatigue program recently completed at the Lewis Research Cen- 
ter, NASA , 

Four solid bar specimens, two unnotched and two notched, 
having one-balf-inch gage lengths were subjected to direct push- 
pull repeated strain cycles at room temperature. The unnotched 
bars had cylindrical cross sections one-quarter inch in diameter, 
and the notched bars had rectangular cross sections with a mini- 
mum cross-sectional area about equal to the unnotch bars. Two 
60 deg V notches, 0.030 in. deep with 0.010 in. radius were tool 
cut on opposite faces at the center of the test section gage length 
Each of the specimens was cycled between fixed strain limits 
one limit in all cases being the initial gage length of the specimen. 
The other limit for the unnotched bars corre sponded to an initial 
lensile strain of 0.007 in 


in. in the one case 


of 0.007 in/in 


and an initial com- 
pressive The second strain 


limit for the notched bars corresponded to a 


strain in the other 


nominal initial 


lensile strain over 


» in. gage length of 0.0043 in/in. in the one 
case and an equivalent nominal compressive strain in the other 


First cycle relaxation accounted for the entire portion ol the 


Mean stress relaxation data for these tests are shown in Fig 


relaxation except for the terminal changes in mean stress which 
are be lhe ved to be 
cracks. The 


nomenctature 


issociated with the propagation of macroscopic 
trend versus N 


for tensile mean stress and the upward trend for 


downward ol Oy/¢ (author’s 
compressive mean stress arise as a result of a drop off in peak 
tensile stresses without any significant change in peak compressive 
stresses It seems logical that the decrease in tensile load occurs 
because of the growth of macroscopic cracks which are known to 
exist in the specimens during this stage of fatigue 

Fatigue life of the two unnotched A-286 bars agree very favora- 

*R. W. Smith and G. T. Smith, ‘‘Thermal Fatigue Crack Growth 
Characteristics and Mechanical Strain Cycling Behavior of Dis- 
caloy, A-286, and 16-25-6 Austenitic Steels,"’ Lewis Research Center, 
NASA, to be published as a Technical Note 
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bly with what may be expected from extrapolation of the authors’ 
tubular test data, Fig. 3. A comparison of fatigue life for 80 
ksi initial tensile mean stress, Fig. 3(c) with 60 ksi initial com 
pressive mean stress, Fig. 3(d) shows tensile mean stress to re- 
duce fatigue life by at least a factor of 100 when the alternating 
stress amplitude is 60 ksi. As the alternating stress is increased, 
mean stress effect diminishes becoming a factor of about 2 or 3 
for alternating stress of 90 ksi. The writer’s data, Fig. 11, 
obtained at a stress amplitude of 210 ksi shows fatigue life to be 
reduced by a factor just less than 2 for a tensile mean stress of 
48 ksi as compared to compressive mean stress of 47 ksi. 
Notched bar fatigue life, however, is seen to be more sensitive to 
mean stress than unnotched bars at a given alternating stress 
amplitude. For a stress amplitude of 129 ksi, notched bar life 
is reduced by a factor of about 50 instead of a factor of 2 for un- 
notched specimens. 

A consideration of fatigue from a crack growth viewpoint helps 
to explain the greater effect mean stress has upon fatigue life of 
notched bars than unnotched. In the presence of macroscopic 
cracks, tensile stresses are concentrated at the crack front whereas 
little or no concentration of compressive stresses occurs because 
compressive forces close the cracked surfaces together permitting 
Usually the 
concentration of tensile stresses causes localized plastic flow, 
which, when repeated cycle after cycle, leads to exhaustion of the 
local ductility with consequent enlargement of the crack and 
eventually complete failure of the part. 


transmission of load across the fractured surface. 


For this reason, mean 
tensile loads acting upon macroscopic cracks are much more 
damaging than mean compressive loads. Since it is known that 
macroscopic cracks* appear much earlier in terms of per cent 


* J. Schijve, ‘‘Fatigue Crack Propagation in Light 
tional Aeronautical Research Institute, 
M.2010, July, 1956 


Alloys,”’ Na- 
Amsterdam; NLL-TN 
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Relaxation of mean stress in A-286 unnotched and notched bars 


of total life in notched specimens than unnotched, mean stress 
can be expected to produce a larger effect upon the fatigue life 
of notched bars than unnotched. 


Authors’ Closure 


Mr. Fuchs has commented on the value of investigating cyclic 
strain and initial mean stress rather than cyclic stress and main- 
tained mean stress. 
further emphasis. 


This point is important enough to warrant 
In any situation where a strain gradient exists 
such as in a notched tensile member or even a smooth bending 
member, the amount of material which is highly strained is small 
compared to the elastic material surrounding it. The elastic 
material restrains flow in the plastic material. As a consequence 
the material, where fatigue failure is apt to occur, is subjected to 
a condition that is close to repeated strain when the member is 
subjected to repeated loading. 

The summary plot in Fig. 10 would be 
using this material under these conditions 
out, it presents, 


useful to a designer 
As Mr. Fuchs points 
“at a glance,’’ much of the 
the fracture line at the top of the plot for \ 
steep for the data reported in this paper as Mr 
it. For shorter lives, say 10%, the line should be nearly 
horizontal for controlled strain tests. The reason is that the 
initial mean stress is relaxed toward zero by the first few cycles 


data. However, 
10* i 


Fuchs has shown 


not as 


Thus the life of the specimen is nominally the same as it would 
be if the initial mean stress never existed 

The authors are indebted to Mr 
on controlled strain testing of A-286 materials continue 
to relax after the first few cycles, while others stabilize early in the 
test 
be related to the other properties of the material. A 
mental study on the atomistic mechanism of ¢ 


Smith for additional data 


nome 


It is not clear how this feature of material behavior can 
funda 
velic deformations 
is needed 
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Low-Cycle Fatigue of Two Nickel-Base Alloys 
by Thermal-Stress Cycling 


Cast DCM and cast Udimet 500, two nickel-base alloys, were tested in a thermal-stress- 


cycling device of the Coffin type. The strains induced by the thermal stresses were 


analyzed in several ways in an attempt to relate the plastic strains to cyclic life 


The 


plastic strains were too small to permit calculating them with sufficient accuracy to 
correlate with cyclic life. It was found, however, that stress range did correlate reasona- 
bly well with the number of cycles to failure. 


I. RECENT YEARS there has been increased interest 
in the problem of designing parts which are subjected to tem- 
peratures that change with time and location in a piece of equip- 
ment. The thermal fatigue resistance of a new material now 
receives the same attention as its static high-temperature proper- 
ties. This report gives the results of thermal-strain-cycling tests 
on two of the newer high-temperature materials, cast DCM?! 
alloy and cast Udimet 500.7 Cast DCM alloy was developed by 
the Jet Engine Department of the General Electric Company. 

Several alloys have been tested in equipment similar to that 
used in the tests described here [1]. These alloys were quite 
ductile and therefore it was necessary to produce relatively large 
plastic strains in these materials in order to obtain failures at 
relatively few cycles. Both DCM and Udimet 500 have rela- 
tively low ductility and consequently small cyclic plastic strains 
produced failures in less than 10° cycles. The plastic strains were 
so small that they could not be determined with sufficient ac- 
curacy to relate them uniquely to cyclic life. It was found, how- 
ever, that the stress range versus numbers of cycles to failure 
could be used to satisfactorily describe the thermal-fatigue be- 
havior of these two cast nickel-base alloys. 

The results of the tests described here extend our knowledge 
of thermal-fatigue behavior to a wider range of materials, and 
are interesting from both a practical and theoretical point of 
view. One objective of this paper is to present the results of the 
tests, but another is to discuss the special problems associated 
with testing such low-ductility materials. It is hoped that this 
information will be useful to other workers in the field. 


Materials 


The two materials used in these tests were cast nickel-base al- 
loys. They were DCM, an alloy developed by the Jet Engine 
Department, General Electric Company and Udimet 500 (also 
known as U-500 alloy) developed by the Utica Metals Division of 
the Kelsey-Hayes Company. The blanks, Fig. 1, from which the 
test specimens were machined were cast by Austenal, Inc. 

DCM Alloy. The chemical composition of the DCM alloy 
(heat no. 11V-80) is given in Table 1. After casting, but prior to 

1 Trade name of the General Electric Company. 

? Trade name of the Kelsey-Hayes Company, 
500. 

* Numbers in brackets designate References at end of paper. 

Contributed by the Metals Engineering Division and presented 
at the Annual Meeting, Atlantic City, N. J.. November 29-December 
4, 1959, of Tae American Society or MecHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, July 8, 
1959. Paper No. 59—A-58 


also designated U- 
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machining, the blanks were given the following heat-treatment: 


Hold time at 
temperature 
l hr 
2 hr 
4 hr 


Temperature 
2100 F 
1950 F 
1550 F 


Method of cooling 
Air-ex led 
Air-cooled 
Air-cooled 


The hardness of the DCM alloy after heat-treating was Rockwell 
C40. 





Table 1 Chemical composition of DCM alloy, per cent by weight 


Carbon 0.06 Sulfur 0.005 
Silicon 0.05 Aluminum 4.55 
Manganese 0.10 Titanium +. 60 
Chromium 15.25 Boron 0.082 
Iron 4.50 Copper 0.10 
Molybdenum 5.20 Nickel Balance 


There has been some evidence that the grain size is important 
in thermal-fatigue strength. The grain size for the DCM alloy 
was uniform within the reduced section of any given specirnen but 
varied from less than '/» in. to greater than '/, in. from specimen 
to specimen as given in Table 2. Photomacrographs of some of 
the DCM specimens are shown in Fig. 2. 

Udimet 500 Alloy. The test specimens of the Udimet 500 alloy 
were cast from two heats (3V-13 and 3V-44) by Austenal, Inc., 
whose chemical compositions are given in Table 3 

After casting but prior to machining, the blanks were given the 
following heat-treatment: (a) 4 hr at 2100 F in argon and muffle 
cooled in argon to 1100 F, then air-cooled; (6) 4 hr to 1975 F in 


argon and muffle cooled in argon to 1100 F, then air-cooled; 
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Fig. 1 Dimensions of specimens as cast 
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(b) Specimen D-24 


(c) Specimen D-11 (d) Specimen D-2 


Fig. 2 Photomacrographs of thermal stress cycling specimens of cast DCM alloy 


Table 3 Chemical compositions of U-500 alloy, per cent by weight 
Element Heat 3V-13 Heat 3V-44 
Table 2 Grain size of DCM test specimens Carbon 0.08 0.06 
oa ee ‘ : <i ae Silicon 0.05 0.03 
Specimen no. Grain size, in. Specimen no. Grain size, in. Manganese Trace 0.10 
D-1 D-14 1/5—4/16 Cobalt 19.30 18.60 
DX-1 2 D-16 V/so—"/16 Chromium 18.95 19.20 
D-2 D-18 3/16 Iron 0.39 0.52 
D-3 ; D-20 i Molybdenum 4.10 4.15 


D-3R D-21 : Sulfur 0.008 0.008 


D-4 1/39 D-22 Titanium 2.90 3.08 
D-6 I D-23 ; Aluminum 3.03 3.10 
D-7 ie~'/ D-24 j Zirconium 0.11 0.03 
D-8A ; D-25 30 Boron 0.008 0.006 
D-10 : D-25R 32 Copper 0.06 0.10 

D-11 Nickel Balance Balance 
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(c) Aged for 16 hr at 1400 F using an air atmosphere and then air- 
The hardness of the Udimet 500 alloy 
Rockwell C after heat-treating 


cooled was from 35-37 

A check of the grain size of two specimens trom eac h heat was 
mack he grain size of these four specimens did not vary sig- 
nificantly from specimen to specimen, as did the DCM alloy, and 
was found to be approximately ASTM No. 2, Fig. 3. The ASTM 
No. 2 grain size would have a grain dimension of approximately 

« in. Hence the grain size of cast Udimet 500 is much smaller 
than that of the DCM alloy 

In the 


know the following material properties as a function of tempera- 


analyses and discussions to follow it is necessary to 


ture: modulus of elasticity, mean coefficient of thermal expan- 


sion,‘ and the stress plastic-strain behavior. These quantities 


together with the per cent reduction of area are given in Figs. 4 
data from [2]) for the DCM alloy and in Figs. 6 and 7 
for the cast Udimet 500 alloy 


duction of area values were included so that the ductilities of these 


and 5 
(data from [3] The per cent re- 
two materials might be compared with those for other materials 


which have been tested 


Test Apparatus 


The thermal-strain-cycling machine used in these tests is a 


device to produce cyclic stress by alternately heating and cool- 
ing a restrained specimen, Fig. 8, described in detail in Reference 
4}. The machine has the following essential parts: an electrical 


system to provide the heating current, an air supply for cooling, 


ind two rigid mounting plates connected by two restraining 


columns. The restraining colum: ilso serve as weigh-bars to 


determine the load on the specimen at any time 

The temperature at the mid-height of the specimen was measured 
and controlled by means of a thermocouple welded to the outer 
surface of the specimen. The signal from this thermocouple was 
The lengths of 


the heating-and-cooling periods could be varied by changing the 


used to initiate the heating-and-cooling cycle 
heating current and the air flow 

\ dial gage was used to measure the over-all elongation of the 
specimen in both the clamped and unclamped conditions. The 
gage scale was read to the nearest | * 107‘ in 

Electrical-resistance strain gages were mounted on the weigh 
bars and The signal from 
recorder for continuous or in- 


connected to form a complete bridge 
the bridge was fed into an Instror 
signal was calibrated in terms 


terinittent recording. The bridge 


of load on the specimen 


Test Specimens 


The test specimens were machined from solid blanks, Fig. 1, 
cast approximately to the final outer dimensions of the specimen 
The final dimensions were the same as those for the specimens 
used by Coffin [1] except for the thickness of the wall. It was 
anticipated that the compressive loads would be higher for thes 
alloys than for the austenitic stainless steels tested by Coffin [1 
Since the higher compressive loads would increase the tendency 
of the specimens to buckle, the wall thickness was made 0.030 in 
instead of the 0.020 in. used by Coffin, Fig. 9 None of the test 
specimens was heat-treated after machining. The grain size of 
each of the DCM specimens was determined after testing, Table 2 
Udimet 500 were checked for 
grain size The grain size was quit 
ASTM No. 2, Fig. 3. 


Two specimens of each heat of the 


uniform, approximately 


After mounting a specimen in the testing device, it was ther- 
*The coefficient of thermal expansion as presented in Fig. 3 
represents the average coefficient for the expansion due to change 


from 70 F to the temperature in question 
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mally cycled for a number of cycles prior to clamping the mount 
ing plates together in order to check the temperature limits and 
cycling times. The unclamped cycling was continued until the 
dial-gage readings had stabilized, indicating a state of ten 
perature quasi-equilibrium. This condition was usually reached 
after 20 to 25 cycles at which time the mounting plates wer 
clamped together 

Clamping a specimen at the lower temperature limit stresses 
the specimen initially in compression. Initial tensile stresses ar 
introduced by clamping at or near the upper temperature limit 
Some specimens were clamped at approximately the mid-rang: 
temperature on cooling so that the mean stress for the initia 
cycle would be approximately zero. When clamping at the lower 
temperature limit, the test was interrupted on the cooling cyck 
when the temperature was about 100 F above the lower limit 
The clamping could then be completed before the specimen had 
cooled below the lower temperature limit by natural heat loss to 
the surroundings. It was not possible to clamp exactly at the 
maximum temperature, since some cooling took place befere the 
clamping could be completed. It is estimated that in these cases 
the specimen dropped 200 F before clamping was completed 
The approximate clamping temperatures are indicated in Table 4 
for the DCM alloy and in Table 5 for the Udimet 500 alloy 

The use of an Instron recorder permitted the noting of th: 
character of the stress (tension or compression) as well as its 
magnitude during the complete cycle as a function of time. For 
the tests that were exper ted to have lives of 3000 cycles or less 
was run continuously 


the recorder 4 timing switch permitted the 


recorder to operate for five minutes out of every hour where cycli 
lives were greater than 3000 cycles 

Data of load as a function of temperature were of early interest 
and data of this type were obtained for each specimen by noting 
the temperature in 100-F intervals from time to time on the 


Instron record. 


Test Results 
Although the restraint of the testing device on the specimen 
load, all 


converted to stress, Tables 4 and 5 


was measured in terms of measurements have been 
A check of the temperature distribution along the test speci- 


mens were made. Typical temperature distributions for the 
maximum and minimum cycling temperatures are shown in 
10 and 11. Fig. 10 shows the temperature distributions for 
a DCM specimen cycled between 300 and 1600 F. At 1600 F 
the variation in temperature along the gage length was as much as 
500 F 


perature variation results in a 15 per cent variation in the modu- 


Figs 


teferring to Figs. 4 and 5 it can be seen that this tem- 
lus of elasticity and a 30 per cent variation in the yield strength 
A Udimet 500 specimen cycled between 300 and 1500 F, Fig. 11 
showed a 400-F variation throughout the gage length at its cycli 
maximum temperature. This temperature variation causes about 
a 10 per cent variation in the modulus of elasticity, Fig. 6, 
and yield strengths, Fig. 7. Similar temperature-distribution 
measurements were made for all the temperature ranges used in 
the two series of tests As the temperature range was de- 
creased, the temperature variation along the gage length of the 


specimen at the maximum cyclic temperature also decreased 


Discussion of Test Results 


Plastic Strain to Cause Failure. Coffin |1| an 
independently suggested that the low-cycle fatigue behavior of 


Manson [5] have 


a ductile metal can be described by the equation 


V*Aep 


constant ] 


where N is the cyclic life, Aep is the plastic-strain range, and / 


is a material constant. Coffin [1] has found that the relationship 
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(a) Specimen H-14 


(c) Specimen X-2 (d) Specimen H-20K 


Fig. 3 Photomicrographs of thermal stress cycling specimen of cast Udimet 500, 100X 
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Fig. 4 Modulus of elasticity and coefficient of thermal expansion of 
cast DCM Alloy 
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Fig. 5 Some tensile properties of casi DCM alloy as a function of 
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Fig. 9 Details of machined thermal stress cycling specimen 
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Fig. 6 Modulus of elasticity and coefficient of thermal expansion of 
cast Udimet 500 








“* 


% 


SPECIMENS CAST TO SIZE AND GIVEN THE FOLLOWING 
WEAT TREAT@ENT 
@- 4 HOURS AT 2100°F IN ARGON, MUFFLE -COOLED im ARGON 
TO WOO", THEN AIR COOLED 
D- 4 HOURS AT I97S"F IN ARGON, MUFFLE-COOLED im ARGON 
TO 00°F, THEN AIR-COOLED 
C - AGED 1 HOURS AT 1400°F IN AN AIR ATMOSPHERE 
TWER AIR-COOLED 


1000 PS! 
& 
TEMPE RATURE 


8 


a kee + 4+—-- +—- —-+- 
PERCENT REDUCTION OF AREA 


3 
PERCENT REDUCTION OF AREA 


z 


YIELO STRENGTH - 





+ 








—_ 














| 

| 

1 ; 
200 400 


TEMPERATURE - °F DISTANCE ALONG SPECIMEN 





Fig. 7 Some tensile properties of cast Udimet 500 as a function of Fig. 10 Temperature distribution along thermal stress cycling specimen 
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of cast DCM alloy 
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Table 4 Data from thermal-siress-cycling tests on cast DCM alloy 
Maximum — 
tempera- 
ture, F 

1000 


Minimum 

tempera- 

ture, F 
300 


Stresses, 1000 psi 
—Initial cycle— —Steady-state 
Mean Range Mean 
—46 


Number of cycles 
To reach 
steady state 


Specimen 
number 
D-14 


cycle 


Range To failure 


D-3 


300 


1200 


—44 


102 
91 


—39 
—32 


108 
116 


800 
1000 


> 100,000 
> 100 ,000 


D-20 
D-16 
D-7 


300 1300 
300 1400 
300 1425 
300 25 
300 : 
300 
300 
300 
300 
300 
200 
500 
$50 
450 
150 
100 
100 
150 
150 
150 


—45 
—39 
—47 
+34 
—36 
+27 
— 57 143 
— 50 168 
—52 154 

-9 181 

—8 194 
—52 109 
—54 123 


137 
155 
157 
158 
153 
158 


—23 137 
155 
170 


110 
1000 
130 
160 125 
153 145 
158 6 
149 100 2000 
164 50 500 
156 14 32 
191 17 28 
197 300 700 
109 270 

127 240 

107 15,000 

121 380 

146 250 

143 100 

193 

181 

189 


17 ,500 
7100 
3246 
3068 
1125 


732 


D-11 
D-25 
D-8A 
1-2 
1-10 
D-3R° 
D-14R? 
D-25R 


121 
144 
148 
192 
157 


178 


— 56 
— 46 
—69 
—34 
a 
+16 


1650 

1650 

1650 +26 

* Specimen clamped at approximately maximum temperature. 

° Specimens tested previously—-earlier designation the same except for suffix R 
Specimen clamped at mid-range temperature. 


Table 5 Data from thermal-stress-cycling tests on cast U-500 alloy 


Temperature 


Minimum Maximum upon —Stresses, 1000 psi veles 


Number of 
specimen 


number 


tempera- 
ture, F 


tempera- 
ture, F 


initiating 
clamping 


Initial cycle 
Mean Range 


Steady-state cycle 
Mean Range 


To reach 
steady state 


To failure 


300 
300 
300 
300 
400 
400 
200 
300 
200 
300 
300 
300 
300 
300 
300 
300 
300 


1700 
1700 
1500 
1500 
1425 
1425 
1400 
1000 

900 
1400 
1400 
1300 
1300 
1300 

900 
1300 
1100 


1100 
1700 
900 
900 
900 
900 
800 
800 
800 
1200 
1200 
1100 
1100 
1100 
800 
1100 
900 


+9 
+13 
—28 
—11 
—23 
— 20 


—24 


156 
174 
155 
168 
150 
139 
179 


+38 187 2 38 
+32 176 4 35 
+30 187 70 1024 
+20 191 70 103 
+14 156 17 1430 
+16 152 260 1617 

21 189 21 618 
+23 134 30,030 
+21 117 57,450 
+4 169 1405 
+29 177 274 
+-22 178 582 
+28 140 3530 
+-42 147 2750 
+10 96 - 100,000 
+36 174 1670 
—7 129 30, 700 


These specimens were cast from heat number 3V-44, all other specimens were from heat number 3V-13 


* Specimen H-20 which ran out at 10° cycles was rerun 


satisfied the thermal-strain-cycling results for austenitic stainless 


steels when k was equal to 0.5. Claus and Freeman [6] and 


Swindeman and Douglas [7] found that the relationship also 
applied to high-temperature-resistant materials, though the con- 
Majors [8] 
using a Coffin-type test [4] obtained a value of k equal to 0.5 for 

titanium alloy and 0.35 for Nickel A. 

All of the materials used had considerably more ductility than 
the two nickel-base alloys, DCM Udimet 500, the 
strain at fracture in tension being 40 per cent or more 
For such materials the plastic-strain range in the low-cycle-life 
fatigue region is greater than 0.1 per cent. 


stant k was found to be somewhat greater than 0.5. 


cast and 


true 


A curve of plastic- 
strain-range versus cycles-to-failure for a typical ductile material 
347 stainless steel) is shown in Fig. 12 [1]. 

In contrast, the DCM alloy had a fracture ductility 
order of 5 per cent. 


in the 
If one assumes that Equation (1) is applicable 
and k is 0.5 the plastic-strain-range versus cycles-to-failure would 
This plot indicates that the 
plastic-strain range would be less than 0.1 per cent for cyclic lives 
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graph as the lower curve in Fig. 12. 
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of 600 or more. 
tors have found [7], the plastic-strain range to cause failure for a 
The fact that such 


small plastic strains could cause failure in so few cycles posed 


If k is greater than 0.5, as some earlier investiga- 
given cyclic life will be significantly smaller. 


certain measurement and computational problems which do not 
It is 
hoped that a discussion of these problems will prove helpful to 
other workers in the field 


arise when materials having greater ductility are tested 


In fatigue, failure will occur at the section of the specimen 


where the plastic strain is the greatest. Since the temperature 
was not uniform along the length of the specimen, elastic strain, 
plastic strain, and thermal strain varied along the length of speci- 
men axis. The measured unclamped elongation is thus the sum 
of the thermal strains along the specimen, and the measured 
clamped elongation is the sum of the elastic, plastic, and thermal 
strains from one end of the specimen to the other. The difference 
in the clamped and unclamped elongations is, consequently, the 
sum of the elastic and plastic strains along the specimen axis. 
The elastic strains at each section of the specimen are computed 
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Fig. 11 Temperature distribution along thermal stress cycling specimen 
of cast Udimet 500 
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Fig.12 Graph of plastic strain range versus cycles to failure for wrought 
Type 347 stainless steel 


by dividing the measure: | area and the 


modulus of elasticity section. It is 


then possible to comput t " the plastic strains at all 
sections. Since the t ilong the specimen is far from 
uniform at the maximun rature, the plastic strains along 


the specimen will also be far from uniform. From these data alone, 


therefore, it is not possible to determine the local plastic strain. 
thods of 


Several indirect me ilculating the local plastic strains 


have been tried, and one is presented in detail in Appendix l 


This method of plastic-strain analysis relates the plastic-strain 
range 


width of the stress-strain hysteresis loop to the difference 
between the 


stress at 


1 given temperature during the heating of 
the specimens and that at the same te mperature during the cool- 
ing portion of the thermal cycle. These calculated plastic-strain 
ranges indicated that the plastic strain to cause failure of these 
hundred 


However, they did not furnish a satisfactory 


materials was in the order of several microin. per in 


correlation with 


cyclic life, Table 6. 
At the maximum temperature for a typical cyclic temperature 
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range the total compressive strain might be in the order of 2200 


microin. per in. Only 200 microin. per in. might be plastic strain. 


An error of +20 per cent in a plastic strain of this magnitude 


would be only +40 microin. or less than +2 per cent of total 


strain. The calculation of the plastic strain, Appendix 1, de- 


pended upon the following measured values and material proper- 
ID and OD), (b 


(e) coefficient of thermal expansion 


ties: (a) Cross-sectional area load, (c) modulus 


of elasticity d temperature, 


The cumulative error from these five quantities, therefore, must 


not exceed +2 per cent if the error in the calculated plastic strain 


is not to exceed +20 per cent Since the error in either the 


modulus of elasticity. the temperature, or the coefficient of ther 


mal expansion may be in excess of +2 per cent, it is not surprising 


that no correlation between the calculated plastic strains and 
| 


life was obtained 
If one 


evelic 
elects to measure the total strain, longitudinal or di- 
ametral, essentially the same difficulties are encountered. One 
must still se parate the elastic strain from the total strain in order 
to obtain the plastic component since only the total strain can be 


measured The same quantities, therefore, are involved with the 
exception that the total strain measurement replaces the co- 
efficient 


of thermal expansion Thus one can see that the possi- 


bility of calculating the plastic strains to cause failure in low- 
cycle fatigue with any reasonable degree of accuracy is extremely 
remote for materials with relatively low ductility like DCM alloy 
and cast Udimet 500 

In the 


strain 


prec edi 4 discussion no mention of the effect of stress or 
history on the stress-strain relationships has been made 
affect the coefficient of 


Bauschinger [9] 


except so tar as it might the: mal 


expansion (Appendixes 1 and 2 many years 


igo showed that stress history h 1 considerable effect on the 


shape of the stress-strain curve of a material. One therefore is 


not justified in comparing the stress values determined after the 
initial application of stress, Tables 4 and 5, to the static-strength 
Figs 


values 4 and 6, and concluding that no plastic deformation 


has taken place after the first few cycles All current evidence 


10) indicates that fatigue failure is caused by plastic deforma- 
trons 


A comparison of the cyclic stresses for an average cycle to 


the static yield strengths merely emphasizes how small the 


plastic strain that resulted in failure must have been, rather than 


indicating that there was no plastic strain at all after the first 
few cvcles 

As shown in Tables 
most instances at less than 10 per cent ol the 


in the 


cycle was reached in 
The 


is observed to occur between 


4 and 5 the average 
cyclic life 
major change stress levels w 
the first and second cycle. Hence the results of the average cycle 
bave been assumed to be most representative ol the resistance of 


the material to thermal-stress cycling 


Table 6 Computed plastic strains 
Plastic strain. 
mils per in 


ust DCM 


illo { ycles to failure 
> 106 

1 x 108 

O07 x 10° 

12 x 10 
10? 


1.23 < 10 
2.06 x 10° 
Cast Udimet 500 
oO 
22 
07 582 
O06 3.53 x 108 
68 2.75 X 10° 
77 1.67 X 10° 
667 
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The previous discussion was intended to point out the diffi- 
culties of using plastic strain as a measure of expected fatigue life 
when dealing with a low-ductility material. In fact, in the tests 
discussed here the plastic strain can not be determined with suf- 
ficient accuracy to warrant its use. Therefore the fatigue curves 
have been plotted in the conventional manner of stress versus 
cycles to failure, Figs. 13 and 14. 

Because of the lack of sufficient data, two important effects 
have not been isolated in Figs. 13 and 14. These are the effects of 
mean stress during the cycle and of the maximum temperature of 
the cycle. It is well-known that, for a given alternating stress, the 
cycles to failure decrease with increasing mean tensile stress. 
Other investigations of low-cycle fatigue have shown that there is 
apparently some relation between fatigue life and fracture duc- 
tility. Since the ductilities of DCM and cast Udimet 500 in- 
crease at high temperature, the maximum temperature is im- 
portant 


Effect of Maximum Temperature 


Since the final heat-treating temperature of the test specimens 
was 1550 F for the DCM alloy and 1400 F for the Udimet 500, it 
is reasonable to expect that metallurgical changes took place 
when the thermal-strain-cycling specimens were heated in excess 
of these temperatures. Claus and Freeman [6] have stated that 
maximum temperature in thermal strain cycling was more sig- 
nificant than the temperature range on cyclic life. It may well 
be that the behavior which led to this conclusion was the result of 
some metallurgical changes. The results of these tests do not 
permit an evaluation of their conclusion. 


Effect of Mean Stress 
In the thermal-strain-cycling tests of the Coffin type the only 
quantities that can be controlled are the maximum and minimum 
temperatures, the temperature at which the specimen is clamped, 
the heating and cooling times, and the hold times at the limiting 
temperatures. In these tests the hold times were zero and heating 
and cooling times were maintained at approximately 15 sec. 
Under these conditions it was found that the 
temperature, temperature 


mean stress 
maximum 


clamping temperature. 


varied with range, and 
The data are insufficient to draw any 
conclusion regarding the effect of these variables on the mean 
However, it can be stated that the mean stress did not 
always approach zero as Coffin [1] has found for more ductile 
materials. 


stress. 


Since the mean stress cannot be controlled independently in 
this type of test, the effect of mean stress on the thermal fatigue 
behavior of cast DCM alloy could not be evaluated, and the effect 
of mean stress has had to be neglected. Since the ratio of mean 
stress to alternating stress in most cases was less than 0.3, this 


neglecting of the mean stress was not considered serious. 


Effect of Grain Size 


The data were inconclusive regarding the effect of grain size on 
the thermal-fatigue strength of the cast DCM alloy 


Conclusions 


1 The plastic strain to cause failure of cast DCM ‘alloy and 
the cast Udimet 500 in thermal stress fatigue is so small that it can 
not be determined with sufficient accuracy to use it as a parameter 
in evaluating the resistance to thermal-stress fatigue. 

2 The plot of stress range versus the logarithm of the number 
of cycles to failure gives a graph which appears suitable for design 
purposes. 

3 The mean stress in the thermal fatigue testing of cast DCM 
alloy and cast Udimet 500 does not approach zero but is de- 
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Fig. 13 Stress range versus number of cycles to failure for cast 
alloy 
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Fig. 14 Stress range versus number of cycles to failure for cast Udimet 


pendent upon the temperature range, the maximum test tem- 


perature, and the temperature at which the specimen was 


clamped. 
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APPENDIX 1 
Analysis of Test Data 


The quantities which were measured in the tests were un- 
clamped and clamped elongations of the whole specimen, the 
lord, and the temperature. In fatigue, failure will occur at the 
section of the specimen where the plastic strain is the greatest 
Since the temperature was not uniform along the length of the 
specimen, elastic strain, plastic strain, and thermal strain varied 
slong the specimen axis. The measured unclamped elongation is 
thus the sum of the thermal strains along the specimen, and the 
measured clamped elongation is the sum of the elastic, plastic 
and thermal strains from one end of the specimen to the other 
The difference in the clamped and unclamped elongations is con- 
sequently the sum of the elastic and plastic strains along the 
specimen axis. The elastic strains at each section of the specimen 
are computed by dividing the measured load by the area and the 
modulus of elasticity It is 
then possible to compute the sum of the plastic strains at all sec- 
tions. However, it is impossible from the data alone to deter- 


mine the maximum local plastic strain. 


at the temperature of the section 


One indirect method which was used to compute the plastic 
strains was based on the assumption that the plastic strains are 
unique functions of stress and temperature as determined by the 
static-loading curve. The specimen was divided into a number 
of longitudinal sections in each of which the temperature was as- 
sumed constant. The elastic strains were computed from the 
stress and the appropriate modulus of elasticity for the tempera- 
ture. The plastic strains were taken from plots of stress versus 
plastic strain as a function of temperature. The sum of the elastic 
and plastic strains was then compared with the difference in the 
measured clamped and unclamped elongations. The error was as 
much as 33 per cent indicating that the calculated plastic strains 
were in even greater error and could not be used. 

Another method of estimating the plastic strain can best be 
described by referring to the equation for total strain, 


+ €, + aAT 
where 
€ total unit strain 


‘It should be noted that the term aA7 represents the elongation 
due to the temperature change. As is the convention a is the average 
or mean coefficient of thermal expansion from some reference tem- 


perature (in this case 70 F) to the temperature in question. 
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P. Wesley, ‘An Apparatus for the 


o = stress 

E modulus of elasticity 
€, = unit plastic strain 
as 


AT = 


coefficient of thermal expansion 
temperature change 


The magnitude of the total unit strain € depends upon the 
relative stiffness of the specimen to that of the testing device as 
well as the variation in stiffness within the specimen and the 
thermal expansion, aA7’. The variation in stiffness is too com- 
plex a quantity to evaluate but will be smallest when there is no 
stress. The stiffness of the testing device has an effect on the 
total strain estimated to be less than 10 per cent. 

tosenfield and Averbach [11] have shown that the coefficient 
of thermal expansion @ is dependent upon stress as well as tem- 
perature. Using the relationship they developed, see Appendix 
2, and assuming an elastic limit of 30,000 psi, the coefficient of 
thermal expansion of DCM alloy would increase by 4 per cent 
For plastic strains the effect can be even greater. The magnitude 
of this effect will approach zero as the stresses approach zero 

Assume that the specimen is clamped at the low temperature 
and the temperature 18 Increasing then the strain equation at a 
temperature 7’, before the onset of plastic flow is 

a; 


AT), 
Ey 


+ a 
where the subscript 1 denotes conditions at the temperature 7, 
When the maximum temperature is reached plastic flow occurs 
and the strain equation is 
+ a,(AT),, 


+ (€, 


\ permanent unit strain (¢ has been produced at the most 


p/m 


highly strained section Assuming that the specimen unloads 
elastically as the temperature is decreased, when the temperature 


7’, is again obtained the strain equation is 


+ a( AT 


Subtracting Equation (3) from Equation 


o;’ 


For a machine of this type, if a temperature is selected so that the 
stress is small 


Equation (6) becomes 


Some plastic strains computed in this manner are given in Table 
6. Obviously these plastic strains are in error since widely differ- 
ent cycles to failure are obtained for the same value of the plastic 
indicate that the 
plastic strains for low cycle fatigue of these materials are only a 


strain. However, these calculations do 


few hundred microin. per in 


APPENDIX 2 
Effect of Temperature on the Coefficient Thermal Expansion 


tosenfield and Averbach [11] have shown both theoretically 
and experimentally that the coefficient of thermal expansion is 
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dependent upon stress as well as temperature. In this analysis 


they started with the relationship 


(= P) ( «| 8 | (2 (8) 
da /r oo oT Jel, oT 0G / ale “ 


a is the coefficient of thermal expansion 


where 


o is the stress 
€ is the strain for the particular stress 
T is the temperature 


as o 
If one assumes that the material follows Hooke’s law (« E ) 


Equation (8) becomes 


( da ) 1 (2 
oa / + E* \ oT J. 


where £ is the modulus of elasticity. For the plastic range 


must assume a more complex relationship between stress 


o lim 
€ = ( ) (10) 
. Of 


where o) and m are both functions of temperature. 


strain such as 


QO} viously . 


, Oa . : 
the expression for ( ) will be more complex for this more 
Oo /y 


general case. Limiting our consideration to the simpler case, 
Equation (9), the effect of stress on the coefficient of thermal 
expansion can be evaluated from data of modulus of elasticity 
versus temperature as given in Fig. 3 and a knowledge of the 
proportional limit. For this analysis, the proportional limit has 
been assumed to be 30,000 psi. The results of these calculations 
are shown in Table 7. For a stress of 30,000 psi and a tempera- 
ture of 1600 F the error in the coefficient of thermal expansion 
was found to be about 6.5 per cent for the DCM alloy 


Table 7 Effect of an elastic stress of 30,000 psi on the coefficient of 
thermal expansion of cast DCM alloy 


Temperature, (Aq@)r, (a)e=0 
deg F 10~*/deg F 10~¢ deg F 
1000 20 +] 
1100 23 5.0 
1200 
1300 
1400 
1500 
1600 


Error, 
per cent 


2to bo 


D> be de OO OO 
ost -100* 


Rosenfield and Averbach [11] found the effect to be greater 


when the proportional limit was exceeded. Upon removal of a 
stress that had not exceeded the proportional limit, the co- 
efficient for zero stress was found to be the same as that for a 
virgin specimen. If, however, the specimen has been stressed in 
the plastic region, the coefficient for even zero stress was different 
from that for the virgin material. The effect, however, in general 
was smaller than when the original plastic stress was present. 
It therefore can be that 


stressed in the plastic range, the coefficient of thermal expansion 


concluded once a metal has been 
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will not be constant for a given temperature. The error for the 
DCM alloy will exceed 6 per cent when the proportional limit is 
exceeded. Having once exceeded the proportional range, the 
error in the coefficient of thermal expansion will still be lowest 


when the subsequent applied stress is zero. 


DISCUSSION 
Harry Majors, Jr.° 


The authors are to be commended for discussing the special 
problems peculiar to thermal-stress cycling and for presenting 
the results on a material having a large grain size relative to the 
thickness of the tube wall. 

An examination of Fig. 2, showing the photomacrographs of 
DCM alloy, reveals a single grain and portions of a grain across 
the tube wall thickness. 
size is of the same order of magnitude as the thickness? 


Is this material used where the grain 
Under 
these conditions can the authors comment on the fracture path 


in relation to the grain boundary? 


Also, are the photomicro- 
graphs in Fig. 3 taken across the wall thickness or in the thicker 
portions of the test specimen? 

A replot of Fig. 13 on the basis of data taken only at a mean 
Why did the 
authors plot data taken at other mean temperatures on the same 
plot? 

Current thermal strain cycling tests at Seattk 


temperature of 900 F reveals a very small scatter 


University on 
type Ti-75A titanium reveal plastic strains less than 0.1 per cent 
for mean temperatures of 580 F, 680 F, and 780 F. Since the in- 
terest is iu the width of the stress-strain hysteresis loop (plastic 
strain range), an X-Y (temperature-load) recorder has been 
assembled. In addition, calibrating circuits were designed which 
introduce on each axis signals that are 90 deg out of phase. By 


The 


Then the calibrating circuit is 


adjusting the amplifiers a known graph can be produced. 
circuit is said to be calibrated 
switched off and the measuring circuits hooked to the amplifier 
and X-Y recorder. The widths of the resulting hysteresis loops 
are corrected due to the degree of constraint being less than 100 
percent. That is, all of the thermal strain is not converted into 


mechanical strain 


Authors’ Closure 


In answer to Professor Major's questions it is noted that in 
some applications of DCM alloy the thickness of actual parts 
are in the order of the grain size. The fracture path in any 
It was not observed, 
however, which type of failure occurred initially. The photo- 
micrographs in Fig. 3 were taken across the wall thickness in the 
reduced section. Due to the limited results the authors elected 


not to separate them for any given material 


one was both inter- and transerystalline 


It is not clear whether the discusser in his tests measured the 
deformation over a limited gage length or over the entire length. 
The latter method would yield an average strain which is much 
less than the maximum strain experienced by the specimen. If 
the former, the authors would appreciate information regardiag 
the technique of measuring the strain during thermal cycling 


*Head and Mechanical 
Seattle University, Seattle, Wash. Mem 


] ngineering 


ASMI 


Professor, Department 


Transactions of the ASME 





L. F. COFFIN, JR. 
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N.Y. Mem. ASME 


The Stability of Metals Under 
Cyclic Plastic Strain 


f } J fT I; ‘ 7 
During the course of an experimental investigation on the effect of cyclic plastic strain 


on metals 


cyclic plastic strain showed little 
The present paper ¢ 


é , 
[7 },' at was observed that 


escribes and 


Lt under certain conditions materials subjected to 


stability to simultaneously imposed steady stresses 


interprets some experiments undertaken to learn more 


about this behavior of real material 


ee DEMONSTRATION of the instability of 
ductile metals when subjected to cyclic plastic strain was found in 
the case of commercially pure aluminum subjected to a push-pull 


type of test. Here cyclic strains were measured by means of the 


change in diameter of an hourglass shaped test specimen as 
In the process of testing, a lightly loaded dial 
position of the 
It was observed that after a number of cycles of strain 


shown in Fig. 1. 


gage rested against the minimum-diameter 
specimen. 
the prismatic head of the dial gage had made an indentation into 
the material. At first it was felt that this indentation was due to 
a scraping effect of the contacting edge against the material 
When the contacting edge was rounded off to a radius of '/j¢ in. 
the indentation still occurred. It again appeared even after the 
contacting edge had been coated with several layers of trans- 
parent plastic tape. It became evident that the effect was re- 
lated to the combined behavior of the low steady pressure ap- 
plied by the dial gage and the cyclic plastic strain occurring at 
this section. With each cycle of plastic strain, a small component 
of monotonic strain was produced by the action of the steady 
stress, such that after many cycles a visible deformation was 
produced 


The 


accompanying cyclic plastic strain will be 


deformation phenomenon produced by mean stresses 
referred to here as 
cyclic-strain-induced creep. A few experiments and analyses 
have been reported relating to this phenomenon. Sinclair and 
Morrow [2] have studied the relaxation of mean stresses in heat- 
treated SAE 4340 steel subjected to cyclic strain. The intent of 
that investigation was to study the relaxation of residual stresses 
in the presence of high cyclic stresses The case of combined 
bending and tension of sheets has been analyzed by Hill [3] and 
Swift [4] to show that, when the plastic bending is repeatedly re- 
versed, increments of deformation in the direction of the applied 
steady axial stress occurs. Miller [5] has analyzed certain simple 
geometries subjected simultaneously to thermal stresses suf- 
ficiently severe to produce plastic deformation and to steady 
stresses, and calculates the growth or “‘ratcheting’’ from such 
steady stresses 
It is evident that the effect can become an important design 
problem in materials. This is particularly so when dealing with 
systems subjected to severe cyclic thermal stresses, where con- 
tinual growth or deformation may become more important than 
fatigue or fracture. The problem must be carefully defined from 
the point of view both of material behavior and design. It is the 
! Numbers in brackets designate References at end of paper. 
Contributed by the Metals Engineering Division and presented 
at the Annual Meeting, Atlantic City, N. J., November 29-December 
4, 1959, of THe American Socrety or MECHANICAL ENGINEERS. 
Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, July 8 
1959. Paper No. 59—A-100. 
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purpose ol this pres¢ it paper to examine the be havior of real ma- 


terial subjected to cyclic plastic strain in combination with mean 
stresses 


Experimental Investigation and Results 


(a) Instabilities in Cylindrical Test Specimens. 
the afore-mentioned investigation, it was noted that an instability 


During the course of 


deve lope d in certain cylindrical test specimens subjected to cyclic 
plastic strain. This instability was particularly pronounced for 
the softer materials. In Fig. 2 is shown a typical example for com- 
mercially pure aluminum. Here an initially uniform cylindrical 
test specimen, shown to the left, is subjected to 1500 cycles of a 
push-pull axial loading with a diametral strain range of 0.8 per 
cent, as determined from the peak to peak value of cyclic diame- 
tral strain. As a result the specimen has taken on the profile as 
shown in the right-hand figure. Although a crack has developed 
in the specimen, of more interest here is the fact that the central 
section of the specimen has essentially necked down while the 
ends of the specimens have increased in thickness. The over-all 
length of the test specimen has not changed since the machine 
which produced it [6] developed a cyclic displacement about a 
constant length between the specimen end fixtures 

The converse of this effect was also observed. If one attempted 
to control the minimum diameter of the specimen so as to produce 
a fully reversed diametral strain with zero mean strain, adjust- 
ments resulting in a progressive shortening of the over-all speci- 
men were required 

Although the instability was particularly pronounced for 2S 
aluminum, it was also observed to a considerably less degree in 
annealed OFHC copper subjected to cyclic plastic strain. For 
other materials, such as AISI Type 347 stainless steel, nickel A, 
titanium, SAE 1018 steel, and 24ST and 75ST aluminum alloys, 
the effect, if present, did not interfere with the conduct of the 
tests [1 


Bit 


4 Thread 


Fig. 1 Test specimen for cyclic straining 
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This behavior coupled with the earlier observations of dial-gage 
indentation suggested that under certain circumstances instabili- 
ties in metals could occur, which required a more direct investiga- 
tion of the effect. 

(b) Cyclic Strain With Superimposed Torsion. [1 order to explore 
the effect of cyclic plastic strain with superimposed mean stress 
under more carefully controlled conditions than the foregoing 
observations, the combination of steady torsion and cyclic push- 
pull required the least modification of existing test equipment 
available for the study of the cyclic behavior of materials [6}. 
By employing a double-gage-length test specimen shown at the 
left in Fig. 3, a steady axial torque applied at the specimen mid- 
section is transmitted equally through each gage length to the 
specimen grips. Since these grips supply a cyclic longitudinal 
motion without rotation,’ the mid-section can twist relative to 
each end. 

In an actual test, a pulley was clamped to the specimen mid- 
section and twisted by two peripherally wrapped wires dead- 
weight loaded so as to produce balanced forces and additive 


torques about the specimen axis. The shear strain resulting from 


? Because of the type of construction of the test apparatus, a small 
rotation was permitted to the upper end of the specimen during the 
course of the test. This produced a small error in the calculated 
value of the mean shearing stress. 


SPECIMEN A 


—_ 


NOT TESTED 


the torque was determined by the angular displacement of the 
pulley. Annealed 2S aluminum was investigated; in all cases it 
was subjected to a diametral strain range of 0.004 in. per in. pro- 
duced by longitudinal push-pull. The right-hand specimen in 
Fig. 3 shows the result of this type of loading after 3200 cycles 
Note that the originally continuous straight line connecting the 
central hub to the ends of the specimen has rotated through an 
angle of about 45 deg with respect to the specimen ends. Of 
particular interest is the fact that this deformation resulted from 
an elastically computed maximum shearing stress of 63 psi 

In Fig. 4 is shown the shearing strain plotted as a function of 
the number of cycles of strain for various steady shearing stresses 
These curves are plotted on log-log co-ordinates. Note that the 
behavior does not indicate a saturation but rather an approach to 
The 


character of these curves is obviously influenced by the strain- 


some constant slope on the log-log co-ordinates system 


hardening characteristics of the material 

(c) Cyclic Tension Tests. In the foregoing experiment, the be- 
havior of a material subjected both to a cyclic plastic strain 
and to a mean stress was investigated. The particular system 
chosen, although convenient for test purposes, suffers the disad- 
vantage of having a linearly varying shearing strain, which, in 
conjunction with longitudinal cyclic plastic strain, produces a 


stress state in the bar which is difficult to analyze. A simpler 


SPECIMEN 8 


a 


STRAIN CYCLED 


aaqg™ .8% 


CYCLES TO FAILURE 1491 


dp *. 250° 


MATERIAL: 2S ALUMINUM 


Fig. 2 


Instability as a consequence of cyclic plastic strain 


3 


EXAMPLE OF 
CYCLIC-STRAIN INDUCED CREEP 


Se Se a 


ANNEALED 2S~ALUMINUM 


_ MAXIMUM STEADY SHEARING STRESS - 63PSI 


SPECIMEN ——> 
STRAIN-CYCLED 
A€ = 0086 
(3200 CYCLES 





Fig. 3. Effect of steady torsion on cyclic plastic strain 
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ALUMINUM ANNEALED 


y 


STRAIN 


SHEAR 


00 


T +634 PSI 
T+|04 PS! 
T +349 PS 
tT +593 PS! 


o3 04 105 


NUMBER OF CYCLES 


Fig. 4 Cyclic strain-induced shearing strain for various mean shearing stresses versus 


cycles of strain 


test is desirable if one is to obtain useful information regarding 


material behavior under this general type of loading. One way in 
which this behavior can be studied is by conducting what can be 
called a cyclic tension test. In this type of test one imposes a 
predetermined increment of mean strain with each strain cycle 
ind measures the mean stress required. This essentially results 
in the superposition of a cyclic strain test and a monotonic tension 
lie-strain-induced creep can be 
studied by means of this technique since from the strain bias im- 


test The phenomenon of cy: 
posed, with each cycle of strain, the required stress bias can be ob- 
tained 

Another interesting feature of this technique is that the influ- 


ence of evclic strain on the flow and fracture characteristics of 


Fig. 5 Test apparatus for cyclic tension tests 
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materials also can be observed. Since the cyclic strain is imposed 
on & monotonic strain, it is of interest to know whether this type 
of deformation in ny way changes the resistance of the material 
to monotonic deformation as it becomes progressively strain- 
hardened. This type of information is of interest from a metal- 
lurgical as well as a mechanical point of view 

In conducting a cyclic tension test, a procedure somewhat 
similar to that used in making a true stress-strain test in simple 
tension is followed An hourglass test specimen shown in Fig. 1 
is subjected to a longitudinal push-pull load in an apparatus seen 
in Fig. 5. Here the minimum-diameter section is of interest and 
strains and stresses are measured there by the change in dimen- 
sions of this minimum cross section. Details of this apparatus are 
described more fully in reference {1 It can be mentioned here, 
however, that a dial gage used to measure the changes in diameter 
is balanced about a remote fulcrum point and moves up and down 
with the motion of the test specimen. 

In carrying out a particular test a program of diameter versus 
cycles is first constructed. Two parameters are essential, the 
diametral strain range Ae, and the diametral mean strain per 


cycle ¢,,. Referring to Fig. 6 these two strain quantities are 


CYCLIC 
DIAMETRAL 
STRAIN 


MEAN 
DIAMETRAL 
STRAIN 


‘ 
SUPERIMPOSED 
DIAMETRAL 
STRAIN 


Fig. 6 Cyclic and mean-strain program for cyclic tension tests 
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shown separately and in combination as cycling proceeds. Once 
the strains have been determined from the superposition of the 
cyclic and mean components to obtain the tensile and compres- 
sive-strain limits for each cycle, these strains can then be con- 
verted to diameter values, by employing the true-strain definition 
for the diametral strain. In conducting the test the load is re- 
corded continuously as described in reference [1| and the dial- 
gage motion is used as the independent variable. The diameters 
corresponding to the maximum tension and compression in each 
cycle are carefully observed and each time these points are reached 
the direction of loading is reversed. The specimen is thus pulled 
then pushed back and forth, growing longer in length and smaller 
in minimum diameter with each cyele until complete failur 

occurs. From the recorded load, the true stress at the tension 
calculated. When 


plotted against their corresponding strain values, they determine 


and compressive limits in each cycle is 


the tensile and compressive flow-stress curves under these test- 
ing conditions. In addition, the mean stress existing on the ma- 
terial for a particular mean strain can be calculated and is one 
half the algebraic sum of the tension and compression flow stress 
at the mean strain in question. The mean stress is of interest 
since it can be looked upon as the stress component responsible 
for the monotonic deformation of the material, while the cyclic 
component or stress range is responsible for the cyclic deforma- 
tion 


Fig.7 
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Various materials have been investigated including 2S alumi- 
num, annealed and cold-worked OFHC copper, SAE 1018 carbon 
steel, nickel A, AISI 347 type stainless steel, titanium, 24ST and 
75ST aluminum alloys. 
Table 1 

For the bulk of the material tested, cyclic tension tests were 
conducted for Ae, = 4/4 per cent and €,, = */, per cent, and for 
Ae, = 2'/, per cent and €,, = */, per cent. For OFHC copper 
three values of Ae, and €,, were selected, namely a, 1'/s, and 
2'/, per cent, and tests were conducted for nearly all combina- 
tions of these values. 


Details of these materials are listed in 


The test results are plotted in Figs. 7 
through 16 for the various materials tested and include the de- 
sired mean stress as a function of the total strain. In addition, the 
true stress-strain behavior of these materials is included for com- 
parison purposes. 

A typical cyclic tension test is shown in Fig. 7 for 2S aluminum 
where the longitudinal strain is plotted against the true stress 
The simple tension behavior for this material is also shown. 
eral things of interest may be observed 


since 


Sev- 
Note for example that 
the tension and compression values are very nearly the 
same during the entire test, the mean stress required to deform 
the material in the presence of the cyclic strain is ve ry low Also, 
the tensile flow-stress curve is significantly lower than that ob- 
tained by simple monotonic tension. Thus for this material the 
superp sition of cyclic strain on monotonic tensile deformation has 


i- SIMPLE TENSION 


2-TENSION WITH SUPERIMPOSED 
CYCLING Bege2 4% €m=!V/2%/CYCLE 
© TENSION CURVE 
4 COMPRESSION CURVE 
3-2X MEAN STRESS, ¢,, 


i 
¢ 49 
TRUE STRAIN Zin =) Ny wy 


Flow stress and mean stress-strain curves, cyclic tension tests—25S aluminum 
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SIMPLE TENSION 


TENSION WITH SUPERIMPOSED 
YCLING B44*2 14% ém*3/4% 


TENSION WITH SUPERIMPOSEL 
CYCLING Beg*3/4% €m*34% 


TENSION WITH SUPERIMPOSED 
CYCLING Se 4°2 1/4% €m* 2% 


Fig.8 Flow stress and mean stress-strain curves, cyclic tension tests—2S aluminum 


Table 1 
tadi is 
in Heat-treatment 

uminum (annealed 25 + OOP 1 350 C for 1! 


Material 


> hr in salt bath, air 
cooled 
OFHC copper (annealed 7 0.002 » 400 C for 1 hr in vacuum and slow 
furnace cooled 
OFHC copper*® (33 per 
cent reduction in diam 7 0.002 » None 
Low-carbon steel (an- 


nealed t+ 0 O02 1000- 1350 F for 1 hr in vacuum and 
slow furnace cooled 

700-750 C for 1 br. in vacuum and 
slow furnace cooled 


Nickel A (annealed 0 OO2 


347 stainless steel an- 


nealed 0 002 2000 F in dry He, for 1 hr and air 
cooled in H, chamber 

Stress-relieved at 350 C for 15 min 
in salt bath and air cooled 

Titanium 5 : 570 C for 15 min in vacuum and 

slow furnace cooled 

Solution heat-treatment—475 C 

for 1 hr in salt bath and cold 

water quench 

Precipitation heat-treatment 

120 C for 24 hr and air cooled 


Aluminum alloy 24ST 2! 0.002 1 


7581 5 l 
») 


long with '/>-20 threads for use with adapters 
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the effect of substantially reducing the resistance of the material values of the diametral strain range. The mean strain also in- 
to deformation. A third fact of interest here is the increase in fluences the tensile flow-stress curve in that increasing values of 
fracture ductility of the material obtained by this type of test the mean strain tend to raise the flow stress. The fracture duc- 
over the simple tension test. These various points should be kept __ tility of the material is affected by the values of Ae, and €,; in 
in mind when examining the cyclic tension tests for the various each case the ductility is improved over that obtained from a 
materials tested. simple tension test. 

In Fig. 8 a comparison can be made of three different strain As was mentioned OFHC copper was used to study in more 
conditions for 2S aluminum as indicated by the parameters listed _ detail the effect of Ae, and €,, as parameters influencing the cyclic 
in the figure. Here the tensile flow-stress and mean-stress curves tension test. It will be observed in Fig. 9 that the mean stress is 
are given. With respect to the mean stress, it is found that the altered markedly depending on these values. When the ratio of 
mean stress increases with decreasing values of the diametral Ae, to €¢,, is high, the mean stress is low and vice versa. Further, 
strain range Ae, and increasing values of the mean strain €,,. for a constant ratio of Ae, to «,,, the mean stress is lower for larger 
This is seen in more detail in Fig. 9. Note that when Ae, = values of Ae,. 

2'/, per cent, €,, = °/4 per cent, the mean stress required to de- With respect to the values of the tensile flow stress, it is ob- 
form the material becomes exceedingly small. It will be ob- served similarly that the greatest reductions in flow stresses are 
served that variations of the cyclic-strain and mean-strain obtained for the largest ratio of Ae, to €,, 

parameters also have a pronounced effect on the tensile flow- in flow stress is found when Ae,/e,, 3.0 
stress curve such that the flow stress is lowered with increasing 


\ significant decrease 
The ductility of the 
material is strongly affected by the presence of a cyclic strain and 
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Fig. 9 Flow stress and mean stress-strain curves, cyclic tension tests—-OFHC copper annealed 
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Fig. 10 Flow stress and mean stress-strain curves, cyclic tension tests—OFHC copper swaged 
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Fig. 11 Flow stress‘and mean stress-strain curves,!cyclic tension tests— 

SAE 1018 steel 


under such conditions can be increased by as much as 50 per cent 
over the value obtained in simple tension. The change in frac- 
ture ductility seems to follow about the same general pattern as 
the mean-stress and flow-stress behavior with values of Ae, and 
€ 


m* 


The effect of prior cold-work on the subsequent cyclic tension 


characteristics of OFHC copper is shown in Fig. 10. Mean 
stresses remain fairly constant during the deformation process 
with the exception of Ae, = | 


2 per cent, €,, = 2'/, per cent 


The magnitude of these stresses again varies with Ae,/e, 

When considering the tensile flow-stress behavior, the most 
significant effect is observed with a large ratio of Ae, to €,, Ir 
fact for the value of Ae, = 2! 


softening takes place in the material in the early stages of the 


« per cent and ¢€,, 4 per cent a 
deformation process. 

The ductility of prestrained OFHC copper is substantially im- 
proved by superposition of a cyclic strain upon the monotonic 
where Ae, 


the true strain at fracture is about double that obtained in simple 


strain. In the extreme is roughly three times €, 
tension 

In Fig. 11 is shown the cyclic tension behavior of SAE 1018 car- 
bon steel in the annealed state. With respect to the mean stress 
it is seen that relatively low values can be achieved providing 
the ratio Ae,/e, Note that the flow-stress 


curve is not particularly influenced by the 


is sufficiently larg 


presence of cy clic 


= SIMPLE TEN aN 
TENSION WITH SUPERIMPOSED 


CYCLING ber2 4% 4—_,°3/4% 


O- TENSION WITH SUPERIMPOSED 
CYCLING Bayt 3/4% €m*3/4% 


os ~ 
TRUE STRAIN '% /iw 


Fig. 12 Flow stress and mean stress-strain curves, cyclic tension tests—nickel A 
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Fig. 13 Flow stress and mean stress-strain curves, cyclic tension tests—AlSI type 347 stainless steel 


strain. This is in contrast to the effects obtained in aluminum 
and copper; although some decrease is observed, the decrease is 
small in comparison to the effects found in the two previous ma- 
terials examined. Similarly, the ductility is not particularly af- 
ected by the presence of cyclic strain; again the increase is 
noted but it is very small when compared to the significant effect 
found by aluminum and copper. 

In Figs. 12 to 16 are shown the cyclic tension behavior for 
nickel A, AISI type 347 stainless steel, titanium, 24ST aluminum 
It is of interest to note that in all 
cases the magnitude of the mean stress required to maintain a 
particular mean strain is determined by the ratio of the diametral 


strain range Ae, to the mean strain €,,. 


illoy, and 75ST aluminum. 


In some instances where 
both this ratio and Ae, are low, the mean stress becomes very 
high. This occurs because of the large elastic component in the 
strain range, resulting from a low modulus of elasticity, a larger 
degree of strain-hardening or both. 

These metals are not as susceptible to reduction in the tensile 
678 
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flow stress as 25 aluminum or copper although the reductions that 
do occur appear to vary with the ratio of Ae,/€,,- Similarly, the 
fracture ductilities are not as strongly affected by cyclic strain 
although some evidence of a ductility increase is observed in all 
the metals examined 


Discussion 

The instability of 25 aluminum when subjected to cyclic plastic 
strain with a superimposed mean stress is clearly demonstrated 
That the instability 
of an initially uniform cylinder of 2S aluminum subjected only 


by the cyclic strain-torsion tests described. 


to cyclic plastic strain as a consequence of the same behavior is 
In order to clarify this a detailed analysis of the 
stress and strain in the specimen was undertaken as described 
in the Appendix. This that 
effects, mean stresses are developed in a longitudinally loaded 


not as clear. 


shows because of second-order 


specimen having a nonuniform cross section and subjected to a 


fully reversed cyclic strain at the minimum cross section. These 
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Fig. 14 Flow stress and mean stress-strain curves, cyclic tension tests— 
titanium 
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Fig. 15 Flow stress and mean stress-strain curves, cyclic tension tests— 
24ST aluminum alloy 
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Fig. 16 Flow stress and mean stress-strain curves, cyclic tension tests— 
75ST aluminum alloy 
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Fig. 17 Comparison of tension and compression 
curves—OFHC copper and 2S aluminum 


stress-strain 


mean stresses, which are 


compressive, act at all sections other 
than the minimum section and cause a progressive increase in the 
This 


minimum section the tensile stress 


mean diameters of these sections Appendix, equation (8). 
is shown to be true if at the 
developed as a consequence of the tensile strain is assumed to b« 
equal in magnitude to the average of the preceding and subse- 
quent compressive 
ing effects) when the 


stress (to eliminate possible strain-harden- 
This 
symmetry between 
the tensile and compressive stresses under fully reversed cyclic 


strain is fully reversed. assump- 


tion is supported by Fig. 17 where the 
strain is shown for 28 aluminum and OFHC copper 

For cases when the gage length is uniform as shown in Fig. 2, 
constraints reduce the magnitude of the cyclic strain near the end 
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of the specimen which again produce a somewhat excessive com- 
pressive stress and lead to an enlargement of the ends relative to 
the mid-length of the specimen. 

One may then ask how the effect varies with material behavior. 
It can be reasoned that materials with different resistances to 
cyclic plastic straining will show significantly different degrees 
of instability. Referring to equation (9) in the Appendix, this 
equation may be visualized as an equality between three ratios, 
involving the stresses, the strains at the minimum section (sectior 
1), and at some other section (section 2). Assume now that the 
strains and hence the ratio at 1 is maintained and different ma- 
terials are compared. The comparative instabilities of the two 
materials are determined by the ratio involving the strains at 
and this, according to equation (9), depends on o;,/¢.,, 
the tensile to compressive stress ratio. 


section 2, 
Hence the same strain 
bias and instability are achieved for the same tension-compres- 
sion stress ratio. The shape of the cyclic stress-strain curve 
Fig. 17, for example) thus becomes important. A flat curve 
with little strain-hardening requires a large strain bias for a given 
stress ratio while the same stress ratio can be achieved for a 
material with pronounced strain-hardening and very little bias. 
Considering the instability of materials subjected to a more 
clearly defined system of cyclic strains and mean stresses as, for 
example, in Fig. 3, the amount of deformation is strongly a func- 
tion of the material properties. Under the assumption that the 
superimposed mean 
should, within the limits of constraint of the system in question, 
result in infinitely large deformations. 


yield stress remains constant, stresses 
Conversely, where strains 
re controlled, such systems cannot support any superimposed 
steady For real materials, on the other hand, such 


idealizations cannot be made. 


stress 
In fact, the foregoing experiments 
indicate that a definite relationship can be determined relating 
the steady or mean stress to the mean strain or strain increment 
per cycle depending on the magnitude of the total and cyclic 
strain. In the case of annealed OFHC copper, Fig. 9, cross- 
plotting results in Fig. 18. 
stress-strain relations are shown for various values of Ae,, the 
cCVCili 


Ae, 


Here at a tensile strain of 0.2, mean 


strain range. Note the strong influence of the parameter 


o> 
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Fig. 18 Mean stress versus mean strain—OFHC copper 


Information as to the mean stress-mean strain behavior of a 
metal is of value in analyzing the cyclic-dependent deformation 
or relaxation characteristics of an elastic-plastic or totally plastic 
body where the plastic action is reversible. Examples are found 
in structures subjected to cyclic thermal stresses and mean 
stresses [5] and in metal-forming operations [4]. The noncyclic 
load-carrying capacity of the plastic region is strongly a function 
of the degree of strain-hardening of the material, as has been 
pointed out, and hence large differences in results can be ex- 


SEPTEMBER 1960 


pected depending on the material characteristics assumed for 
analysis. 

The influence of cyclic plastic strains on the tensile and com- 
pressive flow stress of the various metals examined, particularly 
28 aluminum and copper, is related to the observed softening of 
cold-worked metals subjected to cyclic stresses {1}, [8-11]. It 
was shown [1] that, for aluminum and copper, softening as a 
consequence of cyclic strain occurs providing the state of hard- 
ness produced by monotonic deformation exceeds that de- 
veloped by the same cyclic strain from the initially annealed 
state of the material. This condition prevails after monotonic 
strain of a few per cent is achieved. In view of the fact that ex- 
ternally applied steady stresses produce deformation and that 
macro-residual stresses are relaxed as a consequence of cyclic 
plastic strains, an analogous relaxation of internal stresses which 
otherwise impede the motion of dislocations can be expected. The 
influence of such deformation-produced stresses as a consequence 
of dislocation pinning or pile-up at grain boundaries may be 
mitigated by cyclic effects which can lead to dislocation com- 
bination or annihilation or bypassing of obstacles to easy slip. 

The increase of ductility with cyclic strain has several interest- 
ing ramifications. Similar observations have been reported by 
Evans [12] on metals subjected to interrupted tensile loads. In 
view of the instability of mean stresses in the presence of cyclic 
straining, an explanation of the ductility increase is suggested 
Pronounced necking generally occurs at fracture for those mate- 
rials susceptible to ductility increase; 
OFHC copper. 
stress state in the necked region 


i.e., 28 aluminum and 
Superimpose 1 cyclic strain can act to change the 
This can be accomplished in two 
ways: (a) The flow stress is altered, as was discussed. (b) The 
combined stress state introduced by the neck geometry can be 
modified by continual relaxation of all self-equilibrating stress 
systems produced by the loading process. Thus each time the 
stress is reversed, any residual effect associated with the previous 
load increment relaxes. This tends to reduce the triaxial tensile 
state in the neck and permits further deformation 

One may wonder what role fatigue failure as a consequence of 
cyclic strain plays in the fracture process for cyclic tension testing 
Certainly fatigue can have an important effect in reducing the 
fracture ductility, particularly where the ratio of Ae, to €,, is 
large and ¢,, is small. Of particular interest, however, is the fact 
that the fatigue effects of cyclic straining are not as pronounced as 
expected. 


It has been shown [1, 6, 8} that failure as a conse- 


quence of cyclic plastic strain can be represented by 
N'/*Ae, = C (1) 


when N is the number of cycles to failure and Ae, the plastic- 
strain range. The constant C has further been shown to be re- 
lated to the fracture ductility in a simple tension test, defined as 
the true strain at fracture, €,, such that C = €,/2. Equation (1) 
then implies an interrelationship between cyclic and monotonic 
straining. Thus prestraining reduces the constant C and hence 
cycles required for fracture after a particular strain. Conversely, 
previous strain cycling should reduce the subsequent fracture 
ductility. 
cyclic tension test, should lead to decreases in the fracture duc- 
tility. The foregoing experiments have shown that such is not 
the case and indicate a favorable interaction of the two deforma- 
tion systems on fracture. Thus the constant C as determined 
from the fracture ductility of the prestrained material will, in 
general, predict conservative results for fatigue life under cyclic 
strain. 


Combining monotonic and cyclic deformation, as in a 


Summary 


The instability of metals subjected to cyclic plastic strains 
with superimposed mean stresses has been investigated. Observa- 
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tions and experiments are reported for longitudinally loaded, 
fully reversed strain cycling with and without an external mean 
stress, from which the sensitivity of the instability is demon- 
strated qualitatively and quantitatively. More detailed quanti- 
tative information of this effect is obtained by means of a cyclic 
tension test, from which it is also shown that the flow stress and 
fracture of metals are altered by the superposition of a cyclic 
strain. This is particularly marked for 2S aluminum and OFHC 
copper. 
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APPENDIX 


Development of Mean Stresses in Longitudinal Bors Subjected to Fully 
Reversed Strain. 1 and 2 of a test bar having 
some arbitrary variations in cross section, Fig. 19. Assuming the 


Consider two sections, 


Fig. 19 Sections of test specimen for stress and strain analysis 
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bar to be incompressible under a longitudinal tensile load, the 
tensile strain at section 1 can be expressed as 


4, -—A 


where P, is the longitudinal tensile load on the bar, and A» and A 
are the initial and instantaneous areas at |! 
compressive load P 


Similarly for a 


where €,, €.,, 7, and ¢@,, are 


Then 


algebraic quantities, but the 

are not 
Sa Fst = 
Cn, P. l-e 


Likewise at some other location 2 under the same load conditions 
we have 


o | C; 
= 


0. o 


. 


It is now assumed that section 1 is controlled during cycling 
such that fully reversed plastic strain is developed there or € 
It is well known 


intisymmetrical for both 


—€,.,. It can then be expected that a, o 
that monotonic stress-strain curves aré 
tension and compression up to a few per cent. Experimental 
evidence also shows this to be true for cyclic straining 

For example, it is possible Ww construct a cyclic stress-strain 
curve from fully reversed strain-cycling tests that is the counter- 
part of a monotonic stress-strain curve of a particular metal 
These curves can be determined experimentally as the locus of 
the points representing peak tensile and compressive stress and 
It has been 
shown [1] that these curves would depend to varying degrees 


strain values found for each strain range employed 


on the prior number of cycles of strain and upon the amount of 
superimposed monotonic strain. For purposes of illustration 
however, unique curves of cyclic stress versus cyclic strain can 
In Fig 
curves for 2S aluminum and OFHC copper, these curves being 


be assumed. 17 are shown typical cyclic stress-strain 
obtained from a variety of cyclic-strain tests after ten strain 
cycles [1]. Note here that deviations from antisymmetry occur 
for cyclic strains in excess of a few per cent, beyond the range of 
most practical interest. 

If the test bar is nonuniform in cross section, such that the 
cross-sectional area at 2 is greater than at 1 and €,, > €,, then from 
the equalities in tensile and compressive stress and strain at | 
equation (8) becomes 


Ot l—¢€« 1 
On ite, I= ety 
If at section 2 |e.) = |é,,|, then |o,,| < |¢,,|,a behavior not con- 


sistent with experiment. The only way that equation (9) can be 
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satisfied is for |o, o., and |€, < |€,|. Thus for each cycle 
the cyclic compressive strain at 2 is greater than the cyclic ten- 
sile strain there and section 2 grows progressively larger in di- 
imeter with repeated cycling. 

\ gage length of initially uniform diameter as in Fig. 2 also 
becomes unstable if subjected to cyclic plastic strain. This can 
occur if an increased constraint exists near the ends of the gage 
length so as to produce a nonuniform change in diameter along 
the bar. Once the nonuniformity occurs, equation (9 
operative and the instability becomes more and more pronounced 
If the initially uni- 


becomes 


is €;, becomes increasingly different from €,,. 
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form gage-length specimen is cycled by a fully reversed controlled 
diametral strain at some central location, the constraints near the 
ends of the specimen will produce a progressive thickening of the 
specimen there, and a shortening of the specimen length takes 
place. 

The same effect can be shown to occur if the ends of the test 
specimen are cycled about a fixed length, as was the case in Fig. 1. 
Then equation (8) is balanced only if |e,,! > |e,!, |on g.,, and 
Ets) < |€|, Tr) < |O|, such that with continual cycling the mid- 
section of the gage length contracts and the ends become larger 


in diameter 
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typical hot mill are compared with those obtained for a typical cold mill 
of gage control are discussed 


Ween the ever-increasing demand on the semifinished 


products such as rods, railroad rails, axles, sheets, strips, tubes, 


and so on, the steel industry has grown enormously in stature 


during the past 30 years 
the materials being within the prescribed 
tolerance limits, the consumer industries 


Since the efficiency of production is de- 


pendent upon raw 
notably the tin-plate 
and sheet-metal industries, which employ mass-production tech- 
niques, have set down standards on the quality of the raw ma- 
terials. These standards, in turn, have forced the manufacturers 

The 
problem of keeping the gage of the rolled products within speci- 
fied tolerances is further complicated by the speed with which the 


strip can 


of such rolled products to take appropri ate corrective st« ps 


be economically rolled. Despite the wide tolerance 


half of the 


limits, it has been reported that in some cases nearly 


rolled product is close to or just outside these limits 


One of the major problems in the rolling industry, therefore, is 


to regulate as closely as possible the gage of the output product 


within the tolerance limits economically 


The speeds at which 
control 


control is 


economic production is possible are so great that manual 


is very nearly impossible. The d for automatic gage 


both obvious and urgent 
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paper provides results of an analytical 


such information has not appeared in the 


Roll-Force and Torque Coefficients 
for Hot-Strip Steel Mill 


and computer tnvestiga/iton to determine 


the numerical coefficients involved in the roll-force and roll-torque equations pertaining 
to a single stand in a multistand, tandem 


To the authors’ knowledge 
The for a 
The principle 
iewed briefly 


teel rolling mill 


literature to date coetiictents 


The theories on flat-strtp rolling are ret 


An analytical investigation of the performance of the system 
comprised of the rolling mill and its control equipment is es- 
wtual design and construction of the control 
thus 


the performance characteristics of 


sential before the 
The 


mathematica! formulation of 


ipparatus analytical investigation includes the 


all elements which make up the system and the subsequent analy- 
sis of these equations of performance In the process of the 
formulation of the mathematical model for subsequent analysis 
it is necessary that numerical values of the various parameters 
entering the equations be determined. It is the purpose of this 
paper to provide numerical data pertaining to the rolling mill 
which are further 


roll-mill motors are ex 


not available at this time, in order to facilitate 
Thus the characteristics of 
A brief 

gage control in sheet-and-strip-rolling mills is included here, in 
order that 


analysis 
cluded from this discussion eview of the principles of 


an insight into the problems involved in the rolling 


process may be gained 


Principles of Gage Control 


In the mills rolling sheet or strip, the metal suffers a plastic 


deformation as it passes through the rolls. The material de- 
creases in thickness, increases in length, and has no perceptible 
change in the lateral direction. Neglecting elastic recovery, the 
rolled gage is equal to the separation of rolls 


and if the 
ind mechanical properties, the output gage 


If the separation 
ean be kept constant 
thickness 
would remain constant 


incoming material is uniform, 
both in 
However, because of the elastic deforma- 
tion of the rolls and the mill supports and the changes in dimen- 
sions due to the changes in temperature, mechanical properties 
of the strip, and so on, the roll separation does not remain con- 





= variable defined i 


(14 


equation = 

= variable defined in 
(15) 

Hitchcock’s constant ( =0.746 

x 10 7 sq in per lb for steel 


rolls) 


equation 


thickness 
strip, in. 

variable 
equation (7 

value of H at @ = @, 

inhibited yield stress, psi 

mean yield stress, psi 


of the outgoing s = normal roll pressure, psi 


normal roll 


ind 


tively, psi 


pressure on exit 


defined following sides, 


entry respec- 
roll torque per unit width of 


strip, in-lb/in. 


; stiffness of the mill structure 
constant of integration used <—_ 

: » Ib in/in. 
in equation (4 


integrals defined in equation 
(17 


horizontal stress, psi 


horizontal force per unit width 
of strip, lb per in 

thickness of the strip at any roll force per unit width of 

section, in. strip, lb per in. 

roll separation, in radius of undeformed 

thickness of the 


strip, in. 


rolls, 
incoming in. 


radius of deformed rolls, in. 
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variable defined in equation 
(16) 

front and back tensions, psi 

coefficient of friction 

angle at any section measured 
with reference to plane of 
exit, radians 

angle of neutral plane, radians 

variable defined by equation 
(13) 
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stant. The resulting product, therefore, is not uniform in gage. 

The stiffness of the roll-mill structure is defined as the change 
in rolling load for a certain elastic change in the dimensions of the 
roll gap. The greater this stiffness, the greater is the ability of the 
mill to gage. Experiments [1, 2]? 
have indicated that for low loads the stiffness of the mill structure 


roll to close tolerances in 


is nonlinear; however, in the working range, it may be considered 
constant. Typical values of the ‘‘spring-constant’’ vary from 4 X< 
10° lb per in. for a small 2-high mill to 20 « 106 lb per in. for a 
large 4-high mill. The elastic distortion due to the spring action 
of the mill structure can be represented as 


P = m(h — ho) (1) 


where m is the spring constant, h the roll separation, ho the separa- 
tion of the rolls under no-load conditions, and P is the roll- 
separating force 

The roll-separating force (roll foree for brevity) between the 
rolls is a complicated function of the roll radius, dimensions of the 
strip at entry and at exit, the mechanical properties of the ma- 
terial being rolled, the coefficient of friction between the rolls 
and the material being rolled, and so forth. One of the most 
suitable methods for the determination of roll force is described in 
Appendix 1. Therefore, here it is sufficient to represent the roll 
force P to be a function of the thickness of the strip. Thus, the 
equation for the strip in plastic state can be written formally as 


P = fih) 


(2) 


and the 
will provide the necessary conditions of 


A simultaneous solution of the elastic equation (1) 
plastic equation (2) 
equilibrium. On the P-h plane the relationship depicted by 
equation (1) can be graphically interpreted as a straight line 
The line 
A-B-E in Fig. 1 is one such line for a roll separation of hy. Ob- 
serve that when the input thickness A, is less than the roll separa- 
For the 
same mill, the spring constant m is the same; thus, a change in the 
roll separation from ho to ho’ merely shifts the line A-B-E to a 
new line C-D-E. 

The curve A-C-J is a plot of equation (2). All parameters of 
this equation excepting the outgoing thickness are held constant. 
\ series of values relating the roll force and output thickness are 
evaluated using either equation (11) or (17). 


having a slope m and intersecting the P-axis at —mAp. 


tion ho the force exerted by the rolls on the strip is zero. 


Equation (2) is an 
abbreviated representation of either of the more complex equa- 
tions (11) or (17). It is to be noted that, if no reduction takes 
place during a pass, that is, if the output thickness remains equal 
to the input thickness, the force required to deform the strip is 
zero. Such a situation corresponds to point J in Fig. 1. 
B-D-G is also a plastic line for an input thickness of hy. 

From the graphical solution [3] of equations (1) and (2) as in- 


Curve 


? Numbers in brackets designate References at end of paper. 


AA Elastic Lines 


Plastic Lines 








ed 


Fig. 1 Graphical solution of plastic and elastic equations 


684 


SEPTEMBER 1960 


dicated in Fig. 1, it is not difficult to conclude that the thickness 
of the outgoing strip can be modified by either altering the 
parameters affecting the plastic equation or those affecting the 
elastic equation. The changes in plastic equation are effected by 
the change in tension applied to the strip while the elastic equa- 
tion is altered by changing the screw setting. Further, a com- 
bination of both these methods can also produce the desired re- 
sults. 

The tension method of gage control consists of varying the ten- 
sion applied to the strip by varying the speed of the motors driv- 
ing the rolls. 
vantage because of a large latitude in tension which can be ap- 
plied to the strip. Fig. 2 shows the mechanics involved in this 
method. The roll setting is left unaltered at ho. One set of equi- 
librium conditions is represented by the point A, output thickness 
hea, and roll-force P,. 


For cold-rolling this method can be used with ad- 


When the input thickness increases from 
hi, to hy the equilibrium condition for the o=0 
shifts from A to B. In order to bring the output thickness from 
he back to hee, the tension is increased until the plastic line for a 


same tension | 


tension ¢ = 0), passes again through the point A, thus establish- 
ing the original output thickness hog. 

The screw-down method of gage control incorporates the cor- 
rection following the detection of deviation in the output gage 
by altering the roll setting. 
either predetermined for a range of parameters or a special- 
purpose computer system is evolved which would automatically 
make the necessary correction. 


The amount of such alteration is 


Point A in Fig. 3 represents the 
equilibrium point of operation with the output gage of ho. and 
roll force of P,. 


hig to hy, the new plastic line passes through the point B, the 


Due to a change in the incoming thickness from 


T-0 


Elastic 
Line 








20 


laiicins 


Fig. 2 Tension method of gage contro! 


a 








Fig.3  Screw-down method of gage contro! 
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new output gage is ha, and the new roll force is P,. If the gage 
setting is altered from ho to ho’, the point of operation shifts from 
B to C, thus restoring the output gage to the desired value hog. 
The effectiveness of the screw-down method is dependent on 
the speed with which the corrections are computed and the time 
of response of the screw-down motor. It must be pointed out 
that the screw-down method is equally effective for hot and cold 


mills, while the tension method has limited use in hot mills. 


Distinction Between Hot and Cold-Rolling 


Usually, cold-rolling is understood to mean the process in which 
the metal is fed into the rolls at about the room temperature, and 
hot-rolling pertains to operating at high temperatures usually 
those above the recrystallization temperature 

The metals present increased resistance to deformation because 


A like 


however, this is 


of the effect of work-hardening during cold reduction. 
effect also occurs while a metal is hot-rolled; 
neutralized by an opposite effect known as ‘‘thermal softening.’ 
Consequently, the resistance to deformation remains fairly con- 
stant as reduction proceeds, assuming that the deformation rate 
and temperature are held constant. This balance between work- 
hardening and thermal-softening effects, constitutes the real dis- 
tinction between cold and hot-rolling Based on this criterion 
during a cold-reduction process, the metal being deformed may 
exhibit hot-rolling characteristics, even though the ope rating 


temperature is near room temperature 


Theories of Rolling Hot Strips 


Of the various factors which influence the rolling load, the more 


important ones are the following 


{ 1 Coefficient of friction between the 
, Yield stress of the metal being rolled 
3 Front and back tensions 
4 Radius of the deformed rolls 
5 Rolling temperature 


roll and the metal 


i-xtensive literature [4, 5] can found in which the influence 
of the foregoing factors on rolling strips has been investigated 
Despite a great deal of work which has been done in order to de- 
termine the elusive parameters, the coefficient of friction, and the 
yield stress, the exact behavior of these two factors in relation to 
flat-strip rolling is not known. The various theories differ from 
one another in the method in which the two parameters are taken 
into account. A good account of the several theories on flat-strip 
rolling, arranged in chronological order, can be found in reference 
5 

Orowan’s theory [6] is the most accurate develuped so far 
in that it makes fewer assumptions and mathematical simplifica- 
tions However, the values of yield stress corrected for in- 
homogeneous compression, which are used in this analysis, are 
difficult to obtain for a practical setup, which limits the applica- 
bility of this theory 

A more practical method of evaluating the roll force and roll 
torque has been proposed by Bland and Ford [7]|. Despite addi- 
tional assumptions, this theory has yielded results which are in 
substantial agreement with those obtained in practice. A brief 


discussion is therefore included in Appendix | 


Computer Solution 


As can be seen from equations (18) and (19), Appendix 2, the de- 
termination of roll force and roll torque is reduced to the evalua- 
tion of two integrals. In order to study the transient behavior of 
the control system, it would be ideal if these complex equations 
of performance could be solved simultaneously. The relatively 
large number of such equations suggests the use of incremental 
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technique as an alternative procedure to determine the perform- 
ance for small excursions about a fixed operating point. This tech- 
nique as applied to these functions, involves the evaluation of the 
functions with all but one parameter held constant at a time. 
Therefore, it is only logical that high-speed computing machines 
be used to evaluate these functions 

An optimum program for use in IBM 650 has been evolved in 
order to calculate the roll force and roll torque. Using the input 
thickness, the output thickness, the front and the back tensions, 
the computer provides the values of the roll force, roll torque, and 
the thickness at the neutral plane 


Discussion of Results 


The comparison of the roll-force coefficients and the roll-torque 
coefficients in hot and cold mills is based on identical thickness at 
entry and at exit, with proper back tension in the two cases. 
Representative values for the coefficient of friction have been 
chosen which are assumed constant. The reduction in the stand 
has been limited to less than 20 per cent so as to be within the 
Repre- 
sentative curves of reduction versus resistance to deformation 

Fig. 13 A large number of calculations have 
been made by varying the independent parameters in order to 
study the dependence of roll force and roll torque on these 


limitations of the formulas derived in the Appendix 


have been chosen. 


parameters. Only a few representative cases are included here to 
help draw suitable conclusions 
Figs. 4 through 7 indicate the variation of roll force P 


of the independent parameters is varied one at a time 


, as each 
These 
values apply to a typical hot-mill setup. The roll force increases 
For the same reduc- 
The in- 


crease in back tension results in a uniform reduction in roll force 


almost linearly with increasing reduction 


tion, an increase in back tension decreases the roll force. 


thus to a first approximation, a linear variation can be assumed 
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Fig. 4 Variation of roll force with reduction 
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Fig. 6 Variation of roll force with outpui thickness 
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Fig. 7 Variation of roll force with back tension 
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Fig. 8 Variation of roll torque with reduction 


Figs. 8 through 11 indicate the variation in roll torque, as each 
of the independent parameters is varied one at a time. Once 
again these values are applicable to a typical hot mill. Based on 
the assumption underlying the analysis, the roll torque is de- 
There- 
The roll torque in- 


creased with increasing reduction up to a certain extent. 
after, it increases with increasing reduction. 
creases as the back tension is increased. 

An examination of Figs. 9 and 10 reveals that, within the limita- 
tions of the analysis, the optimum or minimum roll torque for 
various drafts increases very slowly and can be treated as con- 
stant. 

For the range of parameters investigated, all the foregoing 
remarks are applicable equally to both hot and cold mills. 

In the course of the study it was found that the neutral point 
shifts toward the exit side with increasing back tension and 
towards the entry side with increasing front-tension. This shift 
is essentially linear with respect to tension. 
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Fig. 9 Variation of roll torque with input thickness 
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Fig. 10 Variation of roll torque with output thickness 


The roll-force and roll-torque coefficients are compared in 


Table 1. 


Assumptions 


(i) The strip does not spread laterally. 


Such is true when the 
ratio of the width to the thickness of strip is large. 

(ii) The coefficient of friction between the rolls and the strip u 
remains constant over the whole are of contact. Even though 
this assumption does not have any experimental corroboration, 
in the absence of the knowledge of an exact variation of friction 
along the are of contact this assumption is justified. 

(iii) The plane vertical sections remain plane before and after 


rolling. This assumption is a good first approximation. 
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(iv) The material being rolled is homogeneous and the elastic 
deformation of the material is small in relation to the plastic 
deformation. 

v Hencky von Mises’ condition of plasticity holds 

vi) The normal pressure is equal to vertical pressure 
Axs imptions (ii) and (vi) limit the use of this theory to small 
ares of contacts, 20 deg being the limit 

The expression connecting the normal roll pressures with the 
horizontal force f is 
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Fig. 11 Variation of roll torque with back tension 


Table 1 Comparison of roll-force and roll-torque coefficients 


h, = 0.1000 h 0.0975 
Partial 
differential H 


no coefficients o 


Serial it-rolling Cold-rolling 


= 8960 psi 
I8.95 xk 106 


2240 psi o 
OP /dh, 166 xX 10 

OP /Ohs 5.01 kK 106 is.8 xX 16 
OP /da; 0.69 

OT /Oh, . 204 xX 105 
OT /dh ( : 13.4 XK 10: 
oT /de; 0.664 

Oha/ Oh 0.079 

dh, /Ohe 0.915 

Oh, / Oo; 75 0.595 * 10 


In equation (3), 2' denotes the radius of the deformed roll and is 


obtained by substitution in the controversial Hitchcock formula 


Q): 
R! 


The condition of plasticity q=~— pj) = k when modified by as- 
sumption (vi) would provide the second equation relating s and f 


tecognizing that p = f/h it follows that 
f =) h 5) 


Assuming that hk(d/dd)\(s/k > (s/h 1 
for small angles sin @ ~ dand cos od =! 


(d do { hk 


, we have 


and that 
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But h & h. + R'*, thus the right-hand side of equation (6) is a 
| 


function of @ alon Integrating both sides after the indicated 


substitution yields 


R? 


R 
afer tan a re 


and C is the constant of integration to be determined by the us« 
of the end conditions 

At exit d = 0, p 6», the front tension and H = 0. At 
entry @ Qi, P ao, the back tension and 


R IR 


2 tan Q 
he he 


hus the complete expression for the normal pressure over the 


H H 


irc of contact is 


on exit side 


on entry side 9 


s” expresses the normal pressure as a function of @ between the 
exit and the neutral plane while s expresses the normal pressure 
between the entry and neutral plane 

The angle at the neutral plane >, 8 derived by considering the 


continuity of s at the neutral plane. It can be shown that 


Vh H. V he 


Vv R * 2 Vv R 
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Fig. 12 Forces and stresses acting upon an elemental vertical section 
of the sheet between rolls 
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. 13 Resistance to deformation versus reduction 


APPENDIX 1 
Theories on Rolling of Flat-Strip Steel 


Notable among the several theories which have been proposed 
since 1930 are: 


(a) Siebel’s “friction hill’ theory [5], 
(6) Orowan’s theory [6]. 


The basic differences in these theories arise from the various 
assumptions made in deriving the formulas for the calculation of 
roll force. Trinks, Tseilkov, Nadai, von Karman, and others 
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have suggested mathematical approximations leading to a simpler 
solution to the “friction-hill’”’ differential equation proposed by 
Siebel. However, because of the questionable nature of some of 
the assumptions made in the solution of the friction-hill differen- 
tial equation, the calculated results could not compare well with 
the experimental data obtained by Siebel and Lueg [8] 

With a view to improving the correlation, Orowan proposed a 
theory with relatively fewer assumptions. 
the most accurate one developed so far. 


Orowan’s theory is 
However, the values of 
yield stress corrected for inhomogeneous compression are rather 
difficult to obtain, thus limiting the use of this theory in its pres- 
ent form. 

Bland and Ford [7] have suggested a few mathematical! simpli- 
fications to be incorporated in Orowan’s theory. This method 
theory yields results which are within 15 per cent of those ob- 
tained from tests on a model steel mill 

Referring to Fig. 12, the problem is to derive an expression for 
the normal pressure between the rolls and the strip being rolled 
when the thickness of the strip at entry and exit is h; and h,, re- 
spectively, and the strip is being rolled between two parallel rolls 
for equal radius R. In the following analysis, attention will be 
focused on a unit width of the strip only. The roll force is the 
integral of the normal pressure over the whole are of contact, thus 


Ga > 
P= f s*R'dd 4 f 
0 Gn 


It is to be noted that in this expression P is the roll forces 
width of the strip. 

The roll torque 7 per unit width of the strip is the integral of 
the moment above the roll axis of the functional forces along the 
are of contact. 


Thus 


The normal forces will have 


"*% * d, 
T =uRR ({ sd f 
Qn 0 


APPENDIX 2 
Computer Solution 


Equations (8) through (12), derived in the 
suited for use on the digital computer. By means of the trans- 
formations discussed in this section, the equations for roll force 
and roll torque are rendered suitable for computer solution. The 
transformation equations are 


negligible moment. 


Appendix | are not 


v = o/u 
p( R'/hy 
b = 2a 
x, = tan~ay, 
Simplification, after substituting these relations, yields 
P 
uR'k 


+ (1 - (1 _ 


The roll torque 7’ can be obtained in one additional step as 


T = wRR'k(M, — M;) 
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Steady-State Creep of a Thick-Walled 
Cylinder Under Combined Axial Load 
and Internal Pressure 


Equations are developed for prediction of steady-state creep stresses and strain rates in 
a thick-walled tube under combined internal pressure and axial load. An analytical 
solution of the equations, in closed form, is not possible but numerical solutions to the 
equations are tabulated for various values of the variables. For values of the variables, 
other than those tabulated, interpolation is usually adequate. If this ts not the case, 
a trial method of calculation is presented which uses the tabulated solutions as a starting 
point. Simple approximate solutions, which apply for the cases in which the additional 
axial load is small or large relative to the axial load due to internal pressure, are also 


IAIN FINNIE 


Shell Development Company, 
Emeryville, Calif. 
Assoc. Mem. ASME 


given 


I. A NUMBER of high-temperature applications thick- 


walled tubes under internal pressure are in a vertical position. 
Axial load is thus imposed on a tube not only by internal pressure 
Under the 


combination of axial load and internal pressure, at a high enough 


but also by its own weight and that of its contents. 
temperature, the tube will deform continuously by creep in both 
the radial and axial directions 

Calculations of the stresses and creep rates in a thick-walled 
tube under internal pressure alone may be found in the literature 

l When axial load is applied in addition to internal pressure, 
the stress distribution is no longer the same. The calculations 
become considerably more complicated, a solution in closed form 
is no longer possible, and numerical methods of solution must be 
employed. It must be emphasized that, in general, solutions 
cannot be obtained by combining the effects of the separate loads 

In this paper the equations required for a stress analysis will be 
developed. These have been solved with a digital computer for 
a number of tubes, creep laws, and loading conditions. A con- 
densed tabulation of the results is given. 

In cases where the additional axial load is either very large or 
very small compared to the axial load due to internal pressure, it 
is possible to use simple approximate solutions. These will be 
given and illustrated by examples. In general, the tabulated 
solutions must be used either directly or after interpolation. 
Usually If this 
is not the case the approximate solution, obtained by interpola- 


direct interpolation will be sufficiently accurate. 


tion, may be used as the first step in a trial-and-error numerical 
Only 
the equations necessary for an application of the tabulated solu- 


solution which may be carried out with a desk calculator 


The derivation of 
the equations and the procedure used to obtain a solution will be 


tions will be given in the body of the paper. 


given in an Appendix. 
Finally, a numerical example is given to illustrate use of the 
tabulated solutions 


' Numbers in brackets designate References at end of paper. 
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Outline of Solution 


For many materials the deformation of a tension specimen, 
under constant load at elevated temperature, proceeds as shown 
schematically in Fig. 1. The increase in strain per unit time (creep 
rate) may initially be quite high but usually decreases after a 
relatively short time to a value which stays fairly constant 
throughout most of the deformation. At long enough times this 
constant-rate creep (steady-state creep) forms the major portion 
of the strain, and it is permissible to idealize the creep curve as 
the straight line shown in Fig. 1. This approximation is ade- 
quate for many practical calculations and, indeed, steady-state- 
creep data are often all that are available 














Time 


Fig. 1 idealization of a creep curve as steady-state creep 


The steady-state creep rate € is a function only of stress c. 
An empirical relation which is often found by experiment to re- 
late these quantities is 


é = Bo" (1) 


where B and n are constants which may depend on temperature. 
In the balance of the discussion of creep rates it will be assumed 
that only steady-state creep is involved. 

The creep rates in the tangential, radial, and axial directions 
are given by 
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C and K are constants, R, is the outside radius of the tube, and 7 
is the radius to any point in the tube wall. The stresses at the 
inside and outside of the tube wall will be tabulated for: 
Several values of n, in Equation (1); (6) several ratios of tube 
when R;/R 


the stresses are essentially uniform over the cross section and 


(a) 


inside-to-outside radius R;/R, , approaches unity, 
hence may be determined directly from the applied loads; (c 
a given K/C ratio specifies the ratio of 
tangential strain at the outside wall to axial strain, that is, 


several ratios of K/C 


sire Be)... (C/K) — 1/2. 
X = 


L/arR?p; of the additional axial load L to the axial-pressure load? 


In addition, a given value of K/C specifies the ratio 
rR ,p;. The quantity \ which is usually a known variable is also 
tabulated. 

Instead of tabulating the stresses o,, op, and o, in the radial, 
tangential, and axial directions, it is more convenient to work 
with the dimensionless variables zr = 


CR/Pi, Y = Fr/Pi, 2 = 


r,/p,. Calculations were carried out for positive and negative 

values of K/C, and correspondingly there are positive and nega- 

Positive and negative values of K/C lead to 

corresponding values of z (designated as z+ and z— in the tabu- 

), but the value of y is not influenced by the sign of K/C. 

Values of z need not be tabulated since these are always ss ] at 
R;and 0 = R,,. 


Strain rates may be obtained from the stresses by using the 


tive values of X. 


lation 


following equations 


ér = Bp "6*" iy — (z+ 


é, = Bpd*— fz — (2 + 


Ep = Bp,;6*" ier — | 
where 


- 1 


o* = 5 ((x — y)? 4 


The 
2R léy r=Ro)- 


increase u in outside diameter after time ¢ is merely x 


It can be shown that the stress distribution corresponding to 
1 is the elastic distribution and need not be tabulated. For 
l, 
(R, R )? + l 


at all points on the cross section 


Ww here 


TR *p; 


Normally in a tube under internal pressure the axial-pressure load 
is carried by the tube wall. This may not be true if the tube is sub- 


ject to external constraints 
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From the equations in the Appendix, it can be shown that solu- 
tions are particularly simple when A (and hence also K/C) is 
very small or very large. In both cases the average axial stress 
due to L may be added directly to the stresses due to internal 
When A is small, the taken 


as those corresponding to a steady creep-strees distribution [1] 


pressure. pressure stresses are 


(R,/r)? 


When A is large the pressure stresses are taken as those cor- 
responding to an elastic-stress distribution (obtained by putting 
n = 1 in the foregoing equations). These solutions will be exact 
for small enough or big enough A, but will be approximations for 
The range in which they may be used depends on the 


0.2 


other cases 
accuracy desired, but in normal conditions might be A 
and A > 5.0 
the examples following. 


The degree of approximation will be illustrated in 


Examples 

When the additional axial load L is small compared to the axial 
load due to internal pressure, it was stated that the stress dis- 
tribution could be closely approximated by adding the average 
axial stress due to L to the steady-state « reep stresses correspond- 
To illustrate this, the approximation 
0.5, 


ing to internal pressure. 
can be compared with the exact solution forn = 7, R;/R, = 
A = +0.195. 


R, 
302 
301 
748 


y (exact) 592 l 

/ (approximate 593 ] 
174 0 

z + (approximate 131 0.722 

234 0.553 


263 0.592 


z+ (exact 


— (exact) 
approximate 


The avial strain rate may be predicted from the stresses at the 


outside or inside radius. However, the outside radius has been 
chosen since the vanishing radial stress at this point simplifies 


calculations. The axial strain rate is proportional to 


+0.195 


Hence, forA = 


This type of error (~20 per cent 
for this value of 


will normally be acceptable and 


indicates that A the approximate solution is 
adequate. 

Turning now to the other extreme the exact solution for A = 
+15.237,n = 7, R;/R, = 0.5 is compared with the approximate 
solution obtained by treating the pressure-stress distribution as 


elastic. 
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Stress parameters for combined axial load and internal pressure 
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0.905 


s 
ne 


exact) 


/ (approximate 


-~ Qw 
SSE 


z+ (exact) 
z + (approximate 
exact) 


r¢ I T , 
approxima le 198 Bp.’ 


If it is assumed, mistake nly, that the loads could be considered 
separately, it would first be concluded that internal pressure pro- 
luces no axial strain. An axial load L 0.8rR 2p, would then 

} a be assumed to produce an axial strese 
O.8rR 2p, 


Again, the approximate solution is probably sufficiently accurate wR? R 
As a third example an intermediate value of L/wR,’p,; is taken 


It would be concluded that the 
tlated solution p.* whict 


for which the approximate solutions are inadeq late To avoid 


interpolation, a case is assumed for which the tab derest 


te 
is directly applicable 


A tube with R,/R 0.8 is found from 


tubulated solutions ‘orrespo! ¢ to K/C 0.5 Hence 


f about 


Summary 


The stress distribution in a thick-walled cylinder under in 


5. The axial strain rate is given 


ternal pressure and axial load cannot, in general, be obtained by 
superimposing the stresses due to the s« parate loads In two ex- 
treme cases the superposition of stresses is permissible, and ex- 
imples of the conditions for which this is possible are discussed 
Solutions are tabulated for the stresses under various loading 
é, = Bp,“2.575" — 2.575 X 2.253 + 2.2537) combinations, for various creep laws, and for several cylinder 


thicknesses. Normally, by interpolation, these solutions may be 
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applied to most practical problems. If direct interpolation is 
inadequate, another method is suggested; this is discussed in the 
Appendix. 


APPENDIX 


In developing a multiaxial stress analysis for steady-state creep, 
the conventional assumptions are made that: (a) The density 
of the material does not change during plastic deformation, (b) 
the principal shear strain rates at a given point are proportional 
to the principal shear stresses and in the same directions. 

In this particular case the principal stresses o7, 0,4, Op lie in 
the tangential, axial, and radial direction. Since the principal 
strain directions do not rotate during creep, the two assumptions 
may be written as 


ér + &, + &e = 0 


€r — && €, — €p €x — €1 


or —- OG, 4 — oR Tr — Or 


= constant at a given point 
In steady-state creep it is assumed, guided by experiment [1], 
that stresses and strain rates are connected by the expression 


.* 


e* = fica*) 


where 


1/ 
7,4)? + (G4 — Gp)? + (Op — O7)*) ”? 


or ‘he 
€4)* + (€4 — €n)® + (€g — €7)*)* 


Combining these with the previous equations leads to 
i , 


€&, = 


(Oo, + os) (6) 


o* ; 2 


and two similar relations* for €, and €ép. An empirical relation 
which very often gives a good fit to steady-state tension creep 
data is € = Bo*. From the definitions of o* and €*, it may be 
seen that this implies that €* = Bo**. 

In a long cylinder, considerations of plane strain show that the 
axial strain rate is independent of radial or axial position. 
€, = K, where K is a constant. 


Hence 
Equation (6) becomes 

Ko* 1 
= ae q (x + or) 


On 


and combining this with Equation (4) yields 


wv K? \'/2 " 
Cr leak? te l— ca (7) 


The radia) equilibrium of an element of the cylinder wall is satis- 
fied by the equation 


rd p 
— a oe 
dr 


which when combined with the previous equation becomes 


rdo 2 K?\'/2 
* = o*il— - 
dr V3 é*? 


* The development leading to Equation (6) was originally given by 
Soderberg [2]. Subsequent specialization of the equations will 
largely be based on the plasticity analysis of MacGregor and Fisher 
{3 ] 
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Making the substitution o* = €*"/B”® leads to 


ertin 


rd pg 2 


s —_ + a 
dr V3 BY € 
Compatibility of strains leads to the conventional equation 


rdér 
= = ép 
dr 


€r 
Combining with the condition of volume constancy, éy + €g + 
K = 0, and integrating yields 

ér O'/r? — K/2 

€r —C'/r? — K/2 


é,=K 


a 2 (2 
. V3 r¢ 


Substituting for é* in Equation (8), integrating, and inserting the 
boundary condition, 7g = 0 at r = Ro, leads to 


1 
1+ r ea sons 
( ; ) : J [s | ,' . |<] 
or = |\ >= 7 dr 
Vv 3 Bi n Re r‘ r3 


(10) 


Hence 


with the condition that gg = —p; atr = R; 
stress is given by 


The tangential 


rda 
od (11) 


Finally, the axial stress must balance the sum of the external 
axial load L and the axial load due to internal preseure rP ;*p, 


Ro 
2r o,'r:dr = rR2p,; + I 12 
Ri ¥ 


(10), (11), and 

12), for several given values of L/xR,*p,; = A is obviously going 
to be quite complicated. For this reason, and since no specific 
values of A were required, solutions were obtained for a series 
of values of K/C. This enables a direct numerical solution of 
Equation (10) and then Equation (7) may be solved by iteration 
Finally, Equation (12) is solved to determine the values of 
L/rR 2p; corresponding to values of K/C. 


A direct numerical solution of Equations (7 


For numerical solution it is more convenient to use a dimen- 
sionless notation. Letting z = oc, Pi ¥ = O7/Py z = 
a =r/Ro, C = C’'/R?, K = 28C/V 3, a = R/Ro, 

V/ 3 )'t¥CVn/p, BY", the equations become 


T4/Pis 
D = (2 


l 1 


of B wn 4d 
2= Df (1.46) = 
1 a‘ aé 


—lata =a. 


(10a) 


with z = 


1 


1 : 2n 
y=2+D( ,+ 6) 
a 


q n/2 
;) + ((z — y)* + (y — 2) 


(: , 
1 

f zada 
a 
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L 1 


im TR 2p, ~ gt 


(12a) 





For given values of n, a, and 8%, the solution of Equations (10a) 
and (11a) presents no problem. For machine solution, Simpson’s 
Rule integration was used. Five values of a, between a and 1, 
were chosen and each interval was divided into six subintervals. 
As a check, the value of z at a = a was compared with the known 
value of —1.0. This was obtained to 7 decimal places which indi- 
cates that the number of points chosen was more than necessary 

Once z and y are determined, the only unknown in Equation 
(7a)isz. Writing the equation as F(z) = 0, we can use Newton's 
iterative method of solution. The n + 1 and nth solutions are 
related by 


where 


Machine calculations were made for a series of increasing values 
of 6 at given values of n and a. In the initial calculation, which 


was for a low value of 8, the first approximation for z was taken 





Y 


t 5. a=0.7 


Elastic Soln (n= 1) all "a" 








1 
! 10 


K/c = (2//3)6 


Fig. 2 Plot of \ against K/C showing effect of different values of » and o 
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as (x + y)/2. This is the exact solution when @ is very small 
For subsequent calculations, with increasingly higher values of 8, 
the z-values for the previous solution were taken as the first ap- 
proximation. In the machine computations, the value of z,., was 
printed out when (Z,4: z,)/z, < 0.0001. 


would be adequate if a manual calculation were being made 


Lesser accuracy 


Interpolation From the Tabulated Solutions 


In many cases a direct interpolation from the tabulated solu- 
tions will be adequate. If this is not the case, the rather time- 
consuming procedure just outlined may have to be carried out, 
using the tabulated solutions as a guide. However, the following 
approach intermediate to the other two may be appropriate 
Usually, values of the applied loads are specified and the strain 
rates and stresses are to be determined. It can be seen from the 
tabulated data or from typical values in Fig. 2 that the relation- 
ship between A and @ is relatively slightly influenced by changes 
inaorn. Interpolation to determine 8 from a known A is thus 
more accurate than interpolation to find the stresses. Knowing 
10a) may be evaluated by Simpson’s Rule (say, four 
to find D. Equation (lla 
solved by 


8, Equation 


intervals gives y directly and then 
Equation (7a) is iteration for z. The first trial for 











0.75 
Radia! Position, « 


Stress ratios as a function of radial position for a tube with 
e = 0.5, K/C = 2.0 
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should be obtained by interpolation in the tabulated solutions. 
Since we are not interested in solving for A, we do not require 
values of z other than at a = 1 and a = a. If only the strain 
rates at the outside of the tube are required and the change in 
tube thickness with time is not of interest, then calculations need 
only be made for a = 1. 

Finally, to illustrate the type of complete solution for the stress 
distribution which may be obtained by machine calculation, Fig. 3 
illustrates that the maximum stress is not always at a surface. 
Although the distribution of the stresses over the cross section is 
of theoretical interest, in practical problems only the stresses at 
the inside and outside wall of the tube are of normal concern. 
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Welded Composite Turbine Wheels as 
Related to Weld Quality and 
Plasticity Calculations 


Experimental justification ts presented for extending an existing rotating disk deforma 
tion theory-finite difference plastic flow calculation method to predicting the deformation 


and fracture of welded composite aircraft gas turbine wheels 
tions generally equaled but sometimes exceeded measured deformations 
be predicted for wheels containing no significant defects 


Calculated deforma- 
Fractures could 
Defects observed in fracture 


surfaces were incomplete penetration, incomplete fusion, porosity, and coarse columnar 


Structure 
strength 


Introduction 


ee STRESSES and high temperatures in the 


ns of aircraft gas turbine wheels require that the rims be made 
of highly alloyed steels A single material wheel must therefore 


be rroact entirely of the highly alloved steel 


Composite turbine 


wheels only use such material in an outer ring. The ring is 


| to an inner disk of low alloy steel. Compared to single 
rial wheels the composite wheels have both advantages and 

sntages. The advantages are related to performance and 
cibility. Disadvantages are related to design and inspec- 

problems 
Advantages. 1 Choice of alloying elements for the hot lower 
stressed rim and cooler higher stressed center can be optimized 
In particular, a ferritic steel center can be quenched and tem- 
pered to properties that are better suited to the higher stresses 
and lower temperatures of the central region 


Strategic alloying elements are conserved 

3 The difficult problem of forging large blanks (ref. [1 is 
eased because the highly alloyed steel is confined to a small 
volume ring 
Design of a 


Disadvantages. | composite wheel is complicated 


by the weld. Data for the support of design assumptions are un- 
Plastic that 


material disks (ref. [2]) have not been verified for com- 


available flow calculation methods worked for 
single 
posite wheels 

2 Use of a weld is accompanied by welding defects 


The im- 
portance of defects too small to be observable by nondestructive 
testing is not known. Still to be determined is the relationship 
between wheel strength and defects that are observable by non- 
destructive testing. 

The design of a composite turbine wheel for rail- 
way service was described in reference 3}. 


Previous Work. 
Elastic stresses were 
calculated to estimate the strength of the wheel. The calculations 
did not allow for the beneficial redistribution of stresses that oc- 
curs with plastic flow, whereas low weight aircraft turbine wheels 


Numbers in brackets designate References at end of paper. 

Contributed by the Metals Engineering Division and presented 
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Of these, incomplete penetration was significantly associated with losses in 


usually undergo some plastic flow. The adequacy of the design 


was indicated by a hot spin test of a model. Because the test was 
not carried to destruction, there was no quantitative check on the 
stress calculations. 

Purpose and Scope of Present Investigation. The purpose of this in- 
vestigation is to provide the designer with experimental verifica- 
tion of a method of predicting the short time elevated tempera- 
ture deformation and fracture of welded composite wheels 

The scope includes (a) comparison of observed with calculated 
plastic deformations and (b) comparison of tensile ultimate 
strengths with stresses calculated for fracture conditions, allow- 
The tests involved 
A total of nine wheels were short time spin 


ing for the influence of variable weld defects. 
three wheel designs. 
tested at temperature distributions similar to, or more severe, 
than service temperature distributions. Deformation and frac- 


ture conditions were investigated as follows: 


1 Deformations were measured for a total of eleven test con- 
ditions. Corresponding plastic flow was calculated according 
to the methods of reference [4 , UsInNg the stress-strain curves of 


tensile specimens from wheels similar to the test wheels 


2 Seven of the wheels were « verspeeded to weld fractures 
Equivalent stresses in the welds at the fracture conditions were 
calculated according to the method of reference [4]. Strengths 
of welds so determined were checked for statistical correlation 
with the varying nature and extent of defects observed in the 


fracture surfaces. 


Test Wheels 


Three designs of composite wheels were investigated 


The de 
sign features are shown by Fig. 1. Wheel part numbers and wheel 
condition are given in Table 1. The used wheels appeared to have 
had only normal service. The table also designates wheels that 
were used for spin testing and those that were used as a source of 
specimens for tensile testing. Nominal composition of the wheel 


materials was as follows: 


Mo 
Rim-AMS 5727 
(Timken 16-25-6) 
Weld-AMS 5785 (29- 
9 
Center-A MS 6415 
SAE 4340) 


6.0 


0.25 
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All of the wheels had been inspected and approved according to 
existing Air Force standards. These standards allow small and 
minor defects that are observable by the methods of nondestruc- 
tive flaw inspection. Five of the seven wheels that were subse- 
quently spin tested to fracture were radiographed by NASA 
to evaluate small weld irregularities that were present. Results 
are listed in Table 2. Sparsely scattered indications of incom- 
plete penetration, incomplete fusion, and a small amount of fine 
porosity were generally observed in radiographs of the welds. 
Definitions of defects 


are in accordance with reference [5]. 


Spin Tests and Deformation Measurements 


Torque to spin the wheels was supplied by an 8-in. diameter air 


turbine. Torque requirements were minimized by locating the 
test wheels in a spin pit that was evacuated to absolute pressures 
of 4 to 10 mm of mercury. The spin test equipment is shown by 
and 3, and temperature measuring circuits were 


scribed in reference [6]. 


Figs. 2 as de- 
Additional information on techniques of 
spinning, speed measurement, heating, and temperature measure- 
ment will be offered to the Society for Experimental Stress 
Analysis for publication in their Proceedings. 
tributions and speeds attained by the 
Figs. 4, 5, 


Temperature dis- 
test wheels are shown by 


and 6 


BLADES 


J-47TK (THICK) J-47 TN (THIN) 


Design features of wheels investigated 


rRADIATION 
PYROMETER 
SIGHT TUBE 
\ON WELD ZONE 


BRASS RING 
SUPPORTING 
INDUCTION 
HEATING COILS) 


The deformation data consist of changes in 
diameter as obtained from measurements made before and after 
spin testing. Wheel thicknesses were measured with a large 
micrometer and special jig. The micrometer readings were esti- 
mated to 0.0001 in. although the precision of the measurements 
was generally about plus or minus 0.001. Diameters were 
measured with a large vernier caliper having a precision of about 


thickness and 


Table 1 
Air Force part 
number 
8981995 
9012026 
8981995 
89K 1995 


Details of test wheels 


Test wheel 
number 
J35-1, J35-3 
a 
J35-4, J35-5 
J35-6, J35-7 


Remarks 
Used 
I lsed 
New 
Used 


Type of 
Spin 
Spin 
Spin 
Tensile 

J47 TK1, J47 TK2 8992470 

J47 TK3 8992470 

J47 TK 8482369 


Used 
Used 


Used 


J47 TN 8992575 
J47 TN: 8992575 
J 17° ) t 8992575 
J47 T? 8992575 


““J35" and ‘‘J47”’ refer to Air Force jet engi: 
thick and TN means thin wheels as in Fig. 1 


New 
Used 
Tensile New 
Te nsilé Used 


TK means 


Table 2 Radiographic indications in welds of wheels spin tested to 
fracture 


Test wheel 
number Radiographic indications < 
Not radiographed 
Not r: udiogr: iphe “d 
Random scatter of 
porosity.* 

Well dispersed light indications of 
and porosity.* 

Random scatter of several light 
complete penetration, three of 
to be severe.” 

Several light indications of incomplete 
and a scatter of small sized porosity.’ 

Small light and well distributed indications of in- 
complete penetration,® and some porosity.* 


weld flaws 


few small and light indications of 


ncomplete fusion 
J47-TKI1 dications of in- 
vhich appeared 


J47-TK2 


penetration 


J47-TN2 


150 KV 
sensitivity. 
® 250 KV machine, 
ter sensitivity. 
© Defect marked on surface of wheel for comparison with 
observations 


machine, 2.5 mm focal spot, 1.5 per cent penetrameter 


5.0 X 5.0 mm focal spot, 1.0 per cent penetrame- 


iracture 


RADIATION 
PYROMETER 
SIGHT TUBE 
SHAFT ON RIM, 
VIBRATION / 
DAMPER 
ASSEMBLY 


TRANSITE 
ELECTRICAL | 
INSULATING | 
BLOCK 


— WHEEL \I 


FAILURE 
WARNING 
COIL 














pnas 
THERMOCOUPLE— aaa 





CinpUCTOR COILS 


BRASS POST~ 


MICARTA ELECTRICAL 
INSULATING BLOCK 


Fig. 2 Spin test equipment below cover plate 


696 / sepTEMBER 1960 


Transactions of the ASME 





Fig. 3 Spin test equipment above cover plate 
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Fig. 4 Temperature distributions at speeds attained by spin tested J-35 wheels; centers of wheels J35-1 and 4535-2 
were cooled by water jets 
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Fig. 5 Temperature distributions at speeds attained by spin tested thick J47 wheels 


+0.001 in. Additional detailed information on the thickness 
measurements is given in Appendix A. 
are plotted in Figs. 7, 8, and 9. 


The thickness changes 


Method for Determining Stress-Strain Curves 


Stress-strain curves were combined from data obtained from 
specinxens and equipment specialized for small strain measure- 
ments and from data obtained from specimens and equipment 
specialized for large strain measurements. Tests were run at 
temperatures that covered the range of temperatures of the spin 
test wheels. The specimen used in the range of small strains 
strains up to 2 per cent) and the specimen used for large strains 
are shown by Fig. 10. A Templin gage connected to a Baldwin 
Southwork Autographic Recorder was used for measuring small 
strains. A transverse gage and a special water-cooled furnace 
were used for large strains. Tensile specimens were oriented 
with their longitudinal axis either in or perpendicular to a radial 
Tan- 
gential specimens were used for the small strain tests and radial 


wheel plane as exemplified in Fig. 11 for weld specimens 


specimens were used for the large strain tests of the weld ma- 
terial 

The large strain weld 
The 
transverse gage measured the deformation of one principal di- 
ameter of the ellipse. A method of estimating the deformation of 
the other principal diameter was derived as follows: 


Anisotropy of Large Strain Weld Specimens. 
specimens showed an elliptical cross section at fracture. 


\ dial gage micrometer with cylindrical anvils measured both 
principal diameters during room temperature tests of specimens 
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from several wheels. These data gave ratios of the two principal 
strains as a function of the principal strain in the direction of the 
transverse gage. The ratio was essentially constant for the range 
The elastic 
The ratio of the principal strains 


of principal strains from four per cent to fracture 
strains were assumed isotropic. 
was assumed to vary linearly from unity at zero strain to the con- 
stant value at a strain of four per cent. 

The two principal diameters were measured after fracturing 
and cooling for all of the elevated temperature tests of large strain 
and the 
estimated anisotropy factors then permitted calculation of the 
longitudinal strains. 

Combination of Small and Large Stress-Strain Date. Data from the 
longitudinal strain gage in the small] strain range (up to 2 per cent 


weld specimens. These data, the transverse gage data, 


elongation) were combined with data from the transverse strain 
gage in the large strain range (up to maximum load or fracture 
to form a single stress-strain curve. This was done by extending 
the curve of the longitudinal gage to a strain corresponding to the 
the trar The 
manner of this extension was as follows: The maximum stress 


maximum load strain as shown by sverse gage 
was fixed at the stress determined by the ultimate tensile strength 
of the specimen that had been used with the longitudinal gage 
The curve from the last point determined by the longitudinal! 
gage to the ultimate tensile strength point was then drawn in so 
as to approximate the shape of the transverse gage curve 
results are illustrated by Figs. 12, 13, and 14. 

Hardness Testing. 


Final 


Rockwell C hardness surveys were made for 
all spin and tensile test wheels in regions remote from fractures 


The hardness survey for the rim and center materials was made 
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Fig. 6 Temperature distributions ot speeds attained by spin tested thin J47 wheels 
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Fig. 7 Calculated and measured thickness changes in J35 wheels 


along the radial center line of blanks cut from the wheels 
results are shown by Table 4 


Final 
At least six readings were averaged 
to obtain the reported values 

Matching of Tensile Specimens to Wheels. The purpose of the ten- 
sile testing was to obtain stress-strain curves for use in calculating 
stresses in the fractured wheels and for use in calculating deforma- 
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tions to be compared with measured deformations. Large dif- 
ferences were noted in the stress-strain curves for corresponding 
wheel alloys in the 
Table |! 
due to fabrication or subsequent service conditions does not in- 
validate the 


the 


The wheels were mostly ‘used’ condition, 


Whether the differences in the stress-strain curves were 


wheel calculations provided the tensile specimens 
hat 
terials of the same nominal composition would have sufficiently 


represent test wheel. The assumption was made ma- 


similar stress-strain curves if the hardness values were the same 


A significant difference in hardness was assumed to imply that 
in excessive difference existed in the stress-strain curves 

The magnitudes of the axial strains introduced into the rim 
and center materials by the spin testing were generally less than 
two per cent and the effect of strain hardening was therefore 
neglected during the matching of tensile specimens with spin test 
Neglect of the 
hardening for these materials permitted tensile specimens to be 


wheels for the rim and center materials strain 


removed from spin tested wheels in some cases. However, the 
magnitude of axial strain in the weld metal of the spin test wheels 
reached a maximum of six per cent. Because appreciable strain 
hardening of the weld metal did occur, weld tensile specimens were 
always selected from wheels that had not been spin tested but 
which were of the same design as the corresponding spin tested 
wheels The hardness in the weld tensile specimen Was always 
some small amount lower than the hardness in the weld of the 
spin tested wheel. 

Tensile specimens of the wheel base materials matched the 
hardness of spin tested wheels, as shown by Table 4. 
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Fig. 8 Calculated and measured thickness changes in J47 thick wheels 
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Fig. 9 Calculated and measured thickness changes in J47 thin wheels 


Method and Significance of Deformation Calculations 


Stresses were calculated corresponding to all the test conditions 


of the wheels. 


Thickness and diameter changes were calculated 


corresponding to the wheels for which such changes were meas- 


ured. 


was used. 
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The finite difference deformation theory of reference [4] 
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It requires certain assumptions. Assumptions were 


chosen to resemble the physical nature of the problem and to 
satisfy the method of calculation. 
Assumptions 

1 Material properties and operating conditions are symmetri- 
cal about the axis of rotation. 

2 Axial stresses are negligible and radial and tangential 
stresses are constant across the thickness of the disk. 
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- NC-2 TH 
7/16-14 NC-2 THD 1.00 GAGE 
LENGTH 


(A) SPECIMEN FOR SMALL STRAIN LONGITUDINAL GAGE Fig. 11 Large strain radial and small strain tangential weld specimens 
as oriented in wheel. (The words “axial,” “radial,” and “tangential 
refer to the wheel.) 


.25- i 3.25 
30—~, 4 2.00 


dovet ails and the mating wheel dovet ills This load 1s assumed 
to be uniformly distributed over the circumference of the wheel 
at the maximum radius of tangential continuity. 


6 The three disk materials are linearly elastic up to a limiting 
a —— DIAM stress value. called the proportional elastic limit. and above this 
-559 .299 yaaa, Cae proj 
Himit plastic flow occurs 
4.06 7 The disk 
5.94 R 


materials are isotropic throughout the range of 
straining 
(B) SPECIMEN FOR LARGE STRAIN TRANSVERSE GAGE 8 Deformation theory of plasticity is applicable 


Fig. 10 Tensile specimen designs 9 Strains are small enough to allow use of » “small strain 


method”’ of reference [4 This method accounts for the elastic 


3 Tempe ratures are constant across the thickness of the disk stress-strain relations and assumes that ch n disk radius 
4 The wheel is stress free at room temperaturs Welding and thickness a mall enough to have a nezligi influence on 
engine operation, and prelimi y spin pit heating may have in- _ the centrifugal forces and the areas sustaining 
duced residual stresses. Such stresses mainly determine the 10 The « ires that the strength of the 
speed of yielding. They have little effect on the magnitude of material at e stress strain 
sul sequent plastic deformations curve The wheel sections of if na lil rate the con- 
5 The disk is subjecte to a blade load that consists of the tour of the wel i metal betwee tw pase m Lt parti ilar 


centrifugal force of all the material that is beyond the maximum radii slightly removed from the | thickness 


radius of tangentially continuous disk material. The wheels with contains both weld metal and base 
dovetail blade fastenings have tangentially continuous material 


out to the deepest part of the blade root slot The “blade load”’ 


cness of the 
base and the weld metals that add up to the ckness at 
such radii were measured. The stress-strain curv t the radius 
then consists of the centrifugal force of the airfoils, the blade root was then computed as the weighted average of ev land bare 
Table 3 Neoture and extent of defects observed in weld fractures 
Area of defect, square inches 
Test Number Coarse 
wheel of fracture I complete Incomplete columnar 
number nucleii penetration fusion structure Porosity Nature of weld fracture 
J35-1 ] ,.§ 0.0270 0.00462 Incomplete fusion Fig. 17, and 
porosity in coarse structure of 
root weld pass, Fig. 18. 
Incomplete penetration consisting 
of bridging of tangs by root weld 
pass, Figs. 15 and 16. 
* Rim separated from center along 
one third of weld circumference, 
Fig. 19 No defects observed. 
Rough fracture surface, Fig. 20. 
All of weld cross section had 
coarse structure, Fig. 20 
0.00636 Coarse columnar structure in root 


weld pass with isolated porosity, 
> 


335-2 } 0.0788 


Fig 
J47-TKI1 ‘ 0.0648 0.0771 0.00075 Closely grouped areas of incom- 


plete penetration. Incomplete 
fusion in the tang zone of the 
weld appearing as small areas of 
unfused base metal with machin- 
ing marks, Fig. 23. Scattered 
porosity 
0.00094 Coarse columnar structure in root 
weld pass with isolated porosity 
both much less severe than test 
wheel J35-4. 
Incomplete penetration of tang 
area less extensive than in test 


wheel J47-TK1. 


J47-TK2 


0.0230 
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CONVENTIONAL STRESS, PSI 


CONVENTIONAL STRAIN, IN./IN, 


Fig. 12 Stress-strain curves for SAE 4340. Rockwell-C 28.3. Test wheel No. J47TK4. 
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Fig. 13 Stress-strain curve for weld metal sample from test wheel No. J35-6, Rockwell-C 18.8 


Table 4 Average Rockwell-C hardness values of spin tested wheels and associated tensile specimen wheels 


Spin tested wheels ——-——__- - - - Wheels used for tensile specimens 
Rockwell-C hardness ———SAE 4340 Timken 16-25-6 
Test wheel SAE Timken Test wheel Rockwell-C Test wheel Rockwell-C 
number 4340 number hardness number hardness 
5 J47-TK4 28.3 J47-TN1 28.! 
J47-TK3 18 
| J47-TN1 28! 
29.4 29.6 J47-TN1 28. 
28 .{ 26 J47-TKI1 26 
J47-TK1 29% 26 J47-TK4 28.3 J47-TKI1 26 
J47-TK2 27 27 .§ J47-TK2 27.0 J47-TN1 28. 


J47-TN1 26.6 28 .£ J47-TK2 27.0 J47-TN1 28 .£ 
J47-TN2 28.2 30. ¢ J47-TK4 28.3 J47-TN1 28.! 


Hardness measurements made on small segment of wheel after wheel burst test. All other hardness measurements were made on 
radial section of wheel remote from region of fracture 
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TEST WHEEL NUMBER J47 TN-!, ROCKWELL-C 28.5 
TEST WHEEL NUMBER J47 TK-3, ROCKWELL~-C 18.7 
A r A 


CONVENTIONAL STRAIN, IN./IN, 
Fig. 14 Stress-strain curves for Timken 16-25-6 


metal curves, the weighting of stresses at a given strain being 

proportional to the relative thickness of weld and base metals. 
11 The plasticity calculations give the calculated stresses and 

The 


measurements give the change in wheel dimensions after the entire 


strains at the spin test conditions of speed and temperature. 
cycle of heating, acceleration, deceleration, and cooling. Slowing 
and cooling are assumed to occur with the strains changing elas- 
tically with the decreasing stresses. This process is assumed to 
continue until the wheel is stationary and at room temperature 
The final state is assumed to occur with no additional plastic 
flow, that is, no reversed plastic flow is induced by the residual 
stresses. (In ref. [2] the influence on deformations of reversed 
plastic flow was shown to be negligible for the hot spin tests of 
that reference.) In calculating thickness changes, the unloading 
and cooling were assumed to subtract from the load stresses and 
strains amounts equal to the elastic stresses and strains calculated 
Diam- 


elastic 


for the speed and temperature conditions of the spin test. 
calculation of 
residual strains existing with the permanent components of strain 
from the plastic analysis at load. 


eter changes were obtained by direct 
Thies more refined and time 
consuming method was used because diameter changes are the 
integrated effect of small strains over the entire disk diameter. 
12 Effects of strain rate are negligible. Temperatures were 
moderate for the materials, and tests were of short duration: 
The time at maximum load was particularly short. Also, the 
rates of loading for the spin and tensile tests were comparable. 
Comparison With Measured Deformations. Comparisons of calcu- 
lated thickness changes with measured thickness changes are 
shown by Figs. 7, 8, and 9. General agreement between cal- 
culated and measured thickness changes occurred for the J35 
wheels and for the thin J47 wheels. Calculated thickness changes 
were roughly twice as large as measured values in the case of the 
thick J47 wheels. 
Comparisons of measured and calculated diameter changes for 
stated conditions are given in the following table: 


Weld Measured Calculated 

tem- increase increase in 

Test speed, perature, in diameter, diameter, 
rpm deg F in. in. 


8286 870 0.002 0.001 
10200 665 0.006 0.007 
10980 665 0.013 0.016 
11472 440) 0.030 0.044 
9860 767 0.013 0.017 


Test wheel 
J35-3 
J35-4 
J35-5 
J47 TK 1 
J47TN1 
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Calculated diameter increases in the preceding table are seen 
to be related to the measured changes. From a design point of 
view both the calculated thickness and diameter changes were 
conservative in that the calculated values were generally larger 
than the measured values 

Disagreement between calculated and measured values could 
be due to (a) errors in measurement, (b) sampling errors where the 
wheel from which tensile specimens were removed differed in a 
random manner from the spin test wheel, and (c) failure of the 
calculation assumptions to represent the wheel tests. In par- 
ticular, the geometrical relations between the hard base metals 
and the soft weld metal differed between the wheel and the tensile 
specimen, and therefore the stress deformation characteristics 
could differ 

For both thickness changes and diameter increases in the cases 
of J35 and thin J47 wheels the calculated deformations generally 
agreed with measured deformations to the extent of expected 
errors of measurement. A few larger disparities occurred that 
were not greater than errors that could arise from material sam- 
pling variability. 

The greatest disparities occurred for Fig. 8 where the weld was 
located at a thick portion of the wheel. 
tions assumed zero axial stresses. 


The plastic flow calcula- 
The fact that the weld metal 
offered less resistance to plastic flow than the adjacent metals 
would result in a three-dimensional stress system following any 
significant straining. Among Figs. 7, 8, and 9, the magnitude of 
the axial stress or the extent of the triaxiality should be most 
severe when the adjacent metals exert the greatest restraint on 
the weld metal. This situation is clearly shown by Fig. 8 where 
the thickness (axial direction) to width (radial direction) ratio 
for the weld metal is much higher than for the wheels of Figs. 7 
and9. The triaxiality so developed and the resulting restraints on 
the flow of the metal is regarded as the reason why calculated 
thickness changes greatly exceeded measured values in Fig. 8. 
For the thick wheels the agreement between calculated and 
measured diameter increases (preceding table) was better than 
the agreement between calculated 
changes (Fig. 8). 


and measured thickness 
This comparison may be associated with the 
facts that the thickness changes were measured and calculated at 
discrete points in the highly strained weld, whereas the diameter 
changes are the integrated effect of all the deformations along a 


diameter that spans all three materials. 
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Fig. 15 Separation of rim material originating in the weld of wheel 
535-2 


INCOMPLETE ER 
PENETRATION! 


Fig. 16 


Incomplete penetration of tangs by initial weld pass in wheel 
135-2 
¥ 


Fig. 17 Smooth flat brittle fracture with concentration of defect in weld 
root of wheel J35-1 
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Fig. 18 Weld defect confined to coarse structure of initial weld pass in 
wheel J35-1 


Fig. 19 Rim separated from wheel center along one-third of weld 
circumference. Wheel J35-3. 


Wheel Fractures 


Defects Observed in Fracture Surfaces. The test conditions that 
produced the fractures in the seven wheels that were spin tested 
to weld fracture are given by Figs. 4, 5, and 6. The nature and 
extent of the defects observed in the fracture surfaces are given in 
Table 3. 
through 23. 


Details of the weld failures are shown by Figs. 15 

In each instance fracture began in the weld and one 
or more segments of the austenitic rim separated from the rest of 
the wheel as shown by Figs. 15 and 16. The crack propagated 
axially through the weld in a plane midway between the base 
alloys and in most cases in a smooth flat brittle manner, Figs. 17 
and 18. In the rim material, the fracture occurred on 45-deg 
planes in a ductile manner (Fig. 15). The weld was built up of 
several layers of filler metal on each side of the wheel. The degree 
of coarseness of the cast structure usually varied from layer to 
layer with the most coarse structure and a concentration of de- 
fects occurring in the initial pass as in Fig. 18. 
defects of incomplete penetration, 


The particular 
incomplete fusion, columnar 
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Fig. 20 Cross section of J35-3 weld showing coarse structure and rough 
fracture 





Fig. 21 Early stage of crack development originating in the coarse 
structure of the initial weld pass. Wheel J35-4. 


structure, and porosity are best illustrated respectively by Figs. 
16, 23, 22, and 18. 

The fracture of test wheel J35-3 was unusual in that the frac- 
ture extended for a long distance around the circumference of the 
weld (Fig. 19). This wheel was also unusual on three other 
points, namely, (1) no defects were observed in the fracture sur- 
face, (2) all of the fracture surface of the weld was very rough 
(Fig. 20), and (3) the weld structure was uniformly coarse 
throughout a cross section, Fig. 20. 

A localized severely necked condition of the weld appeared on 
one surface of test wheel J35-4. 
fracture. 


Its location was remote from the 
Sectioning the weld at this point of necking disclosed 


The 


an early stage of crack development (Fig. 21). crack 
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Fig. 23 Incomplete fusion of tangs in wheel J47TK!, as shown by 
machining marks 


occurred in an axial direction and was on the same side of the 
wheel as the necked area. This crack began in the coarse struve- 
ture of the initial weld pass but there were no observable de- 
fects. 

Significance of Radiographic Indications as Shown by Defects in Fracture 
Surfaces. All of the welds had met existing standards of quality. 
The radiographic indications appeared minor and difficult to 
identify. Interpretations of radiographic indications in the 
wheels before fracture are listed in Table 2. Results of examina- 
tion of fractured surfaces are listed in Table 3. The two tables 
provide a basis for determining the significance of the radiographic 
indications. Prior to spin testing, the radiographic indications 
were identified and marked on the surfaces of the J47 wheels for 
comparison with the fracture results, as indicated: 


J47 TN 2 Small light indications of incomplete penetration were 
confirmed by the presence of such defects at the 
origin of failure. 

J47 TK 2 Light indications of incomplete penetration in the 
radiograph were not confirmed at the origin of 
failure; small sized porosity was. Coarse columnar 
structure at origin of failure did not appear in 
radiographs. 

Both light and heavy indications of incomplete pene- 
tration occurred in radiographs, but the fracture 
exposed severe incomplete penetration that had 
shown relatively light in the radiographs. Incom- 
plete fusion in the fracture did not appear in the 


J47 TK 1 
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radiograph. The x-ray machine is regarded as 
having too low a voltage for the thickness of this 
wheel (see Fig. 1 and Table 2). 

Radiograph indicated incomplete fusion and porosity 
whereas the fracture showed porosity and coarse 
columnar structure. 

The general lack of defects indicated by the radio- 
graph was confirmed by the fracture surface. 


J35-4 


In general the fractures of the wheels were influenced to vary- 
ing degrees by varying severities of incomplete penetration, in- 
complete fusion, porosity, and columnar structure. The radio- 
graphic indications were confirmed in the case of porosity, usually 
confirmed for incomplete penetration, but the radiographs did not 
show incomplete fusion or columnar structure. 

In the case of wheel J47 TK 2, the weld was also radiographed 
between spin tests at 11,436 and 12,972 rpm. This radiograph 
showed a crack that subsequent fracturing showed to have been a 
gap that had opened at the location of some incomplete penetra- 
tion. The incomplete penetration was not as clearly observable 
in the original radiograph. This occurrence suggests that radi- 
ography at the time of service overhaul may sometimes identify 
defects that were not originally observable, but which may be 
identified as failures in progress. 


Influence of Weld Defects and Significance of Calculated 
Fracture Stresses 


Definition of Weld Strength Ratio. As in references [2 and 4], the 
equivalent stress calculated from the Von Mises yield condition 
was used as a generalized flow condition. The failure stress in 
the weld is defined to be the equivalent stress calculated for the 
wheel failure speed. The corresponding failure stress in a tensile 
specimen is the ultimate tensile strength of a tensile specimen of 
nominally the same material tested at the temperature of failure 
of the wheel weld. The weld strength ratio is here defined as the 
ratio of the failure stress in the wheel to the corresponding failure 
stress of the tensile specimen. 

The wheel bursts were observed to occur suddenly during the 
gradual increase of speed. The speed at fracture was the maxi- 
The speed for fracture was therefore less 
than or, at most, equal to the instability speed of the wheel. (In- 
stability in rotating disks was discussed in ref. [4].) The ultimate 
tensile strength is the instability stress of a tensile specimen. The 
weld strength ratio may differ from unity for at least three 


reasons: 


mum speed attained. 


| As developed in reference [4], the instability speed depends 
ipon the distribution of stress in the entire disk and not just the 
stress at the point of eventual fracture. 

2 The geometrical arrangement of weld metal and base metals 
in the wheel is qualitatively different from the tensile specimen. 
he nature of this geometrical difference is such that loading 
would develop triaxial stresses in the wheel more rapidly than in 
the tensile specimen. 

3 The tensile specimens were selected to be free from defects 
whereas some of the wheel fractures showed relatively large de- 
fects. Therefore defects in the wheel weld can be expected to 
produce lowered values of weld strength ratio according to the 
severity of the defect. Although the weld strength ratio is not 
necessarily unity for defect-free wheels the ratio is quite useful 
because it does measure the extent to which the wheel utilized 
strength in the weld metal. The use of weld strength ratio in this 
manner allows a comparison to be made of the severity of defects 
in wheels tested at different temperatures. 

Expected Influence of Defects. Four types of defects occurred 
among the three wheel designs as listed in Table 3. (1) Incom- 
plete penetration appeared to be the most severe type because it 
consisted of a crack that was normal to the maximum principal 
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(radial) stress. (2) The coarse columnar structure was oriented 
axially in the wheel and so provided surfaces of weakness that 
were also normal to the maximum principal stress. (3) Incom- 
plete fusion constituted a crack-like separation of the metal but 
was regarded as a defect of lesser severity because it was located 
on a surface of the tang that was almost parallel with the most 
severe stress. (4) The sparse occurrence of porosity and the small 
size of the voids made these defects seem harmless by themselves 
They may have contributed to failure when associated with other 
defects. 

Statistical Concepts. The influence of the defects and the in- 
fluence of differences in wheel design were evaluated with the aid 
of two statistical techniques, namely, (1) correlation analysis and 
(2) analysis of covariance. 
were interpreted as follows: 

The accepted practice among industrial statisticians is to state 
that the statistical results from a sample are a suitable basis for 
an engineering decision if the null hypothesis (assumption that a 
real effect does not exist) can be rejected with a risk of less than 
one part in one hundred of being wrong. An empirical basis 
sufficient to encourage further research occurs when the risk is 
less than 0.05. When a priori or theoretical considerations sup- 
port the sample data, risk levels as high as 0.10 become a basis for 
further research. 


The statistical tests of significance 


For risk levels greater than 0.10, the results are 
said to be not significant. 

Analysis of Correlation. The seven wheel fracture tests involved 
three wheel designs. To quickly estimate the relative importance 
of the defect types, the influence of wheel design was ignored and 
coefficients of correlation were computed between weld efficiency 
and the extent of the defects. Results, together with intercorrela- 
tions between the defects, are listed in Table 5. Incomplete pene- 
tration was the only variable approaching a significant correlation 
with weld strength ratio. A significant intercorrelation occurred 
between porosity and columnar structure 


Table 5 Coefficients of simple linear correlation observed among disk 
weld strength ratios and defects observed in fracwre surfaces, seven 
wheel tests 
Weld 
strength 
ratio 
Porosity +0.07 
Columnar _ struc- 
ture —0.14 
Incomplete fusion +0.26 
Incomplete pene- 
tration —0.48 


Incom- 
plete 
fusion 
0.01 


Incomplete 
penetration 


0.48 


Columnar 
structure 


+0 75* 


—0.38 
+0.42 


0.27 


* Correlation is significant at 0.05 level of risk if absolute value 


is greater than or equal to 0.75. Correlation is significant at 0.10 level 
of risk if absolute value is greater than or equal to 0.67 


Analysis of Covariance 
; wheel design 
sample wheel within design class 
area of incomplete penetration 
weld strength ratio observed assumed normally dis- 
tributed about population mean 

population regression constant 
population regression constants 
estimator of 8 
population intercept when £ is regression constant 
population intercepts when § is regression constant 
population intercepts when §; are regression constants 


a, = estimators of a, 


The influence of incomplete penetration was analyzed further 
by an analysis of covariance. This technique was based on ref- 
erences [7 and 8] and used the more refined hypothesis that the 


weld strength ratio might vary among the wheel designs. Results 
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AREA OF INCOMPLETE PENETRATION IN Ky 
Fig. 24 Weld strength ratio and defect data fitted by equation: 
Y o, + bx 
with the 


of fitting the data by the method of least 


model 


squares 


shown by Fig 24 The plot gives strong evidence of a reduc- 
The 
1 


plotted data do not provide clear evidence as to whether a general 


i 
tion in strength with the observed incomplete penetration 


variation in weld strength ratio should be expected among wheel 
designs 

The probabilities of observing effects as large or larger than 
shown by the sample in populations with successively simpler 
parameters were calculated using the F distribution according to 
the following hypotheses 


Hy: } 
H Y 


= a,’ + BX,, 
= a, + BX,,(The hypothesis that the regression lines 
for different designs have the same slope was compared 
with Ho.) 
8 = 0(The hypothesis that the single regression constant is 
zero was compared with H,.) 
8 # 0, a; = a (The hypothesis that the intercepts are all 
equal was compared with H 
8 #0, a, = 1(The hypothesis that the intercepts all equal 
unity was compared with H 


The first 


react diffe rently to the incomplete penetration 


hypothesis tested was that different designs do not 
The appropriate 
F ratio for this test was calculated according to the equations of 
pp. 444 and 445 of reference [7 


meaning that the sample data show no difference between the 


The ratio was less than unity, 


model where the slopes differ according to design and model with 
only one slope. The hypothesis was accepted that incomplete 
penetration reduces the strength of the three designs equally 
Using the model with one slope for all designs, the possibility of 
this slope being zero was then investigated. Following page 445 
of reference [7], the appropriate F ratio was calculated as listed 
in Table 6 


larger than the observed value when the population has zero slope 


The probability of getting a sample slope as large or 


is correspondingly 0.09. The calculated slope was negative, which 
is consistent with the a priori idea that increased area of defects 
should reduce the strength of the weld. The sample data thus 
supported the a priori consideration and because the risk level 
was less than 0.10 the sample data are a basis for saying that from 
a research point of view there is empirical evidence that the 
strength is reduced by the observed incomplete penetration. A 
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sample size much larger than seven should be expected to be neces 
sary before significance might be established at a small! risk level 
such as 0.01 

Influence of Wheel Design. Different wheel designs might be 
typically and consistently produced with different amounts of in- 
complete penetration. Then actual mean strengths for the de- 
signs with typical defects should be compared 

The present analysis assumes that improvements in welding 
and inspection techniques are possible and therefore compares 
the strengths of the basic designs. The comparison is among the 
designs as corrected by the covariance to the condition of no ob- 
servable incomplete penetration. The model equation shows that 
X,,; = 0. The predicted 
weld strength ratios are the sample estimators of the a,. The hy- 
pothesis that the a, are all the same was tested as suggested by 


this condition is represented by all 


equations (7) and (8) of page 357 of reference [8], allowing for the 
The F 
responding risk level are listed in Table 6 


effect of unequal observations per cell ratio and cor- 
The probability of 
getting sample estimators of the a, with variations as large or 
larger than obtained in the sample when the population values 
are equal is 0.14. This level of risk fails to support the idea that 
the weld strength ratios differ 

Condition of Failure. A possible design assumption is that the 
weld strength ratio of a perfect wheel is unity. The hypothesis 
that all of the a, are unity was tested in the manner of equations 


5), (6), and (7), page 357 of reference [8]. The resulting F ratio 


and risk level are given in Table 6. The risk of getting sample 


estimators of the a, differing as much or more from unity as 
occurred in the sample is 0.12 if the a, in the population are all 
unity. This risk level fails to reject the hypothesis that the 
population mean of the weld strength ratios of wheels without 
observable defects is unity Thus the design assumption that 
failure of a defect-free wheel would take place when the calculated 
equivalent stress in the weld reaches the tensile strength is ac- 
ceptable within the range and precision of this experiment on 
seven wheels containing three designs. Additional data might 
require modification of this conclusion especially because of the 
As discussed in the section com- 
paring calculated with measured deformations, the thick J47 


wheel provides more restraint on the flow of weld metal than do 


following a priori consideration 


the other designs. The highest weld strength ratios of Fig. 24 


also occurred for the thick J47 wheel These observations are 


Table 6 Results of covariance analysis of seven wheel specimens 
containing three design classes 


Chance that sample 
data effect or greater 
came from population 
Hypothesis tested } described 
tegression lines for different 
designs all have the 
slope 
Incomplete penetration 
not affect the strength 
regression lines have 
slope.) 
Incomplete penetration affects 
the strength but in its ab- 
sence all designs have the 
same weld strength ratio 
(Slope of all lines is the same 
and nonzero and all inter- 
cepts are the same 
Incomplete penetration af- 
fects the strength but in its 
absence all designs have 
unity weld strength ratio. 
(Slope of all lines is same, 
nonzero, and all intercepts 
are unity 1.47 


ratio 


same 
0.0046 
does 
(All 


zero 


* No significant differences in slopes. 
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consistent with the idea that, for the wheel, the fracture strength 
of the weld might be raised by the restraint of the stronger adja- 
cent metals. In the absence of further data, the design rule is 
accepted that failure occurs when the maximum calculated stress 
equals the ultimate tensile strength. 

Use of Failure Condition. The rim material is typically a heat re- 
sisting alloy with better properties at the high rim temperatures 
than the low alloy steels. The center of the wheel must operate 
at a low temperature because of the nearness of oil lubricated 
bearings. For such temperatures the low alloy steels are quenched 
and tempered to higher yield points and ultimate strengths than 
the heat resisting alloys. The best place for the weld therefore 
depends on the temperature distribution within the wheel and 
on just how the strengths of the rim, weld, and center materials 
vary with temperature. The preceding results suggest a design 
rule.as follows: The weld fractures when the calculated equivalent 
weld stress is equal to the weld ultimate tensile strength. The 
relative safety of wheels in a sequence of designs can therefore 
be compared by computing the ratio of weld equivalent stress to 
corresponding ultimate tensile strength for each design at its in- 
tended operating conditions. In particular, the best radius for 
the weld is the one that minimizes the ratio of weld equivalent 
stress to ultimate tensile strength for a series of weld locations. 


Summary of Results 


Results of using a previously developed deformation theory- 
finite difference method of calculating plastic strains and stresses 
in rotating disks were compared with observed deformations and 
fracture conditions in welded composite turbine wheels. 
ticular: 


In par- 


1 Differences between calculated and measured diameter in- 
creases were small. The calculated increases were equal to or 
greater than measured values so that calculated clearances to pre- 
vent blade rubbing are expected to err on the side of safety. 

2 Calculated thickness decreases at the weld agreed with 
measured decreases for welds located in the thinner portion of the 
wheel. Calculated thickness decreases were much greater than 
measured values for welds located in a thick region of the wheel 
where the adjacent metals could more effectively inhibit the flow 
of the weld metal. 

3 Spin tests to fracture showed defects in the fracture surfaces 
consisting of incomplete penetration, incomplete fusion, coarse 
columnar grain structure, and porosity. The defects occurred at 
the tang points of the adjacent metals, and these points were also 
the starting points of the fractures. 

1 The sample of seven wheels showed that the fracture 
strength decreased with increasing areas of incomplete penetra- 
tion. The same sample did not show any significant influence on 
strength of the other defects. 

5 The sample of seven wheels contained three designs. Three 
of the wheels showed incomplete penetration in the fracture sur- 
faces. Equivalent weld stresses at failure were adjusted to a con- 
dition of no incomplete penetration by a covariance analysis. The 
adjusted equivalent stresses in the welds were roughly equal to 
the ultimate tensile strengths of the weld metal at the same tem- 
perature. 
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APPENDIX 
Details of Thickness Measurements 


The stations that located the jig for measuring wheel thickness 
consisted of pairs of holes opposite each other on the sides of the 
wheel. The holes were 0.040-in. diameter by 0.040-in. deep and 
Holes 
were spaced at '/,-in. intervals in the weld and at intervals vary- 
ing from one to two inches in other regions of the wheel. No 
fractures started at any of these holes 


were generally spaced along radii that were 90 deg apart. 


Plastic flow in the weld often resulted in a rippled or ‘orange 
peel”’ surface. This wavy surface resulted in varying thickness 
readings around the wheel at a given radius. These variations 
were larger than the errors of measurement, the largest variation 
being 0.010 in. The variations are presumed to correspond to 
the variations in material properties associated with a weld de- 
posited metal. The reported changes in thickness are averages 
of thickness change along two or more radii. The data of Figs. 7, 
8. and 9, therefore, should have had some of the 


effects ironed out by the averaging. 


orange peel”’ 


In cases where the fracture and associated deep necking was 
close to the measuring stations, the thickness changes were 
omitted from the average. Except for the strains accompanying 
elastic unloading, the averages therefore represent deformations 
that can be assumed to have existed around the wheel at the in- 
stant before local catastrophic necking and fracture. 

All of the thickness data except that for wheel J35-4 correspond 
to differences in wheel thickness before any spin testing and after 
testing at the stated conditions. In the case of wheel J35-4 no 
initial measurements were made and reported deformations are 
based on the assumption that the initial thickness of wheel J35-4 


was the same as that of wheel J35-5. Initial thickness measure- 
ments of wheel J35-5 were always within 0.007 of drawing dimen- 
Drawing tolerances are +0.010. The errors in the defor- 
mations of wheel J35-4 may be estimated as generally being within 
+0.005 in. 


s10ns. 
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DISCUSSION 
Albert R. Potenski? 


This paper is very complete engineering-wise for the detailed 
calculations, graphs, and tabulated data. The authors should be 
proud of their endeavors 

Our comment to the text of the paper will have to be based 
upon our turbine wheel experience. Over the past 10 years we 


have made welded turbine wheels about 6'/: in. and 7'/¢ in. in 


19-9DL hub, 
illy with Hastelloy W welding wire 


blades, and fusion 
We have 


found through expenence that for the weld thickness of */, in. a 


diameter using a Stellite #21 


welded automati 
radiographic exposure of 210-230 kv was necessary to secure a 
sensitivity of 2 per cent or less. Our focal spot is 3.5 mm with 
film to tube 
different alloys and greater kv might be required for the thick- 


distance of 36 in We realize that the paper covers 
nesses involved 
We have had greater difficulty with porosity in the welds with 
The dif- 
When the 
penetration is faulty we alter the heat input of the welding to 
the trouble, but not i 


lower lack of fusion probk ms than listed in the paper 


ferences in alloy s may account for some of the reasons 


correct reasing too greatly, as cracking 
from cooling will result 


etallurgist, Utica Div , Bendix Aviation Corporation 
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’ 
Authors’ Closure 
The authors wish to thank Mr 
by the 
readily available equipment and no inference is made that this 


Potenski for his comments 
with 


The radiography reported authors was done 


equipment was obtimized for the job. The conclusions about the 
relations between wheel strength and the nature and extent of the 
defects were based on examination of the cture surfaces and 
not on the radiographs 

it Mr further 


which gives an excellent de scription of 


The authors assume th Potenski’s remarks are 
amplified in reference [9], 
the use of radiography in the production inspection of welded tur- 
bine wheels. Mr. Pote 


difficulty with porosity in the 


nskis statement, We have had greater 


welds with lower lack of fusion 


problems than listed in the paper,” is interpreted to mean that 
his radiography indicated porosity to be a more serious manufac- 
turing problem than lack of fusion. The authors wish to empha 
size a different point of view, namely, that quantitative correla- 
tion between service or simulated service tests and nondestruc- 
tive tests must always be established before satisfactory standards 


can be written for production inspection 


Reference 


9 Albert R. Poter lediographie Inspection of Weld 
Turbine Wheels for Jet rters ondestructive 7 
Janu 1 


sting vol. 17, n« 
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i, venturi tube as it was originally developed by 
Clemens Herschel some 70 years ago has been the standard fluid- 
flow measuring device wherever an over-all low head loss was 
desired. Its design and discharge coefficient for various Reynolds 
numbers and throat-diameter ratios have been presented for 
general use by the Society and made available in a Society re- 
search publication.! Throughout the years there have been 
various modifications to the Herschel venturi tube of the so- 
called long form. Various so-called short-form venturi tubes 
have been developed and coefficients established. The basic 
difference in these modified venturi tubes has been in regard to 
the reduced laying length; however, this has resulted in a rela- 
tively higher head loss, when expressed as a per cent of the differ- 
ential. More recent studies in regard to venturi tubes, and par- 
ticularly data in regard to the variation of the discharge coefficient, 
are well summarized in two papers by Jorissen.** 

During the past decade there have been developments in con- 
nection with modifying the standard venturi in order to decrease 
further the required laying length, without sacrificing the relative 
low head loss as compared to orifice-type metering devices. 
By utilizing the effect of changes in velocity, both in direction 
and in magnitude, the so-called Dall tube was developed in 
England and the Twin Throat‘ Venturi was developed in Ger- 
many. 

The Dall tube has received wide acceptance in the United 
States and was described in a paper by Miner. The Twin 
Throat Venturi is a more recent development by a German meter 
manufacturer® and is now available in various standard sizes in 
the United States. The purpose of this paper is to describe the 
design of the Twin Throat Venturi and the theory on which it is 
based, and to present generalized information relating to its 
discharge coefficient and loss of head. 

The motivation behind the development of the Dall tube and 
the Twin Throat Venturi was that of obtaining a design of flow- 
measuring device which would have low head-loss characteristics, 
would have relatively short laying length, and would not be too 
expensive to manufacture. In addition, such a flow-measuring 
device should have a stable coefficient over a wide range of 
Reynolds numbers. So far as laying length is concerned, an idea 

‘Fluid Meters, Their Theory and Application,”” ASME Re- 
search Publication, fourth edition, 1937. 

? A. L. Jorissen, ‘Discharge Measurements by Means of Venturi 
Tubes,”’ Trans. ASME, vol. 73, 1951, pp. 403-411. 

* A. L. Jorissen, ‘Discharge Coefficients of Herschel Type Venturi 
Tubes,” Trans. ASME, vol. 74, 1952, pp. 905-913. 

* A trademark of Infileo Incorporated. 

5T. O. Miner, “The Dall 
1956, pp. 475-479. 

* Bopp and Reuther, G.M.B.H., Mannheim-Waldhof, Germany. 

Contributed by the Research Committee on Fluid Meters and 
presented at the Annual Meeting, Atlantic City, N. J., November 
29-December 4, 1959, of Tue AMERICAN Socrery or MECHANICAL 
ENGINEERS. 


Flow Tube,”” Trans. ASME, vol. 78 


Note: Statements and opinions advanced in papers are to be under- 
stood as individual expressions of their authors and not those of the 
Society. Manuscript received at ASME Headquarters, August 12, 
1959. Paper No. 59—A-154. 
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The Twin Throat Venturi: 
Fluid-Flow Measuring Device 


A New 


Fig. 1 Comparison of standard long-form venturi tube with Twin 
Throat Venturi 


of the difference between a standard long-type venturi and a 
Twin Throat Venturi, both of 6-in. diameter, is indicated in Fig. 1 
As a close approximation, the laying length of the Twin Throat 
Venturi is approximately equal to the inlet diameter. 

In order that we may have some idea of what savings in loss of 
head are being considered, Fig. 2 shows a plot of the relative head 
loss, expressed as a fraction of the differential, for various throat- 
pipe-diameter ratios of orifices, long venturi tubes, short venturi 
tubes, Dall tubes, and Twin Throat Venturi tubes. Since the 
discharge coefficient in the conventional head-discharge formula 
for the Dall tube and the Twin Throat Venturi is considerably 
lower than that of the standard type of venturi tube, in obtaining 
any given differential, a larger throat-diameter ratio can be used, 
and this further reduces the head loss. It is noted that the rela- 
tive head loss for the Dall tube and the Twin Throat Venturi 
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Fig. 2 Variation of relative head loss 


ure of the same order of magnitude There is, howe ver, a signifi- 
cant difference in the laying length, as the Dall tube requires 
about 50 to 100 per cent greater laying length than the Twin 


Throat Venturi 


Design Details 

The basic idea of the Twin Throat Venturi is relatively simple. 
Assume that in an ordinary venturi tube the low pressure is taken 
not at the wall but from a hydraulically streamlined body which is 
placed in the center of the narrowest cross section, and in par- 
ticular at the point at which the pressure is reduced further by 
locally increased velocities around the body. By such an arrange- 
ment, one would obtain a higher differential between the high 
and low-pressure taps, without changing the energy conversion 
in the venturi tube to any great extent, provided the streamlined 
body is sufficiently small. In other words, under such conditions, 
For the de- 
scribed arrangement, because of the higher differential, one there- 


the head loss would remain practically the same. 


fore could choose a bigger area ratio resulting accordingly in 
smaller head loss, and still obtain the same measuring accuracy 
as with the standard venturi tube 

The placement of a streamlined body in the middle of a stream 
would not be too practical because of difficulties in supporting 
it and in getting the pressure connections out from it. However, 
since the velocity through the venturi tube is practically uniform 
across the entire cross section at the throat, one could just as well 
arrange one or more streamlined bodies close to the wall, or right 
at the wall 
profile extended over the entire circumference of the tube, pro- 


The next logical step is to go to a streamlined 


ducing locally increased velocities and accordingly locally de- 


creased pressures. Thus, by changing local flow conditions, the 


Journal of Basic Engineering 





























i) 
Sizes 12”-48" 


Fig. 3 Design of Twin Throat Venturi tubes 


ditierential pressure is made much greater than could be obtained 
on the basis of changes in ave rage velocities 

The inside profile of the Twin Throat Venturi consists of a 
cylindrical inlet with a diameter equal to the pipe diameter 
This is followed by a so-called inlet throat the profile of which is 
more or less similar to the approach in a nozzle. This inlet 
throat is then followed by a so-called second throat the profile 
of which is that of a quarter circle 
by an outlet diffuser. 


This is followed immediately 
The end of the outlet diffuser, which 
corresponds to the end of the flow-measuring device so far as its 
insertion in the pipeline is concerned, is of a somewhat smaller 
diameter than the pipe diameter 

In Fig. 3 is shown the cross section of two designs of Twin 
Throat Venturi tubes. As far as manufacturing is concerned, 
the design shown on top is used for sizes from 4 in. to 10 in., 
inclusive, and the one on the bottom is used for sizes 12 in. to 48 in. 
In the design for the smaller sizes, the pressure taps consist of 
narrow slots In the larger sizes, a series of small holes carries 
the pressure from the inside wall of the tube to the integrally cast 
plezometer chamber. 

It is quite easy to understand why a greatly reduced pressure 
reading is obtained at the second throat, since there is a great 
reduction in the pressure not only due to the increase in velocity, 
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but also to the very sharp curvilinear flow that takes place along 
the wall of the approach to the second throat. 

Some basic hydrodynamic studies and measurements were 
made on the Twin Throat Venturi at the Hydraulics Institute at 
the University of Munich. In Fig. 4, data are shown indicating 
the variation in pressure along the profile of the so-called second 
throat 
at the 


Note the tremendous reduction in pressure that occurs 


point of minimum diameter. The low-pressure tap is 
located at this point. 
Throat 


from 4 to 48 in 


Twin Venturi tubes have been standardized in sizes 
The throat-pipe-diameter ratios vary from 0.225 
to 0.785, with the restriction that the smallest practical throat 


liameter is 2 in. 


Discharge Coefficients 


The discharge equation used with the Twin Throat Venturi is 
identical to that for standard venturi tubes and is given as: 


" 


k P, — P» 
Y 


area of throat, diameter d 


rate ol flow, cis 


discharge coefficient 

d/D, where D is pipe diameter 
P2)/¥ 
weight of fluid, lb per cu ft 
C/(1 — B)?? 


differential pressure head, ft of flowing fluid 


The coefficier 
legree with the throat-pipe-diameter ratio 8. In Fig. 5 data 
ire plotted which were obtained at the Hydraulics Institute of the 
K, 


teynolds number, in which the 


it C varies with Reynolds number and to a certain 


University of Munich showing the variation of coefficient 
is defined previously, with 


Reynolds number is equal to VD divided by the kinematic vis- 


P a . 
Seen 
;/1000-- 


T T 
ZERO OF VERTICAL SCALE _|__ 
| CORRESPONDS TO PRESSURE 

4 +AT POINT “0” 


+- —+— 
no 


+ + + 


The coefficient K was used instead of coefficient C in 
order to conform with the manner in which such information is 
presented in the ASME research report on “Fluid Meters.’’! 


cosity. 


In general, the coefficient C varies between 0.60 and 0.68. 
In other words, the discharge coefficient is comparable to that used 
As and the 
Dall tube, the coefficient tends to approw h a constant value at 


for orifice meters. with standard venturi meters 


the higher Reynolds numbers. For most practical applications, 
the 


range of operations will be in the region of constant coefficient 


particularly in connection with measuring flow of water, 


For example, with a 6-in. tube having a throat-pipe-diameter 
ratio of approximately one half, the coefficient be 


For 


of the order of 70 F, this means a velocity in the 6-in 


omes constant 
for Reynolds numbers above 250,000. 


water temperatures 
line of 5 fps 
In general, the corrections needed to 


and above. the discharge 


coefficient for use of the Twin Throat Venturi at low Reynolds 
numbers correspond in large measure to the corrections needed 
for standard venturi meters. The linearity o 
between the coefficient K and the 
where 


the relationship 
teynolds number in the region 
indicated in Fig. 5, makes it 


the coefficient varies, as 


possible to set up a relatively simple relation between the co- 
efficient and Reynolds number. 

In so far as use of the Twin Throat Venturi is concerned for 
that the 
nd side of the 


foregoing discharge equation must be multiplied, where there is an 


metering gas flows, preliminary tests have indicated 
so-called expansion coefficient, by which the right-h 


appreciable difference between upstream and throat pressures, is 
comparable in magnitude to that used for standard venturi tubes 

Disturbances produced by elbows, valves, and similar devices in 
the approach piping will affect the Twin Throat Venturi co- 
dard Ver 


ip u 


efficient in a manner similar to that of the stan turi tube 


In general, the standards that have been set connection 


hold 


llations. In 


with length of straight pipe and accuracy 
Venturi 


of meast 


irement 


inst 


comparably for the Twin Throat 
general, such disturbances will have a somewhat smaller effect 
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Fig. 4 Pressure variation along second restriction in tube 
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Fig. 5 Discharge coefficients 
for Twin Throat Venturi tubes 
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*? 
A= .36 
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A*.475 
FOR R, OF 250,000 


AND ABOVE 
K = .656 
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1,000,000 
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on the Twin Throat Venturi due to the double change in cross 
section which tends to reduce the effect of such upstream dis- 
turbances. The downstream piping has practically no effect on 
the coefficient of for the Twin Throat Venturi. A 
valve or elbow or other installed at the outlet if 
The of the differential may be 
obtained by allowing approximately 5 diameters of straight pipe 
downstream from the tube outlet 


discharge 
fitting may be 
desired. 


maximum recovery 


In regard to metering dirty gases and liquids, there are certain 
limitations with the Twin Throat 
slot used for the piezometer tap 


Venturi due to the 
The preferable method for 
metering such fluids is to use so-called flushing devices, which 
have 


narrow 


been more or less standardized when pressure-type flow 
measuring devices are used where the possibility exists of the 
pressure openings becoming clogged. 

The unrecoverable head loss through a Twin Throat Venturi 
can be determined from the information given in Fig. 2 
the entire range of sizes of the 


Over 
Twin Throat Venturi it has been 
found that, where the same throat-pipe-diameter ratio is used, the 
differential produced by a standard venturi tube is approximately 
0.43 of that produced by the Twin Throat Venturi. That is 
why such very low head-loss figures are obtained for the Twin 
Throat Venturi when it is designed to produce a differential com- 
parable to that of a standard venturi tube. 


Summary 


The Twin Throat Venturi was developed in Germany. 
development paralleled, 


This 


although a few years later, the Dall 
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2 =.690 
FOR R, OF 350,000 
AND ABOVE 


= .TIl 
1,000,000 


4-.785 
FOR R, OF 400,000 
AND ABOVE 

. K = .726 

tube development in England. Both of these devices have much 

shorter laying length than the standard venturi tubes, even of the 

short-tube design, and for comparable differentials have apprecia- 
bly smaller unrecoverable head loss 

The design of the Twin Throat Venturi incorporates a doubl 

reduction in diameter, the second reduction taking place in a 

region of high velocity. By using a sharply curving profile a 

at the so-called throat, 

using a small throat-pipe-diameter ratio. 


great pressure reduction occurs without 
In general the laying 
length of the Twin Throat Venturi is equal to the pipeline diame- 
ter in which it is installed. 

The discharge coefficient in the conventional discharge formula 
varies from about 0.60 to 0.68, and is affected by the 
throat-pipe-diameter ratio and the Reynolds number 
efficient tends to approach a 
Reynolds number is 


specific 
The co- 
constant value certain 
reached. This Reynolds number corre- 
sponds in magnitude to that for which the coefficient of standard 


venturi tubes tends to become more or less uniform. 


alter a 
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DISCUSSION 
Marvin Bogema’ 


The search for a differential metering device with low head loss 
characteristic has been going on for some time and has now pro- 
duced two types of meters, one of which is described by the 
author. Both the Dall tube and the Twin Throat Venturi ac- 
complish this by locating the throat pressure tap at a point where 
it is subject to both the pressure drop due to the normal Bernoulli 
effect, and a local radial acceleration near the meter wall. For a 
given rate of flow and beta ratio, this location for the throat tap 
results in a much greater pressure differential than is found in the 
standard venturi. 

If these new types of meters are compared with a standard 
venturi meter for conditions giving the same flow rate and the 
same differential head, it is found that the new meters will have 
a larger beta ratio and therefore would tend to have 
over-all head loss. 


a smaller 
Since it is customary to express the head loss 
for a given meter as a per cent of the differential head, a com- 
parison of the over-all losses can be made as was shown in the 
author’s Fig. 2 

However, since the meters operate at different beta ratios the 
full advantage of the newer type meter is not apparent. This 
can be clarified by plotting values of KB? for each meter on the 
same diagram as the head loss data as shown in Fig. 6. The value 
of K is dependent on the discharge coefficient C of the meter for 
the appropriate 8 ratio as 


KB? = CB2/(1 — By” 


The values of C used in constructing this figure represent those 
for pipe Reynolds numbers in excess of 300,000. With this plot 
the head loss for the various meters can be easily compared when 
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Fig. 6 Differential meters—head loss comparison 


For determination of head loss when meters are designed to give the 
same differential for equal flow rates 
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the pipe size, maximum flow rate, and maximum differential are 
specified since KB? is also given by 


re 
Ay 2q( P; —_ Ps) 


as those used by the author with the 
addition of A, equal to the pipe area. The value of K8* from this 
expression is independent of the meter discharge coefficient and 
can therefore be used as a basis for meter comparison 

The use of the diagram is shown for an assumed case where 
@ = 5 cfs in a 12-in. pipe with a maximum differential head of 
200 in. of fluid for which KB? = 0.194. Table 1 gives the results 
obtained from the diagram for each of the meters 


All symbols are the same 


Table 1 Comparison of meters designed for same maximum flow and 
differential 


Loss per 
of differential 


cent 
Meter 
Orifice 
Nozzle | 
Venturi | 
Twin Throat Venturi 5: 8.5 
Dall tube 


7 
l 


ob 


It is interesting to note that the orifice and nozzle have pra 
tically the same loss because of the difference in 8 at which they 
operate and that the orifice 
8 ratios. 


and Twin Throat Venturi have similar 


The development of reliable metering devices for measurement 
of flow in pipelines with a minimum sacrifice in energy has merit 
The author is to be 
results. 


commended for making available these test 


Rodger B. Dowdell® 


It appears that the Twin Throat Venturi is a significant addi- 
tion to the family of differential producing primary devices. Its 
short length and low head loss characteristics give it significant 
advantages over the well-known venturi tube 
the many years of use, 
accumulated 
before 


However, over 


a considerable body of information has 


been about venturi tubes. It 
the equivalent knowledge is 


Throat tubes. 


some time 


about the 


may be 


obtained Twin 


Some questions still unanswered are listed below 


1 Is there a size effect on the 
the coefficient of 


coefficient of discharge? Is 


a 24-in. tube of the same 6 ratio as a 6-in. tube 


the same? What is the largest Twin Throat tube which has been 
calibrated? 
2 Exactly what is the effect of upstream disturbance such as 


elbows, valves, and similar devices? The states that 
such disturbances will affect the Twin Throat tube in 


similar to that of a standard venturi tube 


author 
& manner 
What does this mean? 


Does it mean exactly the same amount under 


all conditions? Or 
does it mean further work is necessary in this area? 

The Dall tube, which also operates on a localized increase of 
velocity to produce an increase in differential, is affected consid- 
erably more by certain upstream disturbances than a standard 
venturi tube. This is not too surprising. Upstream disturbances 
affect the velocity profile of the fluid, and the local acceleration 
which takes place around the throat of the Dall tube is in that 
region where the velocity profile of the fluid is undergoing its great- 
est change; from zero at the wall, to a very high velocity a short 
distance from the wall. Thissame reasoning holds true of the Twin 
Throat tube. The author states, ‘In general, 
have been set up in connection with length of 


8 Fluid Mechanics Engineer, 
R. I. Mem. ASME 


the standards that 
a straight pipe and 
B-I-I 


Industries, Inc Providence 
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accuracy of measurement hold comparably for the Twin Throat 


Venturi installations.’’ If this be so, then the verifying data 


should be included 

3 What is the accuracy of measurement with a Twin Throat 
tube? What proof is there that several tubes supposedly alike 
will produce the same differential? Would these differentials be 
within '/, per cent of one another, | per cent, or 5 per cent? 
4 The author states that the so-called expansion coefficient is 


comparable in magnitude to that used for standard venturi 


tubes. Again, just what does this mean? It is my opinion that 
the expansion factor for the Twin Throat tube is a lot closer to 
that for a concentric than it is to that for a venturi tube 


In addition to these four major 


orifices 
ireas for further investigation 


there are several other minor ones 


a) Does flushing have an effect on the differential of tube? 
b What is the effect of 
( What is the likelihood of cavitation damage? 


wear and corrosion on coefficient? 
d Are the corrections for low Reynolds number the same as 
a venturi? 

e How does 


one 


nonlinearity of K with 


Reynolds number 


C. B. Haughton, Jr.° 


Every time the writer hears of a ‘“‘new fluid-flow measuring 


device’’ he accepts the news with a mixture of interest and a little 
skepticism and immediately wonders, in the conservative man- 
ner, before reading or listening to the 


anything wrong with the old devices? 


paper, whether there is 
Well, there are still a few 
important things unknown about the simple converging, rounded- 
entrance nozzle, the sharp-edged orifice, and the standard long- 
form venturi tube, but, in general, they have performed remarka- 
bly well under an enormous variety of application conditions for 
many, many years. However, the venturi, as the author points 
out, has been sometimes handicapped by length and expense of 
manulacture 


Therefore it is good to see a device conside rably 


shorter than the standard venturi but simultaneously having a 


low head loss 
With respect to the value of the flow coefficient, and the shape 
ol the 


coefficient-Reynolds number curve, it that the 


the sharp-edged orifice 


appears 
Twin Throat Venturi is very similar t 
It is probable that the presence 
Throat 


of the second throat in t! win 


Venturi causes a vena contracta in the flow lines quite 


similar to those caused by the sh irp edge of the standard orifice 


On this basis, therefore, many of the considerations which have 


guided the design and installation of the orifice over the years 


should be similarly applied to the Twin Throat Venturi. Conse- 


a ently the writer questions for example the author s statement 
“In general, such upstream disturbances will have a somewhat 
Throat to the double 


which tends to reduce the effect such 


smaller effect on the Twin Venturi due 


change in cross sectior 
upstream disturbances 
ASME Flow Code 
In sketch (G) and (H 


ratio of 0.50, a standard venturi requires at least 3 diameters of 


Reference to Fig. 16 in the new 


may suggest quite the opposite tendency 


of this figure it is shown that, for a diameter 
straight pipe between it and an upstream wide open gate valve, 


while for the orifice (to which the Twin Throat Venturi is ap- 


parently quite similar for the shown in the author's 


Likewise 
and check valves, at least 7 diameters of straight pipe are needed 


reasons 


paper at least 6 diameters are required ior globe 


for the standard venturi, but 11 diameters should be used for the 
orifice. It seems, therefore, to the writer, that careful testing of 


the Twin Throat Venturi under many varieties of upstream con- 


* Staff Engineering Specialist, Flight Propulsion Laboratory De- 
partment, General Electric Company, Lynn, Mass. Mem. ASME 

1 Flow Measurement, 1959, ASME Power Test Codes, Supplement 
on Instruments and Apparatus, chapter 4, part 5 
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ditions must be made to insure users that this new meter is less 
affected by upstream conditions than is the standard venturi 
Perhaps the author could present some recent data showing that 
such testing is in process 

In considering the use of the Twin Throat Venturi for metering 
air or gas flows, the author believes that the same factors | 
magnitude as he 


com 


parable in says) which account for com- 


pressibility can be used for the 


Twin Throat Venturi as well as 
for the standard venturi tube. He is concerned specifically with 
the “expansion coefficient’’ or expansion factor. However, para- 
graph 86. page 64, ol the 1959 ASME Flow Code” states: “‘When 
metering gases with venturi tubes and flow nozzles, the expansion 
which accompanies the change in pressure takes place in an axial 
direction only, due to the confining walls of these differentia 
producers With the thin plate orifice there are no con- 
fining walls and the expansion takes place both radially and 
axially With this in mind, and assuming that the Twin 
Throat Venturi is again similar to the orifice in the many respects 
outlined in the author’s paper, does he feel that final tests will 
show that the expansion factor for the Twin Throat Venturi is 
generally the same as for the standard venturi? Data obtained 
from test 39A and 43A, for the 
orifice and venturi show significant differences at the same pres- 
sure ratios and diameter ratios 


ind analysis, shown” in Figs 


Finally, has the author considered the possibility of computing 


the value of the theoretical disc arge coefficient of the Twin 
Throat Venturi based on the cross-sectional shape of the throat? 
Such techniques are already available in a paper by Rivas and 
Shapiro for ASME standard venturis and could 


doubtless be extended to the shape ol the Twin Throat Venturi. 


nozzles and 


If the theoretical coefficient were obtained, its ecumparison with 
existing test data might give some insight into reasons for point 
scatter, need for standardization of throat shape, effect of varia- 
and the like. It is hoped that such 
theoretical reasoning will be applied early in the design and test- 


tions 1D pressure measurement 


ing of the Twin Throat Venturi so that its optimum usefulness 


can be realized as soon as possible by maker and customer alike 


Author's Closure 


The discussers have very appropriately pointed out several 
items in regard to the Twin Throat 


First 


Venturi which need some 
clarification and 
tion that 


amplification the author wishes to men- 


since the Twin Throat Venturi is a proprietary device 
all the detailed background design and testing information is the 
property of Bopp & Reuther of Germany, and naturally all of 
such information will not be made available for general use at 
present. The author very definitely goes along with Mr. Haugh- 
ton in the hope that theoretical studies will be made in connection 
with the Twin Throat Venturi, and consideration given to the 
calculation of the discharge coefficient from a theoretical analysis 
A certain amount of this has already been done by the original 
developers of the Twin Throat Venturi; however, it is hoped that 
others interested in the basic hydrodynamics of this flow measur- 
ing device will apply their knowledge in regard to various theo- 
retical aspects 80 that a sound framework can be developed on 
which all of the test data can be correlated. The many attrac- 
tive features on this flow measuring device warrants the time and 
effort necessary to make such theoretical analysis. 

The author is not quite clear what Professor Bogema means 
when he says that the meters operate at different beta ratios, and 
The 
subsequent analysis that Professor Bogema makes appears to 
definitely indicate the advantages of the Twin Throat Venturi 


over conventional differential-type flow measuring devices, since 


the full advantage of this newer ty pe meter is not apparent. 


11M. A. Rivas, Jr., and A. H. Shapiro, “On the Theory of Discharge 
Coefficients for Rounded-Entrance Flowmeters and Venturis,”” Trans 


ASME, vol. 78, 1956, p. 489. 
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he proves for a specific case, that the Twin Throat Venturi and the 
Dall tube have the lowest head loss, expressed as a per cent of 
the differential. 
analyses presented in the paper that the Twin Throat Venturi 
permits obtaining a high differential with a minimum of head 


The author believes it is quite clear from the 


loss. High differentials are, of course, desirable because the 
sensitivity of instruments receiving the differential need not be 
so great, and therefore, better accuracy can be obtained with 


less expensive indicating and recording devices. 


In other words, 
for any given head loss condition, a higher differential can be 
obtained with the Twin Throat Venturi. Another way of look- 
ing at this problem is in regard to selecting a throat-diameter 
ratio for very small differentials because of head loss limitations. 
Comparing standard venturi meters with the Twin Throat Ven- 
turi, it is possible to get such a small differential with a Twin 
Throat Venturi without using excessively large throat-diameter 
ratios, which we know tend to lead to instability of flow. 

Mr. Dowdell has certain pertinent questions which deserve 
answers. In regard to any so-called size effect on the coefficient 
of discharge, on the basis of the data that have been obtained by 
Bopp & Reuther there is no significant size effect and the coeffi- 
cient for large and small tubes is the same if the beta ratio is 
The largest Twin Throat Venturi that has been cali- 
brated to date is 48 in. 


identical. 


Both Mr. Dowdell and Mr. Haughton questioned the author’s 
statement in regard to the effect of upstream disturbances on the 
coefficient of the Twin Throat Venturi. The evidence is very 
clear cut and definite that such disturbances are of less influence 
on the coefficient of the Twin Throat Venturi than they are on 
the coefficient of standard venturi or orifice meters. There is 
a very basic and sound reason for this particular phenomenon. 
It is a known fact in fluid mechanics that any restriction in a pipe 
line, or any acceleration of flow, tends to reduce the effect of 
disturbances which have distorted the velocity distribution pat- 
tern in the pipeline. In other words, such acceleration of flow 
In the 


Twin Throat Venturi the first restriction has this influence on 


always has the effect of “normalizing” the flow pattern. 


such velocity pattern distortions due to upstream disturbances 
and, thererore, the pressure reading obtained at the throat, 
which is the second restriction, is less affected by such disturb- 
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ances. Because of this the author disagrees with Mr. Haughton’s 


ends to have considera- 


statement that the Twin Throat Venturi t 
ble similarity with the sharp-edged orifice. The author cannot 
agree with Mr. Haughton that a so-called vena contracta is pro- 
duced in the Twin Throat Venturi in a manner similar to that 
produced by the sharp edge of a standard orifice. So far as the 
general flow pattern is concerned, and the influences of side walls, 
the Twin Throat Venturi approaches much more closely, from a 
hydrodynamic standpoint, a short venturi tube than an orifice 
meter. 

The author again wants to emphasize, and this was quite well 
brought out by verbal discussions when the paper was presented 
orally, that the pressure reading at the throat of win Throat 
Venturi is primarily controlled by the influence of the sharp cur- 
vature and acceleration of flow along the boundary of the second 
throat, and is only secondarily influenced by contraction of the 
stream and the average increase in velocity This is a very basic 
and important consideration, which distinguishes the Twin Throat 
Venturi, both from the standard type of venturi and also from an 
orifice with sharp edges. 

Continuing with answers to other specific questions put forth 
by Mr. Dowdell, the accuracy of the Twin Throat Venturi when 
manufactured according to definite standards will be within plus 
Calibrated 


per cent and 


or minus 2 per cent if no special calibration is done 
tubes will have an accuracy of plus or minus 
better. 

When metering dirty liquids the use of a flushing connection for 
taking off the differential will not introduce any inaccuracies if 
this is properly done. The effect of erosion, corrosion, or cavita- 
tion damage on the coefficient will be that of altering the second 
throat diameter. 
volved, such wear or damage should not have 


However, since there are no sharp edges in- 
i significant in- 
fluence on the coefficient until it becomes severe 

Regarding the relation between the coefficient K and Reynolds 
number, the author believes this bas been clearly indicated by the 
data shown in Fig. 5. 

The author wishes to thank the various members of the Re- 
search Committee on Fluid Meters for their consideration of this 
new flow measuring device, and special thanks are due the 
discussers of the paper. 
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outer radius of the annular flow 
passage at the rotor blades, L 
inner radius of the annular flow 
passage at the rotor blades, L 
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actual mean cross-sectional area of 


flow pas 
L? 


root mean square of r, and r, 
the effective annular 
sage at the rotor blades 

number of rotor blades 

chord length of the rotor blades, L 
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effective radial length of the rotor 

blades, L 
pitch of the 
blade angle 


absolute fluid velocity, LT! 
axial component of V, LT 


rotor blades, L 


' tangential component of V, LT= 
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turbine 


from 
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of angular velocity of the rotor, T~™ 


axial direction 


meter relative velocity of fluid with re- 
spect to the rotor blades, LT 
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viscosity of the fluid, FTL~? 
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Fig. 2 Geometrical parameters and velocity diagrams for rotor-blade 
elements at radius r 


assumed to be purely axial and uniformly distributed at section 1. 
This assumption may be approached in reality by means of a 
suitable approach length, straighteners, and proper design of the 
meter housing and inlet diffuser. Turbine cascade is placed 
within the inlet, or entrance, length of the annular flow passage 
from the rounded entrance formed by the housing and the inlet 
diffuser where the velocity distribution is essentially uniform even 
in laminar flow [2]. 

Consider first the turbine meter in Fig. 1 being steadily rotated 
in a synchronous condition by the fluid and having the velocity 
The 
driving torque dT’, induced on the blade elements of the rotor by 
the fluid within the annular stream tube dr between 1 and 2 at 


diagrams for blade elements at radius r shown in Fig. 2. 


radius ¢ is, from the angular momentum law 
dT, = prVndQ (1} 


where dQ is the volume flow through the stream tube dr, Fig. 1. 
Equation (1) has been applied to blade elements of radial length 
dr which have been assumed to have a constant outlet tangential 
velocity Ve. It is apparent that for any practical meter with a 
reasonable blade length, conditions must vary considerably from 
the root to the tip of the blade; as a result the performance of the 
meter will depend upon some average condition. It is assumed 
here that the average condition exists at the root mean square of 
the inner and outer radius; i.e., 


with the further assumption that the blade-tip clearance is small 
in comparison with the length of the blade. 
entire cross section, resultant driving torque 


re = pQ? V2 (2) 
where Vy is the outlet tangential velocity 
Let r be ? in Fig. 2 


Summing over the 


at mean radius 7. 


Ve = (Var tan &) — (7w) 


Since Vaz = Vi = Vi and Q = V,A,, Equation (2) becomes 


Nomenclature 


1 tan Q w t9()? 
= _ 7 2 
d 7A, Q 


or the driving torque 7, of the rotor is proportional to pQ?. 
Consider the condition when the rotor is in steady-state rotation, 
then 
(4) 


where 7’, is the total torque resisting the rotation of the rotating 
system of the meter. 
This torque 7’, can be treated as consisting of two groups of 
different natures: 
T,=T,+T; 


where 


T,, = total resisting due to mechanical 


mainly bearing loads and register load 


torque friction, 


T, = total resisting torque due to fluid drag 


Combining Equations (3), (4), and (5) and solving for w/Q 
w tan & ( us ( T, ) 
Q \#A, Fp)? Fp)? 


w (time t) 


Since 


angular displacement of rotor during ¢ 


Q Q(time t) total volume through meter during ¢ 


w/Q is, therefore, a direct measure of the meter registration 
High repeatability of a meter means the value of w/Q remains the 
same when the same flow condition is encountered. High ac- 
curacy means that the value of w/Q varies no more than a small 
specified allowable quantity over a wide range of both flow rates 
and viscosities of the metered fluid or fluids. Equation (6) states 
that w/Q or the meter registration is equal to its ideal value 
tan &/(7A,) less the rotor slip T7',,/(7?pQ?) due to mechanical 
friction 7’,,, and less the rotor slip 7 ,/(7*pQ*) due to fluid drag 
T,. Since mechanical friction is never repeatable, the rotor slip 
due to mechanical friction of a turbine meter, that is to have high 
accuracy and high repeatability, must be negligible even at its 
minimum operating flow rate. In fact, it is this rotor slip due 
to mechanical friction, as well as the viscosity effect, which de- 
termines the minimum operating flow rate of a turbine meter of 
small size and low capacity. However, for a turbine meter of 
moderate size and moderate flow capacity, it is not difficult to 
reduce 7’,, to such a low value that 7’,,/(7?pQ*) becomes negligibly 
When this 
condition is realized in the design of the meter, Equation (6) is 


reduced to 
o tan a ( T, ) 
Q \ #A, Fp)? 


small within the entire operating range of the meter. 


An accurate evaluation of the resisting torque 7', due to fluid 





= kinematic Viscosity of the fluid, 
L*T 

= Reynolds number based on the 
chord length ¢ of the rotor blades 

total 
friction which resists rotor rota- 
tion, FL 

skin-friction drag on one blade of 


Subscripts 


torque due to mechanical l= 


the turbine-meter cascade, F 
sum of all secondary fluid drag on 
entire rotor, F 
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All bar quantities are quantities evaluated 
at the mean radius 7. 


conditions existing at the inlet of 


conditions existing at the outlet of 
the rotor blades 

conditions existing at 
verse cross section of the rotor 
blades where the relative velocity 


W is the vector mean of W; and 
Wo, Fig. 2 


conditions existing in the laminar 
region 


the rotor blades 


conditions existing in the fully tur- 
bulent region 

that trans- 

conditions existing in the transition 
region 
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drag on the rotating system of the meter is most difficult, if not 
impossible, especially as the flow may be laminar, turbulent, or 
in transition, depending upon the viscosity of the fluid and its 
flow rate. However, some simplifying assumptions can be made 
and justified for the first approximation in the case of a turbine 
meter. Within the operating range of a turbine meter with 
properly designed blading, the angle of incidence between the 
fluid and the blade is small the deflection of the fluid to 


produce a driving torque to overcome the resisting torque is very 


Since 


small and strength is not a problem because of the very low blade 
loading in turbine meters, a thin symmetrical airfoil is not only 
sitisfactory but desirable. For a smooth, thin symmetrical air- 
foil at a very sm ill angle of incidence the flow will not separate 
from either side of the blade, therefore resulting in a very low 
The profile drag D of the 
blade is then predominantly friction drag D, due to skin friction; 


ic, D = D, + D, = D 


metrical 


value of the form or pressure drag D, 


With the flow through thin sym- 
fluid deflection, hence the blades 
operating at low lift, the resisting torque due to other secondary 


blades with small 


losses will be small. Since the flow through the blading has a very 


small circumferential component, the centrifugal effect will be 


very small. Because of the low loading on the blades of a turbine 

meter, the blades may be mounted on a very narrow ring or even 

on spokes to reduce the friction drag due to the mounting ring at 

the blade root. With very thin blades, the friction drag between 
, 


the blade tip and the ho wing should be small because of the small 
friction-surface area. The 


frictior 


drag due to the spokes and 
hub can be designed to be very small. Moreover, it is worth not- 
ing that, in a turbine meter, high accuracy requires only the con- 
stancy of the value of w/Q, Equation (7 


ol w/Q@ 


, not any absolute value 
That means any resisting torque which is proportional 
to the velocity squared and is independent of the viscosity will 
have no damaging effect on meter because it 


weecuracy causes 


t constant rotor slip ind can be readily taken into account 
by direct meter calibration. Also, any resisting torque which is a 
function of the viscosity will impair the meter accuracy not to the 
magnitude but only by the amount that it 


extent of its absolute 


varies within the meter operating range Based upon these con- 
siderations it will be assumed that the total resisting torque 7 


due to fluid drag can be treated as consisting of 


l 


] 


total resisting torque 1 friction drag D, of 


blades of the turbins ascacde 
total re sisting torque due to the sum of all secondary 
fluid drag D, 


in the circumferential dire 


D, is assumed to be evaluated at 7 and 


tion 


The skin friction drag D, of is known to 


The nature of the 


i blade of the cascade 
ver R 


ind R will be determined from 


be a function of the Reynolds num funec- 
tional relationship between D 
physical considerations as modified by experimental evidence. 
The numerical values of the relationship will be determined by 


The fluid 


drag D, will be assumed to vary only with the square of velocity 


comparison with test results sum of all secondary 


ind thus be independent of the Reynolds number. Its numerical 
value can best be determined by comparison with test results 


Substituting Equation (8) into I 


Ww (= ay 
7A 


a 


quation (7 


Referring to Fig. 2, taking 
T, n? D, sin @,, 


where &,, 


is the angle of the mean relative velocity W,, at radius 
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7. A dimensionless coefficient C, called ‘skin-friction drag co- 
efficient’’ may be introduced by setting 


D, 
'/sp W,. 2el 
where 


W.. V; . 
l blade length 


cos &. 


’. is a function of the Reynolds numbe 


Similarly, 


7D 


A second dimensionless coefficient C, called “‘over-all secondar 


drag coefficient’’ may be introduced by setting 


D, 
IW, 2 


2f m \~ 


where Cc, is assumed to be a constant 


Substituting Equations (10) and (11 


aya (2 


into Equ ation (9 


( sin &, ) 
; i.? ag 


It should be noted that the fluid angles &- and ine Fig 4, are not 


exactly equal to the actual blade angle 6 at the same radius 7 


The deviation depends upon the amount of fluid deflection (& 


legree of fluid guidance (chord-pitch ratio C/8) to- 


a and the 
gether with the form of the blade profile itself. Along with the 
requirement for a small amount of fluid deflection through the 
thin symmetr iirfoil blades that have the proper twist along 
blades, it is essential that a well-designed turbin« 
that 
ind &, from the blade angle 


on the 


the length o 


nough solidity or chord-pitch ratio (c/s 


meter have 
the deviations of the fluid angles a 
8 be small and their 
Whe n 


simplifying assumptions previously mentioned in actual meter de- 


lependence teynolds number be in 


significant this condition is realized along with the other 
sign, the dependence of the meter registration w/Q on Reynolds 
number will be determined only by the dependence of the skin- 


friction drag coefficient C, of the turbine meter cascade as indi- 
cated by Equation (12). The Reynolds number to be used here- 
after will be that based on the chord c of the blade or the chord 
Reynolds number R IV.c/yv. For a given turbine meter, R. is 
which the meter is 


fluid 


uniquely determined by the flow rate Q at 


operating and the kinematic viscosity v of the passing 
through its blading 
Reynolds number, the 


1 Laminar Region. At sufficiently low 


boundary layer on the turbine blade is fully laminar. The magni- 
tude of the skin-friction drag coefficient C,, Equation (10), of a 
blade of the turbine meter cascade may be considerably different 
from that of the skin-friction drag coefficient ( e of a correspond- 
ing thin flat plate or thin symmetrical airfoil in two-dimensional 
flow at equivalent Reynolds number since the former is affected 
such as three-dimensional flow effect, 
rotating effect, and the effect due to the 
presence of a negative pressure gradient along the chord of the 
blade). 


through the turbine meter cascade, 


by many secondary effects 
the cascade effect, the 
However, with the most favorable flow conditions 
as mentioned previously, 
and proper design of the meter to reduce these secondary effects 
to a minimum, it seems reasonable to expect that the func- 


and R. is similar to that between 


19 


tional relationship between C 
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C,’ and R,. 
specially designed to approach the foregoing assumptions support 


So far all the test results of several turbine meters 


this statement. Consequently C,, like C,’, may be expressed 


> 


as [3] 


for R,< (R,), (13) 
where B, is a numerical constant to be determined by comparison 
Equation (12) thus takes the following form in 
the laminar region: 


(‘= a) ( K ) 0 
7A, n sin &,, . 


The upper limit (R 
valid depends upon the intensity of the upstream turbulence, the 


with test results. 


‘KB, 
VR. 


for R. 


‘ 


<(R,.); (14) 


, of the range of R, in which Equation (14) is 
meter size, and its particular design. The greater the upstream 
turbulence and the smaller the meter size of a given design, the 
lower the value of (R,), becomes. Test results of several meters 


(6 and 16-in. sizes) in two different calibration stands indicate 
that the value of (R , is of the order of 2500 to 4000. 
(14) seems to hold for the lowest value of R. = 


present time. 


Equation 
150 tested to the 
Whether there exists a lower limit has not yet been 
determined. Many more test results are needed to establish the 
definite range of R, in which Equation (14) is valid 
At sufficiently high 

bers, the boundary layer on the turbine blade is fully turbulent 
The blade 


smooth at 


2 Fully Turbulent Region. teynolds num- 


except for a very small portion at the leading edge. 


surface cannot be considered hydraulically high 
Reynolds numbers, especially for small dimensions of chord ¢ in 
turbine meters. Test results indicate that, when the Reynolds 
, the meter 
This means that the 


turbine blade is proportional to the 


number exceeds a certain large value, Say, R, = (R, 
accuracy curve becomes practically flat. 
skin-friction drag on the 
square of the fluid velocity and its drag coefficient C, is practically 
independent of the Reynolds number, or 
constant = B, for R.> (R (15) 
This region of constant value of C, of the turbine blade is equiva- 
lent to the region of complete roughness (hydraulically ) of a rough 
plate in two-dimensional flow [4]. 
Substituting Equation (15) into Equation (12), Equation (12 


becomes 


le **) ( K ) 
= : S 
PA, n sin &,, 


_ KB, for R - (R, t (16) 


and is independent of Reynolds number. The numerical value of 
R.), of the beginning of the fully turbulent range depends upon 
the surface roughness of the blades, the meter size, and meter de- 
Test results of several models of different sizes indicate that 
(R.), varies from 108 to 3 & 105 
lish the definite range of R, in which Equation (16) is valid. 


elgn. 
More data are needed to estab- 
3 Transition Region. For the region between the fully laminar 
and fully turbulent regions, the boundary layer of the turbine 
blade will be laminar to begin with, and will become a turbulent 
one farther downstream. The position of the point of transition 
designated by its distance z.,i, from the leading edge, will depend 
upon the intensity of the turbulence in the external flow and will 
be defined by the value of the critical Reynolds number Rerit = 
W,, Xerit/v. ‘The existence of the laminar section causes the drag 
to decrease and, following L. Prandtl, the decrease can be estimated 
if it is assumed that behind the point of transition the turbulent 
720 
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boundary layer behaves as if it were turbulent from the leading 
edge. Thus, from the drag of a wholly turbulent boundary layer, 
it is necessary to subtract the turbulent drag of the length up to 
the point of transition at z..i, and to add the laminar drag for the 
same length’’ [5]. Using a technique similar to that used in 
deriving the Prandtl-Schlichting skin-friction formula for a flat 
plate at zero incidence, the skin-friction drag coefficient Cy... in 
the transition region can be shown to be: 


B B. . R R 
= = fo ( = 
t R r 


¢ 


e 


where 


-R ( _ ) 
4 mu Vv Revit ; 


a constant for a given meter; and where (R,), is the lower limit 
of the transition region. 
Equation (12) for w Q then takes the following form in the 


transition region: 
Ww (= & ( K ) C 
Q- 7A, n sin @,, : 
4 Bi 
—K B, _ R lor R. es t IS 


4 Critical Zone. 
ideal case, where the onset of the transition from lami 


that in tl 


iar to turbu- 


It is important to mention her 


lent flow occurs simultaneously at the same Reynolds number for 
all the blades of the turbine cascade, the value of the lower limit 
(R.): of the transition region should be the s 
limit (R 
Reynolds number (R,)erit just as in the case of a single flat plate 
The onset of 


a small range of 


s the upper 


, of the fully laminar region and both « to the critical 


However, this does not happen in reality the transi- 
tion of the blades will occur within teynolds 


numbers which will be defined as the “critical z rather than 
at a single critical Reynolds number (R.)crix. C 


the critical zone, the meter registration w/Q is not expected to 


nsequently, in 


follow the solid curves of Equation (14) and (18 
to the ideal case that (R.), = (Re)ere = (Rederiet. Inst 


w/Q-curve will follow the more rounded dotted curve 


-orresponding 
id, the actual 
“as shown 
ids numbers 


in Fig. 3. The numerical values of the range of Re 


corresponding to the critical zone depend upon the intensity of 


the turbulence in the upstream flow, the size, and the particular 
that (R.)er is 
It should be 


the critical 


However, test results indicate 
slightly greater than 2(R,), for all the models tested 
noted that although the repeatability of the meter 


design of the meter. 


zone is still quite satisfactory for a given installation, it is not as 
good as the repeatability in the other regions 


Viscosity Compensation 


A study of the meter-accuracy curve of 


turbine 
ites that the 
meter accuracy will be unacceptable in the laminar region, critical 


meter not 


compensated for viscosity, as shown in Fig. 3, 


indi 
zone, and the greater part of the transition region due to the 
large viscosity effect. 
will 


In application, this means that the turbine 
illed 
In order that a turbine meter be useful for high-accuracy 


meter not be when metering so- viscous 
liquids. 
measurement of viscous fluids, the viscosity effect 
A careful study of the foregoing anal) 


the viscosity effect in the transition region of the 


accurate 


has to be 
eliminated. sis reveals that 
turbine meter 
can be eliminated by a simple and practical devic« 

In the transition region, the meter registration w/Q is given by 


w (= Qe ( K ‘i Be - KB. - 
= = . mm | =) 
Q 7A, nsing,/ ° | LR 
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REYNOLDS NUMBER - R, 





TRANSITION 
REGION 


Fig. 3 Analytically determined Reynolds number accuracy curve of a turbine meter not compensated 
for viscosity 


It is the last term AB,,./R 


registration. If 
from Equation (18a) it 


which accounts for the viscosity effect A(w/Q if the turbine rotor due to 7’, 


this term KB,,/R, can be subtracted be 
is then reduced to 


Wd tan & K > 
—— ( ) 7 ( -) c,] — KB, 
Q °A. n sin &,,, 


which is exactly the meter registration, Equation (16 


ean be re vdily 


7 Ge ) (= ( 1 
F*p)* PA , cos &,., Q ) ke 


that A Ww q 


is practically constant within the operating range of a tur- 


yn the meter 


It is 
(w/Q 


bine meter of high ac 


clear is inversely proportional to R, since 


’ for the 
which the viscosity effect is insignificant. 


, : curacy. Consider the case where the device 
fully turbulent region in : Y ¢ 

is designe d to have its design constant G of such a value that the 
additional rotor slip A WwW dV ry due to 7 


term AB, 


To accomplish this, let us consider a device directly coupled to 
the turbine re 
torque 7 


laminar vist 


of the device is exactly 
R. of Equation (18a); i.e., 


or the only effect of which is to impose an additional 


the rotation of the rotor. T equal to the viscosity 


resisting must be of a 


yus drag nature and directly proportional to the rotor (< Ge Ww 1 
a Senn 5(2), ~ (eta) (3) () 


Gyuw 19 


speed w 


l 
KB.,( R ) 21 


where G is a ‘ tant of the device additional slip 


The meter registration equation in the transition region of a tur- 
bine meter when coupled with such a device will be 


@ ~ LCias) ~ Cara) -- 
KB. | 
+ | ! i} 
| (==) ” ( = ye _- KB, | 
°A, n sin @,, 


which is exactly the meter registration, Equation (16 











, in the fully 
Such a device, 
which eliminates the viscosity effect on the meter accuracy when 


turbulent region and is free from viscosity effect. 


coupled to the turbine rotor, is truly a viscosity compensator 
Fig. 4 shows the improvement of the meter-accuracy curve in the 
transition region when a turbine meter is equipped with a 
properly designed viscosity compensator. It is noted from Fig. 4 
that the viscosity compensator as described, Equation (19), does 











not improve the meter accuracy in the laminar region. Compen- 
sators of another nature must be devised in order to improve 


meter accuracy in that region 


Fig.4 Analytically determined characteristics of a viscosity compensator 
and its effects on the Reynolds number accuracy curve of a turbine meter 
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One simple and practical form of the viscosity compensator is 


shown in Fig. 5. It consists of a hollow sealed drum coaxial 
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FLUID DIVERTED FROM 
UPSTREAM PIPELINE 


Fig. 5 Schematic drawing of a drum-type viscosity compensator 


with and rotating as a unit with the turbine rotor. The drum 
rotates with close clearance within a coaxial, stationary outer 
cylinder formed within the meter inlet diffuser. A small quantity 
of filtered pipeline fluid is continuously diverted into the close 
clearance between the drum and the outer cylinder and re-enters 
the main stream of fluid to be metered before that fluid reaches the 
inlet of the rotor blades. insures that 
the viscous drag imposed upon the drum, and therefore upon the 
meter rotor, will be imposed by fluid of the same kind and vis- 


cosity as the fluid being metered at any given time. The running 


This diverter system 


clearance h, the radius z, and the length 7 of the viscous-drag 
drum must satisfy the following conditions: 


1 Clearance A must be greater than a certain predetermined 
minimum value from the standpoint of manufacturing ease and 
trouble-free operation. 

2 The values of clearance A and radius z of the drum must be 
such that the resisting torque 7’, remains of a laminar viscous 
nature, Equation (19), throughout the entire range of Reynolds 
numbers of the meter where the viscosity effect is large. 

3 The values of h, z, and the length 7 of the drum should be 
such that Equation (21) is satisfied. 

Neglecting the effect of the small axial component of velocity 
due to the diverted flow through the close clearance, the resisting 
torque 7', between the stationary outer cylinder and the rotating 
drum ean be expressed as 


2rz* 
ms ( et) we 


which gives the design constant of the 
G 2r2z5j/h) for Equation (19). The critical Reynolds number 
R h(zw)/v of the drum below which Equation (23) holds true 
G. I. Taylor [6] gives R, > 316 
for h/z < 0.020 which is the usual range of h 


viscosity compensator 


depends upon the value of (h 
z of a viscosity com- 
pensator for turbine meters. 

Referring to Fig. 5 there exists also a small resisting torque 7’,’ 
due to the viscous drag on the two end surfaces of the sealed drum. 
For R, = z*w/v < 10%, the flow islaminar. 7 


‘ean be expressed 


T's’ [1.334 244/ w/v] pw (24 


The additional rotor slip A(w Q)r,’ due to T,,’ will be 


(<) re 
A 
Q / 7,’ F* pt)? 
( 24 | ( c ) 2 ( @ 3/3 l 
1.334 : 
| 7p? ) A, cos &,, .Q VR, 
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VISCOSITY 
COMPENSATOR 


Fig. 6 Experimental model of a 16-in. viscosity-compensated turbine 
meter 


From Equation (25) it 


is evident that the nature of is not 


VR 


be made very 


suitable for viscosity compensation since A(w/Q)r,/ «1 
instead of 1/R,. Fortunately, A(w/Q), 

small in comparison with A(w/Q)7, with proper design of the vis- 
cosity compensator. 


can easily 


Description of Test Model 


Fig. 6 shows a 16-in. viscosity-compensated turbine meter 
specially designed to approach the assumptions stated. The 
operating flow range of this meter is 3000 to 15,000 barrels per 
The 
use of antifriction-type bearings and a magnetic coupling to the 


hour (or 2000 to 10,000 gallons per minute a_ proximately 


register together with a well-balanced, low-weight rotating system 
makes the mechanical friction so low that the rotor starts to turn 
at less than 0.2 per cent of rated capacity 
friction than 0.01 per cent at its minimum 
operating flow. The rotor contains 16 helically twisted blades 
with blade angle 8 varying from 55.5 deg at the blade tip to 41.5 
deg at the blade root. 


ind has a slip due to 


mechanical less 


With the blades having a constant dimen- 
sion c’ in the axial direction, Fig. 2, along the entire blade length, 
the chord-pitch ratio c/s varies from 1.21 at the tip to 1.51 at the 


root. The blades are of thin, symmetrical airfoil section with 


‘maximum blade thickness ¢ 
0.03 


che ord c 


at the blade tip increasing to 0.09 at the blade root 

With r 7.625 in. and r; 4.9375 in., 7 6.42 in., then 7 
B = 50 deg, ¢ = 3.28 in., ? = 0.182 in., and A, = 102.12 sq in 
It may be noted that in Fig. 6, the straight flow passage has a 
properly proportioned annular recess into which the rotor blades 
protrude with ample mechanical clearance (*/j5 in. or more) all 
around. Separate test results show that, throughout the range of 
teynolds numbers tested, the resisting torque on the blades in 
the recess causes a constant additional slip (about 7 per cent) in 
comparison with the results of an otherwise identical rotor with 
shorter blades having a radial clearance of 0.030 in. with a housing 
without the recess. This phenomenon is not unexpected since the 
flow inside the recess agitated by the protruding part of the 
blades becomes fully turbulent even when the n is still 
laminar. This additional resisting torque on the blades inside the 
recess will be included in the value of 7',, defined under Equation 
(8). 


The viscous-drag drum of the viscosity compensator of the 


in flow 


meter just described has a running clearance h = 0.030 in., radius 


= 3.28 in., and length j = 7 in. This combination of values of 


h, z, and 7 satisfies the stated requirements of the viscosity com- 
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pensator up toR, = 1.4 X 10° For R, 
viscosity effect and the rotor slip due to 7, 


1.4 X 105, both the 
are insignificant. 


Description of the Test Equipment and Procedure 

The tests of the 16-in 
large-meter test installation of the authors’ company completed 
in 1958. This test 


turbine meter were made utilizing the 
installation is of the gravimetric type. It 
tank, a 47,000 
gallon net capacity weigh tank, a 350,000-pound tank scale, and 


consists of a 47 ,000-gallon net capacity storage 


the necessary 16-in. piping, valves, and pumps to produce up to 


15.000 barrels per hour flow for accuracy, re pn atabilitv, and en- 


durance tests. a desired test flow 
The 350,000-pound 


scale is specially calibrated to be accurate to the smallest dial 


$y means of a flow controller, 


rate can be maintained within a few per cent 


division which is 50 pounds. A test quantity of 700 barrels was 


ilways used regardless of flow rates. To avoid the possibility of 


reading error, simultaneous photographs taken with 


were 
Polaroid Land cameras of the tank scale and meter-register read- 


+ 


ings at the beginning and end of “on the fly’’ test run 
The test liquid is a mixture of a 1900 SSU coastal oil and No. 2 
The blend has an API gravity of 
viscosity of 145 SSU at 60 F. The 
to obtain complete sets of test data was from 250 SSU at 


100 SSU at 72 F 


each 
fuel oil. 30 and a kinematic 
viscosity of the oil available 
144 F to 


The meter was first tested without the viscosity compensator 
} 

From the experimental curve of the registration of the 

Kquation (14) and (18 


dimensions of the viscosity 


meter 
viscosity noncompensated meter, 
fully determined. The 


were then calculated from Equation (18 


were 
compensator 
Tests were re peated 


with the turbine meter equipped with the viscosity compensator 


Experimental Results as Compared With Analysis 
\ comp irison of the exp rimental results and calculated curves 


is shown in Figs. 7 and 8. In Fig. 7, all experimental 


are given in points. Curve lisa 


plot ol 


0.003732 ‘ B 
0.001690 — (radian /in.*) 26 
Vv 


which is the laminar region equation (14) with the two groups 
of constants 


an a le 
i(° I ‘) a (. . — Je] and [KB,] 
7A, n sin d,, 


evaluated from two experimental points [w/Q = 0.001586, R, 

1306} and [w/Q 0.001622, R. 3066] in the laminar region 
With the calculated value of K, Equation (12a), equal to 0.0039 
radian/in.*, Equation (26) gives the value of the constant B;, of 
the skin-friction drag coefficient C,,, of the turbine meter cascade 
with negative pressure gradient B, 
1.328 the 


efficient of a thin flat plate with zero pressure gradient. 
I I 


0.956 as compared with 
corresponding constant of the skin-friction drag co- 
A com- 
parison of curve 1 with experimental results indicates the upper 
limit of the laminar region (R, 4000 


0.1503 
(radian /in.*) 
R 


c 


1 2 
Curve 2 is a plot of 


0.001690 — | 0.000082 - 


Q 


which is the transition region equation (i8) with the two con- 
stants B 0.021 and By 38.54 evaluated with two experi- 
mental points [w/Q 0.001620, R 12,930] and [w/Q 
0.001612, R 39,170] in the transition region. A comparison 
of curve 2 with the experimental results indicates the lower limit 
of the transition region (R.)- ~ 9000. Curve 1 and curve 2 inter- 
sect at R, ~ 5000 which is defined as the critical Reynolds number 
R.)erit Of the turbine-meter cascade 

Curve 3, plotted with a dotted line, represents the meter regis- 
tration in the critical zone (4000 < R 9000) and is based on the 
experimental results 

It is worthy of note that the critical Reynolds number for this 


rotating turbine-meter cascade is much lower than that for a single 




















is] 
ZONE 


Fig. 7 Comparison of accuracy test results of both a viscosity-compensated turbine meter and a meter 
not compensated for viscosity with the respective accuracy curves as determined from the analysis 
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iirfoil in a wind tunnel 


This is not unexpected since there 
is much higher intensity of turbulence in the upstream flow and 
much higher instability of the laminar flow in the case of a rotat- 
ing cylindrical cascade in a turbine meter installed in the pipeline 
than in the case of a stationary single airfoil in a wind tunnel. 
The design of the viscosity compensator to produce an addi- 
tional rotor slip A(w/Q)r, exactly equal to the viscosity term 
KB,,/R. of Equation (18) of 


meter as described previously 


the viscosity noncompensated 
will yield an excellent meter- 
wccuracy curve in the transition region but a relatively poor curve 
in the critical zone. An alternative is to design the viscosity com- 
pensator to produce A(w/Q)r, less than KB;,,/R 


amount so that while the accuracy curve in the transition region 


by a proper 


is still highly satisfactory the curve in the critical region is also 
greatly improved. In actual application, where it is desired to 
meter viscous oil, the meter should have its high-accuracy range 
extended to as low a Reynolds number as practical. In this case, 
the second alternative design is generally more desirable than the 


first one. The design of the viscosity compensator for the turbine 


meter in Fig. 6 is based on the second alternative 
dimensions (kh = 0.030 in., z 
viscosity compensator, Equation (20) and (25) become, 


tively 
w 0.1011 
At— : 
(3). R 


w@ 5.42 « 10 
4(4) 
Q / 1,’ VR 


as against KBy R. 0.1503 R. from Equation 27). 

In Fig. 8, curve 5 is a plot of Equation (29), 
A(w/Q)7r,’ due to the viscous drag on 
curve 6 is a plot of the total rotor slip 


Based on the 
of the 


respec- 


3.28 in., and 7 in. 


the rotor slip 


the ends of the drum; and 
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Fig. 8 Comparison with calculated results of test results of slip imposed upon rotor by viscosity compensator 
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Fig. 9 Experimental evidence of improvement, with viscosity compensator, of flow-rate accuracy curves of 


a turbine meter in high-viscosity fivids 
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due to the entire viscosity compensator. For comparison, the 


corresponding experimental values of the rotor slip due to the 
It is 


‘of the drag on the ends of 


viscosity compensator are plotted as curve 7 in dotted lines 
to be noted that the effect A(w d 
the drum is very small as clearly revealed in Fig. 8 

In Fig. 7, cted meter-registration 
It is ob- 


tained by subtracting curve 6, the ated total rotor slip due 


curve 4 is a plot of 


urve of the turbine meter witl compensator 


to the viscosity compensator, from curve 6 in the critical zone and 


) 


the calculated curve 2 in the transition region of the turbine 


meter without the viscosity c mpensator 
The agreement between all the experiment il results and the ex- 


pected results from the 


good within the entire 
7 and 8. 


meter versus 


MnAlySis 18 Ver 


? 


range of Reynolds numbers tested as indicated in Figs 


percentage a ition of the 


Fig. 9 is a plot of ; 


flow rate with kinematic viscosity rameter The experi- 


mental data 


ised in plotting Fig. 9 are the same as those in Fig. 7, 


the 100 per cent meter registrati ell is w/Q = 0.001611 
radian /in.? 

The improvement meter by 
the provision of a m Figs. 9 
and 7 


vith 


the afore-mentioned t installation withia at 


The repeatabilit f turbine meter r i 


uy point within the ope 
At the 


running at a speed of 62 


rated capacit 


> 
rye | 
« psil 


out 6 
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DISCUSSION 
M. J. Dabney? 


The authors are to be congratulated for very excellent and 
timely paper on a subject that has much interest in the pipeline 
industry. The results of their work may well expand the scope 
and potentials of turbine meters into areas where they cannot be 
used at the present time 

I will not attempt to comment on the technical and mathemati- 
cal treatment of design of the viscosity corrected turbine meter, 
but rather limit my remarks to the practical aspect of oil measure- 
ment by meter as far as oil pipelines are concerned. 

? Manager, Pipe Line Research, Esso 


Elizabeth, N. J. 


tesearch and Engineering 
Company, 


Journal of Basic Engineering 


Most of you will recall how the P.D. meter found application in 
the pipeline industry. The refined products pipeline companies 
were among the first to widely use P.D. meters for custody trans- 
fer. In the early days the use of P.D. meters for this service had 
many problems and a great deal of research and development 
work was done by both the pipeline people and the manufacturers 
before the meters received ge neral ac ceptance The result of this 
co-operative effort, however, proved that meter accuracies of 
from '/1 to '/ of 1 per cent could be consistently maintained on 
an operational basis if used and calibrated properly 

About 1935, the old Oklahoma Pipe Line Company 
three different types of P.D. meters in crude oil 


tests d 
Their 
crude oil 


service 


tests showed such meters to be unsatisfactory for 


measurement because sand and other abrasives caused rapid wear 
These resuits were other 


P.D. meters wer 


and erratic operation onfirmed by 


companies and for several years considered 


insuitable for crude oil service 
In 1952 
of P_D 


no longer be valid 


the crude oil pipeline people again considered the use 


meters for they felt that results of the earlier tests might 
Further tests under probably better con- 
trolled conditions and with better equipment proved that meter 
vecuracy and perf e on crudes were equal to those obtained 
Today 4S 
widely very accurate 


Within the st f years the turbine 


lerable 


on refined produ ou know, this ty i meter is 


method of oi iwsurement 
ttracted con- 


Many of the 


over the wert 


meter has 
perme people 
rmance ol 


product pipeli ur reT\ isiastic 


the turbine table in refined product service 


i has a ve ’ orn t irve from very yw percentage 


f 


of canacit’ operating rang Several com- 


panies te and acct ting ad ta with 


istody 


ther factors invols 
h ive 


none is very 


There are 
As you 


meter 


being 


the enti 


changes in 
greater than + 
ment is on a custody trans 
ever, that the turbine meter usually ‘atable under identical 
viscosity and temperat condition n 0 rw i if the 
flow rate cannot be held constant to limits 
the turbine is just not satisfactory fe tremely ur neasure- 
ment of viscous fluids without some form of com; 

The work that th ecosity 


iuthors have done in deve! 


compensating device for the turbine meter, I feel, is a real con- 


tribution to the art. Certainly the incentives are there for more 


extensive use of this type of mete f it 1 be made to do an 
vecurate job of viscous oil measurement : iller in size for 
equivalent capacity, simpler in design with fewer moving parts 


and, consequently, should have ower maintena osts, less 


pressure drop and lower initial costs 


Howard J. EnDean® 


The authors are to be complimented on their excellent presen- 
tation of the theoretical deve lopm«e nt of the viscosity compensat- 
ing method employed with the Rockwell Turbo-Meter 

As one of the potential users of the turbine-type meter, we have 
followed with interest its development by several manufacturers 


* Gulf Research & Development Company, Pittsburgh, Pa. 
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The viscosity compensator, as discussed in this paper, has 
eliminated one of the major objections to general application of 
this type of meter on high capacity installations. 

Several months ago, at the request of one of our operating 
divisions, we undertook an independent evaluation of the Turbo- 
Meter. This evaluation consisted of 33 witnessed calibration 
tests at the Rockwell Murrysville Test Station and a statistical 
analysis of these results along with 17 other calibration runs 
The first phase of the 
study was an analysis of the large gravimetric proving system 


selected from the manufacturer’s files. 


used for calibration of these meters. The scale system had an in- 
dicated sensitivity of +50 lb in 350,000 Ib. 


cated as +12'/, lb. 


Friction was indi- 
The maximum total uncertainty indicated 
in the prover weighing system was +85 lb in 217,000 lb, the 
average proving run. We are of the opinion that the prover sys- 
tem is one of the most accurate large capacity units available. 

Tests on the Turbo-Meter indicated the unit to have a probable 
error of +0.027 per cent; 30 of the 45 consecutive calibration 
runs agreed within 0.05 per cent, the limit of acceptability in 
many commercial installations; and 18 of the registrations agreed 
within 0.03 per cent, which is the most stringent agreement 
factor required in any installation of which we are aware 
The tests established that in all probability the Turbo-Meter has 
a greater inherent repeatability than the prover system against 
which it was being calibrated. 

Tests analyzed were over a temperature range of 43 F to 78 F, 
and a viscosity range of 114 SSU to 221 SSU. The analysis indi- 
cated that the compensation over this range was within the limits 
of repeatability of the prover system. 

In our opinion, the evaluation has established the Turbo-Meter 
ACT 
installations within the operating limits that have been estab- 
lished by 


the serviceability of the meter for routine field applications, we 


to have an adequate accuracy and repeatability for most 


the manufacturer. While these tests did not evaluate 
believe it is of interest to note that the unit on which these tests 
were performed had already metered approximately 40 million 
barrels of crude oil in a routine application; and it is reported that 
calibration tests performed after this field service program indi- 
calibration or deterioration in 


cated no significant change in 


operation of the uni 


S. A. Johansson‘ 

The introduction of any new type meter which may have appli- 
cation in the oil industry is generally greeted with an open mind 
lurbine type meters have been employed for a good number of 
years in other industries. It is only very recently that the re- 
liability and repeatability of turbine type meters have been such 
as to warrent extensive field tests. On the basis of our initial 
investigations, the use of turbine type meters look promising 
because of the relatively low cost, low maintenance, low loss of 
head, light weight, and simple installation. 

In our opinion the heart of the problem is the determination of 
the accuracy and the maintenance of accuracy of flow for large 
capacity meters. This is especially true when the meter is 
employed in custody transfer. 

In this matter, Rockwell’s objective for a turbine meter having 
. simple “universal’’ calibration curve, regardless of nature and 
The writer has visited Rockwell’s 
excellent test facilities and has concluded that the manufacturer 


temperature of fluid, is unique 


However, 
is far as we are concerned, the meter is still considered to be in the 


should be in a position to fully evaluate his product 


development stage until we have had an opportunity to test it 
under field conditions 


*Socony Mobil Oil Company, Inc., New York, N. Y. 
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Leroy H. Smith, Jr.° 


The writer has found from this paper that the turbine-type 
flowmeter has characteristics that make it a very interesting piece 
of turbomachinery. In the following paragraphs, an analysis 
based on an approach somewhat different from that of the authors’ 
is presented. 

The key to the difference lies in the interpretation of the driving 
torque of Equation (2). According to the angular momentum 
law, this torque is the external torque applied to a control volume 
through which the fluid is flowing. The parts of Planes (1) and 
(2) in Fig. 1 that lie within the annulus are two of the surfaces 
that bound this control volume, and the cylindrical casing surface 
is another boundary. We have two choices in defining the final 
piece of boundary surface: We can define it to consist of the 
surfaces of the blades themselves and the hub surface between 
the blades 


volume 


in this case the metal blades are outside the control 
or we can define it as a cylindrical surface coincident 
with the hub cutting through the blade roots—in this case the 
If the 
made, the tangential components of the lift and drag forces on 
the blades comprise the external torque T' 


metal blades are inside the control volume. first choice is 
, (skin friction torques 
If the 


second choice is made, however, the lift and drag forces on the 


on the hub and casing surfaces, if any, are neglected). 


blades are of no interest, but the tangential component of the 
shear force in the metal blades at the hub provides the external 
the hub and 
(An excellent discussion of the kinds of forces 
that can act on control surfaces is given in Ref. [8]. 


torque (again neglecting skin-friction torques on 
casing surfaces). 


It is believed that the second choice, while no mors 
the first, 
gives us a clearer definition of the driving torque 


correct than 
is more pertinent for the present problem because it 
Specifically, 
the driving torque is that torque transmitted from the blades into 
the hub of the meter. This torque can be counterbalanced by 


only two sources: mechanical friction and fluid drag 


inside the 
hub (including the viscosity compensator, if any Thus we see 
from Equation (2) that V2 is nonzero only because of mechanica 
friction and drag inside the hub, and that the drag on the blades 
themselves is not involved 

Although at first it may seem paradoxical that the drag on the 
blades is significant for one choice of control surface and not for 
another, the paradox is resolved when we realize that the drag 
force is not the only force acting between the fluid and the blades 
there is also a lift force. The tangential components of the lift 
and drag forces act in opposite directions and nearly counterbal- 
ance each other; the resultant 


makes up the driving torque 


Although the tangential components tend to cancel, the axial 
components of the lift and drag add, leading to a pressure drop 
through the rotor. 

Continuing with the line of reasoning being presented here, we 
obtain the following equation in place of Equation (6 


oO (= *) (7s t =) 
Q . 7A, rp)? 


where 7', represents the fluid-friction torque inside the hub 
the skin-friction drag on the blades is to exert any influence 
this expression, it must do so through the term containing & 
This term does, therefore, deserve further scrutiny 

The test results in Fig. 7 show that in the Reynolds number 
range from 5000 to 50,000 the uncompensated meter registration 

’ Compressor Aerodynamicist, General Electric 
cinnati, Ohio. 

¢ Numbers 8 through 10 in brackets des 
this discussion. 


Company, Cin- 


ignate References at end of 
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changes by a little more than a per cent. If this were to be ac- 
counted for entirely by a change in &, a change of only about a 
third of a degree would be required. This is not a large change, 
and the following explanation could conceivably account for it: 
As pointed out earlier, the turbine blades develop a lift to counter- 
balance the skin-friction drag, and as the drag coefficient varies 
with Reynolds number, the lift coefficient must also vary. Since 
cascade theory and experiments show that variations in lift co- 
efficient lead to variations in outlet angle, the measured per- 
formance could be explained in this way. It turns out, however, 
that the drag-coefficient variation that can reasonably be ex- 
pected to occur in this Reynolds number range can account for a 
ift coefficient change of only about 0.03, and this is far short of 
the amount necessary to explain a change in outlet angle of a 
third of a degree in a caseadk 
(solidity = 1.3). 


with a high guidance capacity 
A clue to the answer lies, as the following will show, in the 


lefinition of &. Locally 


At the trailing-edge plane of the rotor, both W, and V, vary 
in the tangential direction from blade to blade because of the 
boundary layers on the blades of the high 
nearly con- 

Now it is 


However, because 
guidance capacity of the cascade, a@ itself might be 
stant; let us assume that it is constant and call it &,, 


known (see, for instance, Ref. [9|) that in the region downstream 
of a cascade, the flow angle changes because of wake dissipation 
By the time the flow becomes uniform far downstream, the angle 
may have changed substantially (changes of up to two degrees 
are shown in Ref. [9], depending on the severity of the wake) 
For purposes of the analysis in this paper, &, should be taken as 
this downstream angle, because the one-dimensional relation- 
ships used are only exact when conditions are uniform in the 
tangential direction. Since the angle change depends on the 
severity of the wakes, which in turn depends on the Reynolds 
number, we have here an explanation of why & varies with 
teynolds number 


From an analysis similar to that given in Ref. [9], it can be 


shown that 
tan & 


tan & 


‘ 
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Calculations based on wake-induced-turning flow model 
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c T 
s cos &, Lc 


, ¢ 
' 8 COs a, 


trailing edge thickness, L 
5* boundary layer displacement thickness at trailing edge, 
) . I 
L 


6 boundary layer momentum thickness at trailing edge, L 


The subscripts s and p denote the suction and pressure sides of 
the turbine profiles, respectively. Other symbols are defined in 
the paper and in this discussion. Using (32), Equation (30) can 


be written 


w ( tan & *) 
Q 7A 


a 


c T ) (*) ] 
s cos &, Lc o OT < 


J : + 


1 — 
/ 8 cos a, 
Ta + F, 
= ‘) (33) 
F*pQ* 


For practical purposes, with cascades of high solidity we can 
assume that @,, remains constant, except for very low Reynolds 
numbers where the displacement thicknesses are so large as to 
change the effective shapes of the passages 

In order to use Equation (33), the boundary-layer thicknesses 
must be related to the Reynolds number. For meters of the type 
being considered, the flat-plate equations should be fairly ade- 
From Ref. [3] for laminar flow 


quate. we have 


A 
and = 0.664(R 
c 


and for turbulent flow (Ref. [10] 


e 
* 


6 : 
= ().0463( R, and = ().036(R.) 


Calculations have been made for four cases using the method of 
this discussion. In order to permit comparison with the test re- 
sults reported in the paper, the geometry of the test model was 
used. The angle @,, was taken as 50 deg corresponding to the 
blade angle at the mean radius, and the trailing-edge thickness 
was assumed to be one per cent of the chord. The calculated 
curves were all forced to match the test results for R, = 50,000 by 
multiplying Equation (33) by the appropriate scale factor 

For the first three cases, the driving-torque term in Equation 
(33) was omitted. To obtain Curve 1 (see Fig. 10) it was speci- 
fied that the boundary-layers on both the suction and pressure 
sides of the blades were always fully laminar, and for Curve 2 it 
was assumed that they were turbulent. For Curve 3, one bound- 
This at 
first seems rather arbitrary, but in this Reynolds number range 


ary layer was taken as laminar and the other turbulent 


we might expect that this would be the case because, with a small 
lift on the blades, the pressure-surface boundary layer might 
remain laminar while the slight adverse pressure gradient on the 
suction surface might force transition there 


In the fourth case, the boundary lavers were assumed to be as 
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with Curve 3, but a laminar-type driving torque (proportional to 
w) was used in Equation (33). This led to Curve 4, which seems 
to match the test data fairly well. The actual flow must be 
much more complicated than indicated here, but it is believed 
the essential elements of the analysis are correct. 

For the test model geometry, Equation (33) indicates that, at 
any given Reynolds number, the meter registration should in- 
crease by about 2 per cent if the trailing-edge thickness were to be 
increased by 1 per cent of the chord. Perhaps the authors have 
some test data on this effect; and, if not, perhaps they would run 
their test model again with Scotch tape placed on the rear parts 
of the blades to thicken them. 
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Authors’ Closure 

The authors wish to express their thanks to the discussers for 
their interest and comments. 

Mr. Dabney’s discussion on the practical aspect of oil measure- 
ment by meters is greatly appreciated. His remark about the 
efficacy of the use of the viscosity compensator in turbine meters 
in oil measurement is most encouraging. 

The disclosure by Mr. EnDean of an independent evaluation 
and conclusion about the accuracy and repeatability in oil 
measurement of the viscosity compensated turbine meter adds 
greatly to the value of the paper. 

Mr. Johansson’s concern over the endurance performance in 
field operation of a new type meter is appreciated. Such doubts 
can best be dispelled by personal experience; our experience in- 
dicates excellent performance after field test of 40 million barrels 
of crude oil. Calibration remained practically unchanged with 
no sign of wear. 
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The authors would like to point out that Mr. Smith’s inter- 
pretation of the driving torque 7’, of Equation (2) is not what 
the authors defined in the paper. This torque is not the external 
torque applied to a control volume through which the fluid is 
flowing as Mr. Smith assumed in his discussion. Since the most 
important factor in the turbine meter problem is the rotor slip 
as a function of Reynolds number, the authors took as a free 
body the rotor assumed to be in steady rotation. Consider the 
torque equilibrium condition of the rotor in the tangential direc- 
tion. In the direction of the rotation of the rotor, there is the 
torque due to the tangential component of the lift forces on the 
blades. This is the torque which drives the rotor and is thus 
called the driving torque 7, of Equation (2 
the opposite direction of the rotation of the rotor, there are (i) 


in the paper. In 


torque due to the tangential component of the drag forces on the 
blades, defined as T',, in Equation (8); (ii) torque due to the sum 
of all secondary fluid drags on the rotor, defined as 7',, in Equation 
(8); and (iii) total resisting torque due to mechanical friction, 
defined as T',, under Equation (5). 
dition of the rotor is thus given by Equation (4) together with 
Equations (5) and (8). Therefore what Mr. Smith stated in the 
second, third, and fourth paragraphs in his discussion is correct 
but it does not apply directly to the contents of the present paper 

The result of Equation (33) based on Mr. Smith’s approach of 


The torque equilibrium con- 


the problem as given in his discussion is of academic interest 
However, it does not lend itself to correct evaluation in com- 
parison with test results and to practical use in devising a vis- 
test 
results and any one of the first three curves calculated from his 


cosity compensator. The wide discrepancy between the 
Equation (33) is not unexpected since both boundary layers of 
the blade are in the transition region for the Reynolds number 
range from 5000 to 50,000 instead of being either fully laminar, or 
fully turbulent, or one side being fully laminar while the other 
side is fully turbulent. His last curve has no physical justifica- 
tion since it requires the assumption of the presence of a large 
laminar-type driving torque which does not exist in reality in the 
turbine meter without viscosit y compensator under consideration 
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The Quadrant Edge Orifice—A Fluid 
Meter for Low Reynolds Numbers 


Tests have been conducted to determine the usefulness of the quadrant edge orifice as a 
Sluid-metering device for low Reynolds number flow. As a result of numerous labora- 
tory tests to determine the behavior of the discharge coefficient with changing Reynolds 
number, the following are discussed: The range of constant discharge coefficient, repro 
ducibility of orifice plates, diameter ratio effects, upstream roughness effects, reinstalla- 
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lion effects, and effects of pressure lap location 


I. RECENT YEARS a new differential pressure me- 


tering device has been attracting attention particularly for 
nolds 


This device, 
the 


metering flows in the lower Rey mber range 
recently named the orifice’ 
Committee on Fluid Meters of the ASME, h 


cally during the past 30 years 


quadrant edge by tesearch 
is been tested sporadi- 
In order to clarify the usefulness 
of this meter, the Research Committee on Fluid Meters sponsored 
a research program at Cornell University to investigate its prop- 
erties 

The primary consideration in 


nolds numbers for 


this program was the determina- 
which the 
The discharge coefficient is defined 


tion of the range of Rey discharge 


coefficient remains constant 


by its appearance in the well-known flow equation: 


The proper computation of ie volun ~ ite of 


fic Ww q. de- 


vends upor precise determinat of the differential pressure 


I 
head A, the throat area of the meter a, the ratio of throat diameter 


to pipe diameter B, and the coefficient of discharge C, usually 


determined from a libration c} relating coefficient of dis- 
charge to Reynolds number 


The proce lure lor determining t discharge COM ficient 1s 


greatly simplified if the 
the 


discharge coefhicient is independent ot 


Reynolds number and therefore constant over the Reynolds 


number range in questior 


In addition, im 


of the discl 


estigations nd 
irge-cot ffi 


irom a humber ol nt 


ected to compare the be- 


ivi 


rves tor vanous quadrant 


edge orifice plates ifacturers in 


man 
order to test the reproducibility of t ites 
tios of throat diameter to 


conducted for various r 


eff 


Tests were 


pipe diameter 8, and the cts of flange taps are compared with 
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steel, artifi- 


those of D and D/2 Also and 
cially roughened steel pipes were installed in turn, upstream of 


taps aluminum, 


the test section, to determine the effects of upstream roughness 


on the discharge coefficient. Reinstallation of an orifice plate and 


resultant effects are also discussed as a practical problem of in- 


terest to the users of the quadrant edge orifice 


History 
One to the 


‘in 1936 in which he described the 


of the first references quadrant edge orifice ap- 
peared in a paper by Beck [1 
determination of discharge coefficients as a function of Reynolds 
This report was followed several years later by two 
{2, 3 


Koennec ke presented the results of an evalua- 


number 
papers which presented data compiled by Koennecke in 
Berlin, Germany 
tion of the optimum ratio between quadrant radius r and throat 
These optimum values of r/d were found for vari- 
By 
the coefficient of discharge 


diameter d 
ous diameter ratios 8 “optimum’’ Koennecke meant that 


remained constant over the widest 


and lowest range of Reynolds numbers. His work was extensiv« 
by the more recent 
Witte [5] 


each of whom tested one or 


and has been used as a basis for comparisor 


investigators These include Ferroglio {4 , Schlag [6], 
and Jaumotte and Van Dijck [7 
several q adrant edge orihice pl ates and described the degree ol 
agreement between his results and those of Koennecke 

In 1953, Brand [8] of the Royal Dutch/Shell 


Delft, reported on a broad program of testing the q 


Laboratory, 
idrant edge 
orifice. The report included charts, tables, and graphs which wer¢ 
designed to assist the engineer in choosing the best orifice for his 
The 


In addition, data for determining the expansion factor for com- 


particular needs tests verified much of Koennecke’s work 


pressible flow were presented Among the conclusions, Brand 
pointed out that corner t ps al d fi inge taps produce essentially 
the same results 

Intensive investigation of the q iadrant edge orifice was begun 
in the United States at the instigation of Jorissen [9], who, in 
1956, recommended the quadrant edge orifice as one of two prac 
in the low 


tical devices for use teynolds number range 


teference to standards for the quadrant edge orifice appear in 
1 Numbers in br 


uckets designate References at end of paper 





Nomenclature 


a = throat area of meter = 

diameter ratio, d/D 

coefficient of discharge = 
q. Vi- BY/a 

inside pipe diameter = coefficient 


of fluid 


of pipe 
ot 
= throat diameter of meter 
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acceleration due to gravity 


flow coefficient 


volumetric rate of flow 


= differential pressure head 


q,/aV 2q) pipe Reynolds number, 4 ¢,/aDv 


= effective size of surface roughness 


radius of quadrant edge, and 


kinematic viscosity thickness of quadrant edge ori- 


fice plates 
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the German Standards for fluid metering [10], and in the Interna- 
tional Standards Association Bulletin 12 [11]. 


Equipment and Operation 


The research program at Cornell was begun in 1955. A recir- 
culating system was constructed, using a one-hp centrifugal pump 
which fed water from a reservoir to the constant-head tank. This 
tank in turn provided sufficient head to induce flow through the 
2 in-diameter test section, consisting of a 36-diameter straight up- 
stream approach pipe and a 24-diameter straight downstream sec- 
tion. From thence flow passed through the control valve and on 
to a gravimetric tank, for the determination of the flow rate. The 
secondary element consisted of a standard inverted U-tube dif- 
ferential manometer, using air as the manometer fluid. For small 
differentials a micromanometer was used, composed of two 4-in- 
diameter glass cylinders connected to form an inverted U-tube dif- 
ferential manometer. Micromanometer readings were taken us- 
ing two point gages mounted to read at the centers of the two 
cylinders. 

Difficulties due to air entrainment at free surfaces of the recir- 
culating system were encountered when oil was used as the test 
liquid. The problem was solved by submerging all pipes for- 
merly discharging into the atmosphere and providing a long weir 
edge over which flows of small depth could pass and form a cling- 
ing nappe. The clinging nappe produced negligible air entrain- 
ment. What little air was entrained separated out in the reser- 
voir, so that no air passed through the primary device. 

The quadrant edge orifice is usually manufactured from a 
standard orifice plate. However, instead of a sharp-edged en- 
trance, the quadrant edge orifice has a rounded concentric 
entrance similar to that of a flow nozzle. The rounded edge is 
shaped in the form of a quadrant of a circle, to which the upstream 
surface of the plate is tangent and the downstream surface is per- 
pendicular (Fig. 1, sectional view). The radius r of the quadrant 
is therefore equal to the thickness of the plate. The geometry of 
the plate is described in terms of the ratio between the quadrant 
radius and the throat diameter r/d. 
ured at the downstream face. 


The throat diameter is meas- 
A total of 45 test series was conducted. These test series con- 
sisted of various combinations of orifice plates, test sections (up- 
stream and downstream pipes), and test liquids (water, heavy oil, 
light oil). 

The first phase of testing, with water, was restricted to calibrat- 
ing various plates whose throat diameter was approximately equal 
to one in. Since all test sections were approximately two in. in 
diameter, this restricted the first phase to studies at B ~ 0.5. 
Nineteen series in all were conducted in this phase, with pressure 
connections including flange, D and D/2, and pipe taps. 

The second phase of testing [12], also with water, consisted of 
11 test series varying in B ratio and upstream pipe roughness, but 
all with flange taps. 

The third phase was conducted with a relatively heavy oil, 
and resulted in data for pipe Reynolds numbers below 1000, using 
certain combinations of orifice plates and test pipes, previously 
calibrated with water in phases 1 and 2. Ten series were con- 
ducted, all with flange taps. 

The fourth phase, using a relatively light oil, attempted to 
bridge the gap of Reynolds numbers between data gathered using 
the heavier oil and using water. Again five series were conducted, 
using flange taps exclusively. 

Only the data specifically useful for the succeeding discussion 
are presented in this paper. 

The use of three different liquids was necessary due to the large 
range of Reynolds numbers over which tests were conducted and 
the limited head available for the tests. An overlap of data oc- 
curred from tests conducted with water and those conducted with 
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the lighter oil. At the point of overlap a maximum discontinuity 
representing less than +0.2 per cent resulted. Within the accu- 
racy of the entire program this discontinuity was no more than 
could be expected. No overlap was achieved between data from 


tests conducted with the heavy oil and with light oil 


Results of Tests 

Constancy of the Coefficient of Discharge. ‘he results of tests on 
four orifice plates of varying B ratio are shown in Fig. |} 
complete range of Reynolds numbers tested 


for the 
An arbitrary lower 
limit of constancy is shown. ‘The shaded portion of each curve 
represents the range of Reynolds numbers over which the dis 
charge coefficient may be considered constant. Constancy, as 
used here, means that all points in the constant range fall within 
+0.5 per cent of their mean value. The upper limit of constancy 
appears to be defined only in the case of 8 = 0.580, and therefore 
is not given for all cases. Table 1 gives a comparison of the data 
found in the Cornell tests with that by other investigators 

The characteristic hump in each of the four curves shown in 
Fig. 1 seems to suggest the possibility of contraction effects such 
as those known to exist in sharp-edged orifice flows. To reduce 
the hump or, more precisely, to reduce the drop in discharge co- 
efficient as the Reynolds number increases, an orifice with greater 
quadrant radius (that is, greater r/d ratio) would appear to be 
needed. Tests to check this assumption are being conducted. 

The effect of partial establishment of the velocity profile at the 
upstream pressure tap also requires study, since all the humps oc- 
cur partially under conditions of laminar flow. The laminar flow 
requires sections of upstream pipe exceeding the 36 diameters 
used here, in order to develop the full velocity profile. At pres- 
ent, German standards [10] recommend an upstream 
gate 


Since these meters 


section 


20 diameters in length (following an open valve) for 


proper use of orifice (sharp-edged) meters 
are usually operated under turbulent flow conditions the stand 
ards are sufficient. However, for low-velocity flow in the upper 
ranges of laminar flow additional lengths of upstream straight 


sections may be needed. 


: i. 





@ Heovy of 

© Minerdi seol oF 

© Water 
Lower bent of 
constant dischorge 


+ 

N | 
-. . 
-— - Flow. ¢) coefficient 


g 8 f § 


COEFFICIENT OF DISCHARGE - C 


oO 
~ 








! 
PIPE REYNOLDS NUMBER x 1075 
Fig. 1 Discharge coefficient curves for quadrant edge orifices with 
various 6 ratios 


(Shaded portion of each curve indicates range of Reynolds number over 
which the discharge coefficient varies less than + 0.5 per cent from the 
mean value; flange taps.) 
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Table 1 The range of constant discharge coefficient—a survey of various investigations 


Tested limits of 

constant coeffs 
Investigator (with ref) , K Rp min Rp max 
Koennecke (actual) [2] 0.13: 830 330 240 ,000 
Koennecke (adjusted) [2] 0.13: 829 430 230 ,000 
Beck [1] 0.12: j 832 600° 30 ,000* 
Ferroglio [4 0.1 843 10,000° 150,000 
Witte [5 0 834 4,000 100 ,000° 
Schlag [6 0.13: 835 2 ,000* 100 ,000° 
Jaumotte and Van Dijck [7] 0.136 92 818 5,000" 152,000 
Jaumotte and Van Dijck [7] 0.13: 79: 819 20,000 50 ,0002 
Brand (Delft) [8] 5 0.13: 80: 828 430 230 ,000 
VDI (Koennecke data) [10] 0.13! 830 330 240 ,000 
Cornell— Series I 5 0.13: 80: 829 ) ,0007 81 ,000* 
Series XVI HO 0.13: 835 6,000 67 ,000 
Series AVIT f 0.13: 3 R20 6,000" 65 , 000° 
Series XVIII i 0.13: ' 830 7,000" 72, 000° 
’ Series II & XLV 0.13! 823 4,000 65 ,000° 
*Series XIII & XLI 0.15: 2 825 4,000 70 ,O000" 


* Not necessarily the limit of constancy, due to restrictions imposed by equipment and fluid 
used by the investigators 
’ First series using water second series using mineral seal oil; all other conditions the 


same in both series 


Table 2 Commercial reproducibility of the quadrant edge orifice Reproducibility of Orifice Plates. In Table 2, test series from the 


Per first phase of laboratory testing are grouped for comparison. The 
cent 
stand- : ee 

ard Each group shows very close agreement. The first group, for 
dev. Ori- example, made up of three different orifice plates tested in two 


test series compared are identical in pressure taps and 6 ratio. 


from fice Test different test pipes, with flange taps (one of the six possible com- 
Pressure C mean plate pipe 
series G aps f “t Cc : no. : - ; 
Series Group he nt J ape ‘ ong is cent from a mean coefficient of discharge ‘qual to 0.799 For D 
i 
II 1 Flange i84 0.800 0.32 2 2 

XII Flange iR4 0.799 0.28 , ; and D/2, the three plates exhibit coefficients of discharge that are 
XII Flange i84 0.801 0.13 : , in fact identical at 0.800. It should be noted that data in Table 2 
XIV Flange 184 0.797 0.18 
XV Flange 184 0.799 0.18 i stancy begins at 4000. Data in Table 2 are therefore believed to 

II] D& D/2 183 0.800 0.24 ' sosemtad 
IV D&D 0.483 0.800 0.24 : : representative. 
Vil D&D 0.483 0.80) 0.23 : F teproducibility 


binations was not tested) reflects agreement within +0.25 per 


represent Reynolds numbers from 8000 to 80,000, whereas con- 


yver the full range of Reynolds numbers tested 
Rp: 8.000 to 80,000 is shown in Fig. 2. Two similar orifice plates from different 
Liquid: Water | manufacturers were calibrated under identical conditions. The 


r/d: 0.135 discharge -coefficient data indicate the close similarity of behavior 





@ Orifice Plate No, 2 
> Orifice Plate No. 2’ 


COEFFICIENT OF DISCHARGE 











| 10 
PIPE REYNOLDS NUMBER x 10° 


Fig. 2 Discharge coefficient plot for two quadrant edge orifices made to identical specifications 
(8 = 0.484; flange taps; r/d = 0.135.) 
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Over the full range of Reynolds numbers for which the orifices 
were calibrated. 

Diameter Ratio. The initial studies on diameter-ratio effects were 
based on data using water only [12]. A comparison with Koen- 
It should be noted that the r/d 
ratios for the four Cornell plates are similar to the values of r/d 
for the interpolated data of Koennecke. Moreover, Koennecke 
used corner taps, whereas the Cornell tests were conducted with 
flange taps. For the higher 8 ratios it is seen that K values are 
essentially the same in both studies. However, for lower 8 ratios 
the values of K show a significant variation. This trend seems 
reasonable inasmuch as small variations in quadrant shape, plate 
smoothness, and orifice diameter are likely to have a greater 
effect on the smaller 8-ratio orifices. 


necke’s work is shown in Table 3. 


The four B-ratios considered were extended into the lower 
Reynolds number regions as shown in Fig. 1. It seems that in 
each case a flattening of the curve might be accomplished by in- 
creasing the r/d-ratio to a value greater than the “optimum r/d”’ 
recommended by Koennecke. 
coefficients. ) 


(See discussion on constancy of 


Table 3. Variation of flow coefficient with § ratio 
Koennecke 
-—— Cornell (interpolated ) 
Ori- 
fice K K 
8 Series _ plate r/d mean r/d mean 
0.282 r ® 9 0.103 0.766 0.10 0.775 
0.386 XXI 10 0.113 0.780 0.11 0.788 
0.484 XITI 2’ 0.135 0.824 0.13 0.822 
0 580 XXIX 12 0.183 0.885 0.18 0.885 


Table 4 The effects of upstream pipe roughness on the discharge 
coefficient of the quadrant edge orifice 
Per 


cent Per 
stand- cent 
ard correc- 
dev. tion 
from on C 
mean for 
mean G aluminum 
Aluminum 0.00000+ 0.764 0.17 

Steel 0.00311 0.764 0.18 0.0 
tough 0.0643 0.766 0.2 +0.3 


Relative 
rough- 
ness Cc 


Pipe «/D 


minum) is used as a base for comparison with the steel pipe. This 
again shows that increases in upstream pipe roughness tend to 
increase rather than decrease, the discharge coefficient, as demon- 
strated by investigations of other differential-pressure metering 
devices [13]. Comparison of data for aluminum and extremely 
rough pipe (aluminum used as the base for comparison) indicates 
that significant corrections are needed. Moreover the sensitivity 
of higher B ratio plates to roughness effects is again shown. Fora 
more intensive analysis of this problem, reference [12] should be 
consulted. 

Only one roughness comparison was conducted, using the heavy 
oil as a liquid. The aluminum pipe and the steel pipe were used. 
The results showed variations of a lower magnitude than the ex- 
perimental accuracy. In view of the fact that the pipe flow was 
laminar, and roughness has no effect on the velocity profile or the 
friction factor in this range, this result was not altogether unex- 
pected. 

Reinstallation. Three orifice plates were tested, removed, rein- 
stalled, and retested under identical conditions. For each orifice 
the reinstalled data were virtually identical to those of the first 
installation. The tests were conducted using the heavy oil 
Pressure Taps. Most of the tests were conducted with flange 
taps, although some data were also collected using D and D/2 taps 
in the higher Reynolds number range. Comparison of taps as 
shown in Table 2 (for almost identical 8 ratios) indicates a varia- 
tion of 0.1 per cent which can hardly be considered significant in 
view of the experimental accuracy. 


Only one test with pipe tay 


was conducted, 80 no comparison was possible 


Conclusions 


1 Some 500 test runs were conducted at Cornell University to 


determine the behavior of the discharge coefficient of the quad- 
rant edge orifice. 

2 Considering maximum variations of 0.5 per cent from the 
mean discharge coefficient in the constant region, the discharg: 
coefficient is considered constant over the following ranges (for 
flange taps): 

Rp min Rp max ear K mean 


= (). 580 3000 


= 0.484 
= 0.386 
0.282 


70,0004 
70,000 + 
50,000 
25,000 


0.882 
0 825 
0.782 
0 766 


Aluminum 0 


OQOO00 + 


U 


Steel 0.00311 0.77: 0 
Rough 0.0643 0.77: 0 


Aluminum 0.00000+ 0 
Steel 0.00311 0.8 
Rough 0.0643 0! 


Aluminum 0.00000+ 0.832 
Steel 0.00311 0 
Rough 0.0643 0 


Rp = 8,000 and up 
Liquid: Water 


Pipe Roughness. Pipe-rouglhness tests were initially conducted 


with water only [12]. Three upstream pipes of relative roughness 
€/D = 0.0000, 0.00311, and 0.0643 physically described as al- 
minum, steel, and artificially rorghened, respectively, bracketed 
the entire range of relative roughness to be expected in commerci:! 
pipes 


Data for these tests are summarized in Table 4. The 


#teel pipe was relatively rough as commercial steel pipes go 
Nevertheless comparison of aluminum and steel pipes indicates 
negligible effects on the discharge coefficient, especially for the 
lower 6 ratios 


dicated for 8B 


A small positive correction of 0.1 per cent is in- 
0.6, when the hydraulically smooth pipe (alv- 
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Further experimentation with water is necessary to extend the 
ranges upward. Also by determining the effects of higher r/d ra- 
tios and improvement of laminar flow profile development, the 
lower end of the constancy range may be extended However, 
the proximity of the transition region between laminar and turbu- 
lent flow must be recognized as a possible obstacle 
3 The quadrant edge orifice shows reliable and unvarying be- 
havior of discharge coefficient versus Reynolds number, when 
two plates meeting identical specifications are compared 

+ Roughness effects on the coefficient of discharge are negli- 
gible for relative roughness of pipes ordinarily encountered in 
commercial work. For higher relative roughness a correction 
may be necessary [12]. 
5 Reinstallation of orifice plates under identical conditions 
is not reflected in the discharge coefficient 

6 Comparison of flange and D and D/2 taps reflects no signi- 
ficant effect on the discharge coefficient 
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DISCUSSION 
D. J. Evans? 


The following discussion is submitted to consider the phe- 
nomena occurring outside the rar 
by the 


ge of coefficient constancy cited 


authors, but which insurmountable 


obstacles to any attempt to extend the range of coefficient con- 


present virtually 
stancy in either direction 

The relatively rapid increase in the value of the flow coefficient 
that occurs in the Reynolds number range of from 4000 to 2000, 
where the transition from a turbulent to a laminar velocity pro- 
file takes place, is due to the increase in kinetic energy at the up- 
stream pressure tap accompanying this change in flow regime. 
In the event of a fully deve loped laminar profile, the kinetic energy 
is almost doubled At high values of diameter ratio 8 the excess 
energy will increase the coefficient several per cent 

In 1955, a series of tests were conducted at the writer’s com- 
pany laboratory on a scale model which was geometrically similar 
flange-tap quadrant edge orifice, 8 = 0.50, with 60 
diameters of upstream piping The results of these tests are shown 
on Fig. 3 


to a 3-In 
The data shown on the upper curve were obtained by 
using conventional flange taps 
identical to that 


note that the coefficient hump Is 
shown by the Calculated kinetic 
energy corrections, which were based on the pipe kinetic energy 


authors 


correlations of Van Driest,* were applied and the solid line predic- 
tion represents the calculated result. These calculations showed 
that the flow coefficient jump below Rp, = 5000 was exactly ac- 
counted for by the change in kinetic energy at the upstream pres- 
sure tap. The lower test points were obtained by using an impact 
tube situated in the jet of the quadrant orifice in place of the 
upstream pressure tap. Elimination of the transition hump was 
confirmed. 

Caution must be exercised when setting the upper Reynolds 


number limit for coefficient constancy, and it is unfortunate that 


?Hydraulic Research 
Warminster, Pa. 

‘ E. R. Van Driest, ‘‘Steady Turbulent-Flow Equations of Conti- 
nuity, Momentum, and Energy for Finite Systems,”’ Journal of Ap- 
plied Mechanics, vol. 13, Trans. ASME, vol 68, 1946, pp. A-231 
238. 


Engineer, Fischer & Porter Company, 
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the authors’ test facilities were such to limit the data published 
here to Reynolds numbers of less than 100,000, for it is a cer- 
tainty that a user who has application for a quadrant edge orifice 
at a Reynolds number of 150,000 or 200,000 will think nothing of 
extrapolating this data to obtain a reliable coefficient of discharge 
value. This cannot be done, however, since, as is shown on the 
upper curve of Fig. 3, at a Reynolds number near 125,000 the 
This rapid increase in 
the flow coefficient was not only found in the data obtained in the 
writer’s laboratory, but is also shown in the data contained in 
the Delft report. Thus the value of the limit 
efficient constancy must be defined as an absolute limit beyond 


flow coefficient increases very suddenly. 


upper of co- 
which no extrapolation is permitted, or better yet, indicate on the 
coefficient curve the abrupt upswing of the data 


In an attempt to eliminate this abrupt rise in the flow 


coO- 
efficient, an orifice plate having an 85 deg are edge instead of the 
full 90 deg arc edge or quadrant was made by beveling the down- 
stream side of the plate 5 deg. The basis for this action was the 


thought that this phenomenon was a result of the change in 
position of the separation point due to the development of a tur- 
bulent boundary layer with a sufficiently high main stream ve- 
locity, analogous to the case of flow about an immersed sphere at 
a sufficiently high Reynolds number. Test results obtained with 
this plate are shown as pl is marks on the upper curve of Fig. 3 
There appears to be no tendency for the flow coefficient to shift 
up to a Reynolds number of 200,000, which was the maximum 
obtainable with the test facilities available at the time 


be well to consider this line of attack in the effort to extend the 


It may 


upper limit of coefficient constancy 





FLOW COEFFICIENT, K 








PIPE REYNOLDS NUMBER x 10° Rp 


Fig. 3 Comparison of experimental radius-edge orifice coefficients for 
3-in. pipe, 8 = 0.50, r/d = 0.135. 


Authors’ Closure 


The authors are indebted to Mr. Evans for making available 


additional data on the quadrant edge orifice. His comment re- 
lating to the difficulties which would arise from extrapolating the 
data is appreciated. The upper limit of constant coefficient re- 
ported by various investigators was included in Table 1, but the 
fact that the coefficient exhibits a sharp upward trend at this 
limit was not emphasized 

Mr. Evans’ data for an orifice with beta ratio equal to 0.50 
show a hump in the coefficient curve in the region of Reynolds 
numbers 2000 to 4000 similar to the one which the authors ob- 
tained. Since such a hump does not appear in the data published 
by Koennecke [2 


apparent discrepancy. 


, some explanation is needed to account for this 
Mr. Evans indicates that the hump can be 
removed by correcting for the upstream velocity distribution 
His correction is based on an assumed fully developed velocity 
733 


SEPTEMBER 1960 





profile which, under conditions of laminar flow in the vicinity of 
Reynolds number equal to 2000, requires a considerable upstream 
length of straight pipe. If the upstream pipe length is insufficient, 
the velocity profile will not be fully developed and the orifice 
discharge coefficient will vary from that obtained with a fully 
developed profile. This is shown by the work of Evans and 
The data presented by Mr. Evans applied to an 
upstream length of 60 diameters which is sufficient to establish a 
fully developed profile up to a Reynolds number of 2000. Koen- 
necke’s results were obtained with an upstream length of 25 diame- 
ters which is only sufficient for producing a fully developed pro- 
file up to Reynolds number of about 830. As Reynolds number 
increases above this number, the profile becomes flatter upstream 
of the orifice with the net result that no hump is noted in the 
coefficient curve. The authors have verified this trend by making 
additional tests with the 8 = 0.485 orifice with upstream lengths 
considerably less than the 48 diameters used in the tests discussed 
in this paper. 


Koennecke. 


As the upstream length decreases, the hump in the 
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discharge coefficient gradually disappears and the curve eventually 
takes a downward slope in the region where Reynolds number de- 
creases from 4000 to 2000. 
of 24 diameters the curve was reasonably flat and similar to that 


With an upstream approach length 


obtained by Koennecke. 

It seems, then, that upstream length and therefore shape of 
the velocity profile has an effect on the range of constancy of the 
discharge coefficient. This may explain the apparent lack of 
agreement on the limitations of coefficient constancy shown in 


Table 1. 
publish information on the length of upstream section, and there- 


Unfortunately, a majority of the investigators did not 


fore this explanation is not conclusive. 

The authors are grateful to Mr. Evans for his discussion of the 
limits of coefficient constancy. In spite of these limitations, how- 
ever, it seems that the range of constancy of the discharge coefli- 
cient is adequate for metering purposes. The quadrant edge 
orifice when properly used can be a valuable tool for metering at 


low Reynolds numbers. 
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A VAST AMOUNT OF KNOWLEDGE concerning the 
behavior of orifice meters in 2-in. sizes and larger has been com- 
piled throughout the years. Industry has employed the orifice 
meter with confidence because of this compilation of knowledge 
and its proven reliability 

Of late years there has been ; im ising demand for the 
orifice meter in sizes smaller than 2 in. with tolerances on measure- 


ment accuracy comparable to those governing the larger sizes 


To guarantee these accuracies it has been necessary to flow- 
individually. The 
added expense (sometimes doubles the cost of the uncalibrated 


calibrate each unit of orific« nd meter tube 


unit) and delay in delivery have been an obvious deterrent to 


widespread use of these units 


In view of these facts, a re-examination of the possibilities 


of establishing standard discharge coefficients for the small 


tubes seemed to be in order If a general expression for this 


factor could be developed in much t same fashion as was done 


for larger tubes, the disadvantages would no longer exist 


Previous work on this subject by 


effect of creating a rather pessimistic 


xperimenters had the 
view of the feasibility of 


such a project. After due nsideration, however, such a 


project. was initiated in the Spring of 1957 at the authors’ labora- 


tory tacility 


The Program 
In making a preliminary analysis of 


that rigid quality 
control in manufacture would be necessary to insure the integrity 


this project it seemed 
quite apparent the establishment of very 


of the planned work. A thorough check had already revealed 
that the meter tubes could be rifle-drilled to a very exact diameter 
from solid bar stock and that they could then be honed to a 
maximum internal roughness of 20 microin. This same limiting 


value of roughness was applied to the orifice-plate surfaces 
forth as 2 


for the ori- 


Maximum out-of-roundness tolerances 
0.001 in 


fice bore 


were set 
for tube internal diameter and 0.0005 in 
The thickness of length) 


was fixed at 0.02 of the tube diameter, a relation which has been 


the orifice edge (throat 


found acceptable by authoritative sources for some 25 years 

A study of pressure gradients in the region of the orifice led 
to the conclusion that corner t ips would be most advantageous. 
It appeared that in tubes of this small diameter such a location 
would avoid the possibility of having the downstream tap 
The 
phenomenon of pressure build-up on the upstream side of the 
orifice was considered, but discounted in the belief that the flow 
calibration would take care of this effect 


located in the rapidly changing pressure-recovery area 


From a number of meter tubes in both l-in. and */,-in. sizes, 


pairs of tubes which were most nearly identical in internal 

Contributed by the Research Committee on Fluid Meters and 
presented at the Annual Meeting, Atlantic City, N. J., November 
29-December 4, 1959, of THe American Socrety oF MECHANICAL 
ENGINEERS 

Nore opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME 
August 12, 1959. Paper No. 59—A-101. 


Statements and 
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invalid for meters smaller than two inches 
the flow coefficient in three-quarter and one-inch meters 


Small-Diameter-Orifice Metering 


Present equations for calculating the flow coefficient in orifice metering are considered 


This paper develops a general expression for 


One set of six orifice 
Thus, the 


ild be used in both tubes of a pair and the results 


diameter and roughness were selected 
plates was manufactured for each pair of tubes 
same orice wi 
made and 


compare i At a later date additional orifices were 


tested for « irison with the earlier work 
The the tical flow 


the faint possibility that conditions would be encountered whereby 


established. Barring 


equation is well 


‘ 


research would 


the square-roo 


iw might not apply, the basic 
seem to have juite well covered 
Appe 
inknown variable 
this 


particular set ol conditior s 


Of all the factors entering 


into the equatior i, it ared that the discharge coefficient 


would be the True, it, in itself, is a 


function of Reynolds number but factor could be made 


constant, or nearly so, fe 
In theor 
plete 


r one 
with the phy 


identical, any 


then, sical characteristics of each con 
init nearly differences in the observed flow 


coefficient at the same Reynolds number in either tube should 


be attributable to only accidental errors of observation 


Test Apparatus 


A study of laboratory facilities used in previous experimental 
work of this nature engendered a belief that a facility, such as 
illustrated in Fig. 1, would be most adaptable to the needs of 
the project 3y this scheme, water is transferred from a main 


storage tank to a constant-level (suction) tank, thence to the 


test line by a centrifugal pump. A system of valves makes it 
possible to take only a part of the total pump output through 
the test section This not only avoids overloading the pump 
but is found to be very useful in that some manipulation of the 
valves always has the effect 


surge at high rates of flow 


nearly of subduing manometer 
A surge tank is installed between 
admitted at the 


top of the tank to serve as a cushion against pulsation or surge 


the pump and test line; air pressure may be 
The approach section to the meter tube proper is approximately 
® ft in length and of the same nominal diameter as the meter 
tube Rates of 


stream valving 


flow are regulated by both upstream and down- 

A riser of 2-in. pipe leads from the downstream 
section to a diverter which directs the flow of water into a weigh 
tank or to waste 


All piping is stainless steel; surge tank and 


diverter are of galvanized carbon steel 


Water Measurement 


A scale of 4000-lb capacity is used for weighing water which 
The scale is of the double- 
beam type with the smallest increment being '/: lb. 


flows into a 60-cu-ft aluminum tank 
To mini- 
mize weighing error, a minimum weight run of 500 lb is used 
The weigh tank is equipped with a 2-in. snap-acting drain valve 
For the smallest flows a 20-gal drum is used in combination with 
a 250-lb-capacity scale 


Manometers 


A 100-in. plastic 
tubes coupled at the tops to an air supply by which up to 20 


water manometer is constructed of 2-in 


psi air may be admitted to hold the water meniscus at some 


readable level. Upstream and downstream pressures are trans- 
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mitted via '/,in. plastic tubing to the manometers. For temperature, manometer temperature, and flowing temperature, 
larger differential pressures mercury manometers are manifolded as well as air pressure over the water manometer, are noted at 


into the system. These are of 40-in. (U-tube) and 100-in. alternate manometer readings. 
(well-type) ranges. 


Data Recording 


Procedure For ease of computation the factors which make up the general 

A predetermined differential pressure is set on the manometers _ flow equation and the physical conditions — determine them 
using the upstream 2-in. valves for the rough setting and the are first listed on the master work sheet, Fig. 2. Thus tempera- 
downstream (l-in.) valve for the final adjustment. A tare ture of the flowing fluid is listed along with the corresponding 
weight for the scale is determined. The diverter is tripped density and viscosity. The temperature of the manometers 
(shunting the water flow from waste to weigh tank) and automati- determines the density 
cally starts the timer. Readings of the manometer are made 
at least once per minute but at random time intervals. Room 


of the manometer fluid and the room 
temperature along with a pressure gage determines the density 
of the air over the water column. The differential pressure is 
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Fig. 1 Schematic piping diagram of Flow Research Laboratory 
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Fig. 2 Orifice-coefficient calculations 
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converted to head in terms of feet of flowing fluid. 
of 


Weight of 


water collected and lapse of time are, course, recorded 


directly 


Plotting of Results 


It will be noted that for every value of C (or K) listed on the 
work sheet a corresponding Reynolds number has been calculated 
The most natural way to present these figures would seem to 
be a direct. plot of coefficient versus Reynolds number 
in 1935, Prof. 8. R 


an easier method of analyzing and presenting results such as 


However, 
Beitler of Ohio State University developed 
these. This was to plot the coefficient against some function 
of the reciprocal value of the Reynolds number (A 


A 
OS6A BY INSPECTION 
SLOPE 


EQUATION 


OONs6a 
S56” 


BY GENERAL 
BY GENERAL 
BE P-6 
TAPS CORNER 


BETA 5 
TEST RUNS 


Fig. 3 Plot of flow coefficient K versus \ where \ = 10°/\/Rp 


Table 1 


B 


“& 


Size Letter 


3/4' o .00048 


00151 - 5961 
-00806 
- 00806 
00829 


-5972 
-6058 
- 6000 


.02547 
.02547 
02547 
02547 


6045 
.6095 
-6091 
. 6084 


.06331 
.06218 
-06223 


-6230 
-6222 
-6227 
-1228 .6479 
. 2410 
. 2401 


- 6820 
-6768 


- 2390 
. 2390 
. 2390 


- 6887 
-6875 
- 6847 


- 5999 


- 6000 


- 6046 
- 6044 


-6116 
-6135 


-6225 


-6452 


- 6862 
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Line 1 Equation 
a 
0.6029 + 0.00050a 
.00128 
-00114 
-00117 
-00103 
001% 
-00130 
-00152 
.00144 
-00190 
.00167 
-00212 
-00271 


-00362 
. 00480 


.00325 


-00343 
-00374 


-00053% 
- 00048 


00081 
-00071 


00107 
-00080 


-00136 
- 00246 


.00403 


This method is illustrated in the sample plotting of Fig. 3. 
Here the computed values of K are plotted as 
against A (line 1). 


the ordinate 
At the same time a center of gravity, as 
determined by the arithmetical average of the computed values 
of K, is indicated 
line most representative of the points is drawn through the center 


By the method of least squares a straight 
of gravity. The equation of this line is written in the slope 

K = 0.6225 + 0.00136A. The foregoing 
procedure is followed for every combination of orifice and tube, 
Table 1. The equation for each combination is delineated by at 
least ten test points 


intercept form as 


Having determined the equation for each set of points as 


indicated, it becomes necessary to consider the slope term only 


Q-ae" test 
Q- 1° TEST POTS 
GENERAL SLOPE FACTOR = (0.00075 + 4013 4°) 


POINTS 


Fig. 4 Plot of slope factor versus 6°, for all test points 


Equations representing lines 1, 2, and 3 of Fig. 3 for each orifice plate and tube 


Line 3 Equation 
(By Combined Slope 
and Intercene 
_Correlations) 


Line 2 Equetion 
(Using Correlated 


~~ ae 


0.5982 + 0.000756A -6027 + 0.000756 


-6028 -00077 - 6030 -000770 
.6014 
.6098 


-6031 


000854 
000854 
.000858 


-6053 
.6053 
6053 


000854 
. 000854 
-000854 


-6118 
.6146 
.61%4 
-6119 


-001079 
-001079 
-001079 
-001079 


6112 
-6112 
6112 
-6112 


00108 
.00108 
-00108 
.00108 


-6258 
-6230 
.6273 


-001573 
-001558 
-00157 


-6242 
-6238 
-6238 


.00157 
-00156 
-00157 
.6505 -002348 6446 .00235 
00389 
-00387 


-6852 
-6849 


.00389 
.00387 


-00386 
.00386 
.00386 


-6845 
- 6845 
6845 


00386 
.00386 
00386 


-000771% 
-000771 


-6030 
-6030 


-0007717 
-000771 


-000855 
.000855 


-6063 
-6063 


-000855 
-000855 


-001083 
-001083 


-6113 
-6113 


.00108 
-00108 


-001464 -6239 -00146 


-002435 -6470 -00244 


-003872 - 6848 -00387 
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g* 


Fig. 5 Plot of Ko versus (*. 


Ko is defined by the intercept on the Y-axis 
in Fig. 3, line 2 


for the time being. For each set of points in a particular com- 
bination of orifice and tube, the value of the slope term is plotted 
as the ordinate against its value of 64, Fig. 4. Again, by the 
method of least squares, a line is fitted to the points. The 
equation of the line thus obtained will be the general slope term. 
Now, returning to Fig. 3, a line conforming to this new slope is 
drawn through the center of gravity of the original test points 

Naturally, the procedure as outlined yields a new intercept 
value Ko if the slopes of the original and secondary curves 
differ. The new value is, in turn, plotted against 6‘, one point 
again for every combination of orifice and tube. The equation 
of the line most representative of these points is the general 
equation for the Ko values of all orifices in the test group, Fig. 5. 

There is now a general equation for Ky and a general equation 
for the slope term. The two are combined to form a general 
equation for the flow coefficient K for any value of § or/and 
R , within the limits prescribed by the general test data. Indeed, 
the equation may be used as a basis for extrapolating to conditions 
slightly beyond the test data, probably with slightly more 
accuracy at the larger end (8>0.7). (Actually the equation 
was found to be valid, in one instance at least, at a 6 of 0.135). 

The final step, of course, is to compute, by the general equation, 
a value of K for each value of 6 and Rp in the original test data. 
The standard deviation, percentagewise, between the observed 
and caleulated values of K is thus a measure of how well the 
general equation represents the original data 


Conclusion 


In summarizing the results of 398 tests on 26 orifice-tube 
combinations it was found that a general equation could be 
written describing all tests in both */, and 1-in. pipe size within 
in arithmetic difference of 0.4 per cent. 
written: 


This equation may be 


K = 0.6025 + 0.34384 + (0.00075 + 0.0136*) A 


where A = 108/+/Rp, R, being the pipe Reynolds number. 
The average standard deviation between computed and observed 
values is + 0.5 per cent. 

A correlation of data recorded as a result of a large number 
of additional commercial calibrations with orifice diameters 
differing from those used in the actual test work further sub- 
stantiates the These additional points 
totaled almost as many again as those considered in the test 
program. 


foregoing equation. 
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DISCUSSION 
S. R. Beitler: 


This paper illustrates very well what many of us have believed 
for years, that is, that a properly constructed small orifice could 
be built and give reproducible results time after time if sufficient 
care were taken in the original design and in the workmanship 
of the device. 

It is very interesting to see that, with orifices and pipes con- 
structed under carefully controlled manufacturing conditions, 
very small orifices in small pipelines can be built with high 
reproducibility. It was also of interest to note that one formula 
can be written which will express the average of all these co- 
efficients within plus or minus 0.4 per cent. It is believed that, if 
the same care were taken in manufacturing larger orifices and 
orifice pipes and also if the flow conditions to these orifices 
and orifice pipes were carefully controlled, it might be easy to get 
even higher precision and lower tolerances for flow measurement 
with standard sized orifice pipes, that is in pipes 2 in. and over 

I have only one criticism of the paper and that is, I am a little 
disturbed about the fact that corner taps were used. My ex- 
perience with corner taps has always been that they are very 
much affected by upstream roughness, much more than any other 
type of tap. In connection with this then, these taps might, if 
used with a fluid which tends to deposit on the wall of the pipe, 
show changing coefficients with use. It is my opinion that it 
would have been better and that the results would have been 
just as reproducible if in place of corner taps the one and one 
half D taps had been used. I realize that this presents some 
manufacturing difficulties in sizes smaller than */, in. However 
I believe that it might result in better continued accuracy of 
measurement with these small devices. However, I think the 
authors should be congratulated in showing that coefficients can 
be predicted for small orifice pipes if they ar 
structed. 


properly con- 


C. B. Haughton, Jr.” 


During the past several years the writer has been very in- 
terested in the use of orifices to measure water or other liquids in 
pipes of less than 2-in. size, particularly where the meter in- 
stallation might be made in a location subject to mechanical 
He there- 
suthors’ paper, by 
referring to a paper* which he presented jointly with Mr. R. FE. 
Gorton of Pratt & Whitney Aircraft in 1954. This work, con- 
ducted at the Fischer & Porter Company and at Pratt & Whit- 
ney, showed that mechanical vibration of the orifice plate itself 


vibration from a source outside the fluid stream itself 
fore wishes to inject a note of caution into the 


could cause flow errors of over 50 per cent, depending on the g- 
loading and frequency of vibration. Further, it appeared that 
axial vibration of the plate causes greater errors than transverse 
vibration, probably due to the pumping action of the vibrating 
edge of the hole itself. 


Hence any program of small-diameter-orifice metering in 
which the authors continue to be involved should be carefully 
designed to avoid mechanical vibrations of any sort at the orifice 
plate itself. Otherwise, effects such as described in the reference 
paper might be present and might lead to erroneous determina- 


tions of the discharge coefficients of the small orifice meters. 


1 Office of the President, The Ohio State 
Ohio. Fellow ASME. 
? Staff Engineering Specialist, Flight Propulsion Laboratory De- 
partment, General Electric Company, Lynn, Mass. Mem. ASME. 

3C, B. Haughton, Jr., and R. E. Gorton, “Effect of Mechanical 
Vibration on the Water Flow Through a '/,in. Sharp-Edged Concen- 
tric ASME Orifice in a 1-In. Pipe,” Paper No. 54—A-113, presented at 
the ASME Annual Meeting, November 28-December 3, 1954. 


University, Columbus, 
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V. P. Head* 


The fun of converting data to equations is one of the writer's 
pet vices. Three possibly useful findings are worth passing on 
First is overwhelming evidence in favor of the use of Professor 
Beitler’s A as a general correlation parameter, as opposed to A? or 
10° Rp 


data 


Second is a simple equation deduced from the author’s 
Third is the alarming discovery that the published extrapo- 
lations for flange taps may be in error by as much as 15 per cent 

Che writer’s study was triggered by Fig. 4, showing the slope 
factor versus B*. It would be permissible to have a lower limit 
on the slope, such as 0.00075 of authors’ equation, only if orifice 
Reynolds number were used in defining A. Given any named 
span of finite ptpe Reynolds numbers, the corresponding orifice 

teynolds numbers must approach infinity as 8 approaches zero. 
Further, the upstream pipe becomes an ideal plenum chamber as 
Therefore 


p approaches zero. " slope factor which fails to ap- 
proach zero as B decreases indefinitely, is unthinkable, unless 
additional factor infinity, and it could be 
argued that the width of the cylindrical flat fixed at 0.02D pro- 
vides the “out”’ 


‘tube 


some approaches 
As 0 approaches zero, the orifice approaches a 
whose ratio of “‘length’”’ to bore approaches infinity. It 
However, this 
Still more 
impressive is the visible fact that a parabola passing through the 
After the usual 
painful process of doodling with constants and exponents, the 


would be desirable to decrease this width with 8 
length is only 10 per cent of the bore when 6 0.2 
origin would better match the points of Fig. 4. 
writer obtained the following result, which represents quite well 
the author’s “‘line L’’ values as well as previously published corner 
tap results for larger pipes: 
K 0.6000 + 0.358' + 0.0086°A 

Che authors may wish to see whether this equation will have 

effect on the standard devi 


big. 6 shows a comparison oO! 


tion of their actual test points. 

with the 

ithor’s equation, and with the original correlation equation of 

Par. 307, Fluid Meters fifth edition, for corner taps in larger 
pipes 


Fig. 6 also shows, at 8 


the above equation 


0.65, as imple curved line on this plot 
The 


numbers en- 


which would be a straight line if plotted against 1/Rp 


agreement over the typical range of Reynolds 
ountered in tests with a single fluid illustrates the reason for the 
still too prevalent doubts as to the advantages of the Beitler num- 
ber A. The writer had prepared another equation using 1/R, 
which was every bit as good as the one he presents herein pro- 


rided that no extrapolation hould be atte mpted on either basis 
However, as a final test of relative validity, it seemed likely that. 
for values of 8 up to 0.7, all standardized pressure taps except 


This 


surmise was found to be quite correct with the single exception of 


pipe taps should agree within say 2 or 3 per cent at worst 


flange taps. Moreover, even published flange tap data are sur- 

nal tests, as shown for 8 

If the Beitler number J is valid for corner taps, 1D 
nd 1/2D taps, and vena contracta taps, it is unthinkable that it 

should not be also valid for flange taps. It is now apparent from 
Fig. 6 that the bulk of the supposed effects of absolute size on 


flange taps lay not in the small geometric differences of tap loca- 


prisingly close in the range of the orig 
0.7. I ig 6 


wr yet in the relative roughness factor, but were 


tion, m pipe 
rather 
1/R, 


years 


the accidental result of fitting straight lines of K versus 
actual tests 
Beitler number was recognized 


where the Ry range of the varied with pipe size, 
before the value of the 
Chis observation is perhaps of no consequence in the measure- 
ment of natural gas and other very low viscosity fluids, but there 
are literally thousands of flang« tap meters in the chemical process 
industries where, with molasses-like fluids, the gross errors shown 
It is hoped that the authors will seek the 


may well be real. 


Fischer & Porter 


Researc! 


ASME 


of Hydraulic 
Mem. 


‘ Di ector 
Warminster, Pa. 


Company, 
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CORNER TAPS: 


VPH, A BASE 
—-— AUTHORS 


LARGE PIPES 
«++ VPH a* BASE 


COEFFICIENT 


FLOW 


on 


ee 
= ar ae oe 


A = \000/)/R, 


Use of Beitler number for sharp edged orifiee correlations 





Fig. 6 


opinions of Messrs. Bean and Beitler for their closing comment 
It is suggested that the test span of \ values be added to Table 
1 and that a brief description of the pressure taps be given, sinc« 


standard corner taps of axial length 0.02D would not be com- 


patible with ordinary gaskets, 


L. A. Holcomb® 


The authors’ introduc tory statement that the added « xpense of 


individually flow-calibrating each smaller than 2-in orifice meter 


can sometimes double the cost of the uncalibrated 


unit is an 


understatement in some cases all costs 


Consider, for example, 


related to semiannually calibrating */,-in. orifice meters built 


into subcontractor 


test 


located at missile 


near and far Phese 


missile test equipment 


factories costs include equipment 


disassembly to permit orifice meter removal, orifice meter ship- 


Standards L 


reinstallation 


tor’s iboratory ealibration 


ment to prime contrac 


reshipment, and into original test equipment 


paper will probably 


} 


Since the authors’ permit future small- 


diameter-orifice meter calibration to be simplified to an on-the- 


and 


technical contribution has 


spot inspection of meter run and orifice plate condition 


critical dimensions a very significant 


been m ide 


Convair Division of 
Pomona, Calif Mem 


* Senior Design Engineer, Convair /Pomona, 


General 
ASMI 


Dynamics Corporation, Assoc 
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Che following questions are submitted: 


1 What is the possibility or knowledge of the authors’ flow 
coefficient equation [K = 0.6025 + 0.34384 + (0.00075 + 
0.0138*)A] applying to smaller diameter orifice meters such as 

s, °/s, and '/.-in. sizes? Are test data available? 

2 The flow equation is 
published with many variations in different publications. Is 


theoretical well established, but 
the following ASME Power Test Code orifice flow rate equation 
fluids 


meters measuring air and nitrogen flow? 


for compressible applicable for small-diameter-orifice 
Or is a variation more 
appropriate ?® 


359 CFd*FaY Vh.y 


uv, = 


where 


w, = weight rate of flow, lb/hr 


coefficient of discharge (K = CF) 
velocity of approach factor 
diameter of orifice throat, in. 
thermal expansion factor 
net expansion factor for square-edged orifices 
= differential pressure, in. H2O at 68 F 
specific weight of flowing fluid at the inlet side of orifice, 
lb/ cu ft 


Author’s Closure 


The authors gratefully acknowledge the comments of the dis- 
cussers and will attempt to supply adequate answers to questions 
where space allows. 

In small pipe sizes certainly the problem of geometrical simi- 
larity such as presented by one D and '/,D taps is a manufac- 
turing difficulty, as noted by Dr. Beitler. His comments con- 
cerning tap location are of particular interest when it is considered 
that this subject has been probably discussed informally more 
than any other pertinent to the project. Serious consideration 
has already been given to moving the high-pressure tap farther 
upstream in order to avoid the slight buildup in pressure at the 
upstream face of the orifice plate. Such a move would, of course, 
destroy the symmetry of the pressure tap locations, perhaps to 
the dismay of advocates of geometrical similarity. 

It was, and is, the authors’ conviction, that the precisely con- 
trolled interior finish is the answer to this discusser’s concern with 
The measurement of 
any fluid having a tendency to deposit out on the pipe wall would 
present other hazards of perhaps greater import than pipe wall 
roughness. Such deposits could very easily then occur on the 
orifice plate itself, forming some semblance of a converging- 
diverging nozzle with a, perhaps, very rapidly changing coefficient. 

The phenomenon of plate vibration and consequent error as 


the effect of roughness on corner taps. 


presented in the very interesting paper by Messrs. Haughton 
and Gorton has been noted in the authors’ laboratory at high 
velocities. Where such velocities must be lived with it has been 
found that orifice plates of somewhat greater thicknesses than 


usual may be employed to advantage. A number of such units 


* ASME PTC 19.5.4—1959, Chapter 4, Flow Measurement, Sec- 
tion 7B, Par. 78, Equation 3, page 57. 
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have been manufactured for pressure differentials of 2000 psi or 
more. Such “blocks” generally have a very small orifice with 
a consequent short cylindrical throat and have the downstream 
side bored to form a divergent cone. 

The discussion by Mr. V. P. Head is most thought provoking, 
so much so that a re-examination of all data was carried out. 
It was found that other equations could be formulated, all of 
which fitted the recorded data but not to any better degree than 
that presented by the authors’ paper. It is true that Mr. Head’s 
equation does agree somewhat better with that used for corner 
taps on larger pipe. However, as he intimated in the final para- 
graph of his discussion, ours is a device which differs somewhat 
from the standard corner taps with a consequent possible devia- 
tion in behavior from the standard. 

Mr. Head’s discussion emphasizes a point well taken, that 
of the inherent danger in extrapolation. This has been a point 
of some concern to the authors as actual range of \ values covered 
by test ranged from 2.5 to 14. The newly expanded laboratory 
facility will allow an extension downward to a \ of 1.5 or there- 
abouts. It is not expected that any appreciable deviation from 
the present equation will be found at that point 

The question raised by Mr. Head concerning flange taps is 
obviously beyond the scope of this paper. It is, however, too 
interesting a subject to brush aside lightly. The limits of 8, of 
course, are defined as 0.15 and 0.7 for an accuracy tolerance of 
0.5 per cent. The ASME “Fluid Meters, Their Theory and 
Application,’ fourth edition, tables of K values for flange taps, 
notes in italics those values outside the experimentally determined 
range for both high and low values of Reynolds number. The 
newer (1959) edition defines the lower limit only which would in- 
dicate that such projects as the Refugio, Texas, ‘‘Large Diameter 
Orifice Meter Tests,” an AGA activity, had established the va- 
lidity of the Bean-Buckingham flange tap equation for the higher 
values of Reynolds number 

The discussion by Mr. Lowell Holeomb emphasizes the aspect 


of cost for periodic calibration of instruments. There is a recog- 


nized need by military research groups today for standardization 
in all phases of metrology. once calibrated 
in a manner assuring traceability to some central agency such as 
the National Bureau of Standards, becomes a means of estab- 
lishing measurement compatibility between any 
Bureaus of Ordnance, NASA, atomic energy 
research groups, and all the various departments within these 
agencies, to mention just a few. An increasingly large segment 
of our laboratory work load goes into the satisfying of these 
requirements for fluid metering compatibility 

Random data compiled thus far through the calibration of '/,, 
$/,, and '/,-in. units indicate that some additional factor to ac- 


A reference standard, 


number of 
agencies such as 


count for line size may be a necessary addition to the equation 
defining the flow coefficient. At present, orifices for the '/,-in 
meters are sized according to the authors’ equation. Subsequent 
calibration has disclosed variations as large as 1.3 per cent from 
the true value. 

The equation quoted by Mr. Holcomb is applicable to any tap 
location with appropriate values of K(CF) and Y 
factor). 


net expansion 
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Bellows 


Analysis of Axially Loaded Annular 
Shells With Applications to Welded 


A method is presented for the calculation of stresses and deflections in ring-shaped 
shells of circular cross section, subjec ted to axtal forces 


The solution is derived without 


the restriction imposed for toroidal shells by previous investigators, that the radius of 
curvature of the cross section is to be small in comparison with the mean radius of the 


torus 


arched convolutions used in the construction of welded bellows 


The range of applicability of the method is extended hereby to include the slightly 


By a rational reduc 


tion of the general solution approximate design formulas are obtained for the maximum 
stresses and deflections in bellows under axial forces and the calculated values are 
compared with experimental data 


The General Solution 


we cross section of the annular shell under con- 
The middle surface of the shell is 
generated by the revolution of a circular are of radius b, the center 


sideration is shown in Fig. | 


of which is at an a-distance from the axis of the shell. This sur- 


face is defined by the parametric equations 
a+ bsin dand z —b cos d 

where the variable @ is the tangent angle of the meridional circle 

The shell is assumed to be under an axially symmetrical sys- 


tem of loading, consisting of edge forces V,, V2 and H,, H2, and 
edge moments M,,, Mg, 
The complete solution of the problem entails the determination 


of five stress resultants M,, Ms, Q, Ng, and N¢, acting in the 


' The results of this paper were first presented by the senior author 
in a talk at the Knolls Atomic Power Laboratory of the General 
Electric Company on April 1, 1954, and were subsequently released 
in form of a research report (KAPL-1089 The authors wish to 

their appreciation to the Electric Company for 
making this material available for publication. 

Contributed by the Diaphragm Research Subcommittee of the 
Research Committee on Mechanical Pressure Elements and 
sented at the Annual Meeting, Atlantic City, N. J., 
29-December 4, 1959, of Tue American Society oF 
ENGINEERS 
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papers are to he 
understood as individual expressions of their authors and not those 


principal directions per unit length of an element as shown in Fig 
2, and two displacement components u and w, in the radial (hori- 
zontal) and axial (vertical) directions, respectively, the positive 
directions of which are indicated in Fig. 1. 

It can be shown? that all the foregoing quantities can be ex- 
pressed by means of two functions 8 and WV and their derivatives 
with respect to the @ variable, 8’ and Vv’. 

Of these, 8 denotes the rotation of the meridional tangent, 
positive if clockwise, and V is a function of the horizontal stress 
resultant H, 


? Derivations are outlined in the Appendix 


. 
& 
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Nomenclature 


distance of center of meri- 
dional circle from axis of 
rotation of shell, in 


radius of meridional circle, 


in value of @ at inside edge of 

shell (negative) in. 
b sin 7; (positive), in 
b sin Y2 (negative), in - 
A sin @ < 1 (dimensionless) 


b/a (dimensionless ) 

wall thickness of shell, in 
modulus of elasticity, psi 
Poisson’s ratio (dimension- , 
less ) , 


= Y1iX1 — v 


mensionless 


3.3 (di- 
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mb?/ah (dimensionless ) = 
tangent angle of meridian 
value of @ at outside edge of 

shell (positive) i. 


pw ‘* sin d (dimensionless) 
rotation of meridional tan- 
gent (positive if 
wise ) 


displacement component in 
radial (horizontal) direc- 
tion, in. 

displacement component in 
axial (vertical) direction, 


= total axial load on bellows, lb 
= maximum deflection of bel- 


lows, in. (difference in 


axial displacement be- 


tween inner and outer 
clock- edges ) 


(Continued on nezt page 
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aS Wedd 


bdy~Z 
Fig. 2 Stress resultants 


W = rH V12(1 — v*)/Eh,? 


and is of the same sign as H, the positive directions of which for 
positive and negative values of @, respectively, are indicated by 


H, and Hi, in Fig. 1 


By means of these 8 and V-functions we can write for the stress 


resultants 


Ms 


= (2 ge X cos g 8 
mb 1+Asin@g 
A cos 


Eh* ( a’ + 8 

mb . 1 + Asin -" 

Eh? (* cos @ + Q sin @ 
1+Asin @ 


Mo = 


ma 


Eh? (= 
ma 


sin @ + { 
1+A 


) 
2 cos *) 


sin @ 


Eh? 
WV ‘ 


mb 
where 
mb? 


Vf 121 — v*) 


’ 
ah 


m 


Eh? 


rV are constant 


Since, according to Fig. 2 


Nomenclature 


2, the normal forces Ng and Ng are 
positive when representing tension, and the bending moments Mg 


and M¢ are positive when producing tension on the concave inside 
of the shell, the final stress value og and g¢ in the meridional @ 
and circumferential 6-directions can be calculated as 


Te = Soo + Tos 
on the concave side 
{ 


O¢ = Cop + Fon 


Gg = Gop — Tos 
> on the 


convex side 


09 = Top — Tos 


where the subscripts D and B refer to direct and bending stress 


No No 


h’ h 


6M, 
og = ° Cer 
OB h? 6B 2 


The displacement components u and w will be, at the s 
time, 

a ; 

— (1 + Asin d)( No 
Eh 


—hb SB cos © d¢ 


The general formulas for the 
derivatives, by 
were expressed, 


8 and W-functions and their 
which the 
are as follows: 


means of foregoing seven unknowns 


Q 
B = : {Ah — Bh, 4 
V1+ sing 


{Bh,, + Ah; + Di 
\ sin d 


M 


- { Bhi,’ + Ah’ + Dho,’ 4 
QV1+Asing 


Che,’ 


jQv 
1Q 21 


A cos re) t 


‘OT | + 
“ ‘I X sin of 


B (10) 


a ’ 
= { Ah, 


— Bh,,’ + lo’ = 
QV! + Asin d 


Dha;’ 


as 4 Q’ \ cos @ \ 
+ QT .’} : = Y, (11) 
“ Ps + ' Q 21 + 


\ sin d)f 


where A, B, C, and D are constants of integration, to be deter 





V = vertical force resultant per 
unit length of 
ference, 


circum- 
lb per in. 


horizontal force resultant 
per unit length of cireum- 


ference, lb per in. 


m 


Eh? 


rH (dimensionless ) 


m 
Eh? 


rV (dimensionless) 
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represent the integrals 


y y 
hefiy)dy and 
0 0 


ho(iy)dy, respectively 


tabulated functions of 7 = 
A sin @ 

normal stress in meridional 
direction, psi 

real and imaginary parts of 
the function 7(i2y) | 
lated functions) 

oe =z, 

with respect to y 

lated functions) 


yi 7s 
= J, TAy)dy 


oe normal stress in circum- 
ferential direction, psi 


direct and 


tabu- 


T%4.D; To.B bending-stress 


components in meridional 
direction, psi 


derivatives and 7, 
(tabu- 


direct and bending-stress 


components in circum- 


ferential direction, psi 


Transactions of the ASME 





mined from the boundary conditions prescribed in each case for 
the outer and inner edges of the shell. 

The symbols hy,, hij, he, he,;, T,, T,, Q, and their primed counter- 
The A-functions were first 


parts, all denote tabulated functions 
(7|,* while 


tabulated by the Harvard Computation Laboratory [7 
tables for the 7',, 7';, and Q-functions, and their derivatives, were 
prepared by the authors for the purposes of this paper, and are 
The h and 7-functions and their deriva- 
tives are tabulated according to the variable y = yu’/’ sin ¢, while 
Q and Q’ are tabulated as functions of n AX sind. It should be 
noted that for each type of function the prime denotes derivation 
The prime on the 7'-func- 


given in the Appendix 


with respect to a different variable. 
tions denotes derivation with respect to y, the prime on the h- 
functions indicates derivatives with respect to the imaginary 
argument iy, and the prime on Q stands for derivation according 


od 


Application to Bellows 

Let us consider the case when annular shells are assembled to 
form welded bellows in the manner shown in Fig. 3. Each con- 
volution consists here of an upper and a lower shell, (a) and (5), 
However, on subjecting 


which are practically identical in shape 


Tolai Load } 


@ 

ot , 
a 
——b 
by 4 


-_— 
~ 


Total Load P iP I 


Fig. 3 Welded bellows 


the bellows to an axial force P we find that the system of loads 
acting on the lower shell is a complete reversal of that on the 
upper one. Since the corresponding displacement components 
also will be reversed, one can conclude that the conditions of con 
tinuity between the two shells can be satisfied only if the hori 
zontal displacem«e nt and the angular rotation both vanish at the 

The boundary condi 
u 0 and 8 0 for 


furnishing four equations for the deter 


inner as well as the outer edge of the shell 
tions can thus be written in this case as 
@ y: and @ Y2 
mination of the four integration constants in the general solu 
tion. Details of the procedure for the case of an axial P-force are 
as follows 

Since at an r radial distance from the axis of the shell the verti- 
cal stress resultant is V P/2xr, on substituting this into the 


expression for {2 we find that the latter becomes a constant 


mP 


22 Eh? 


where P denotes the total axial load on the bellows, positive if of 
the same direction as shown in Fig. 3 

Substituting the formulas for Ng and N¢ from equations (3 
we get for the horizontal displace- 


and (5) into equation (6), 


ment 


* Numbers in brackets designate References at end of paper 
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h 


aV’'(1 + Asin d) — vb(V coed + Qsing)} (12) 


mb 


Introducing here the expressions given for V and V’ in equa- 


tions (9) and (11), the condition of u 0 can be written in the 


form 
+ (h 


Ah + Dhe, 


Chi,’ - Dhy,' 


0 13 


Similarly, the condition of 8 0 from equation (8) is obtained 


as 


+ w/2T, = 0 (14) 


r 


wp  o, en 


Substituting now, from Reference [7] and Tables 1 and 2, nu- 
merical values for the h, 7’, and Q-terms, corresponding to the outer 
and inner edges defined by @ ¥: and @ 2, respectively 
four simultaneous equations are obtained from which the con- 
stants A, B, C, and D can be determined. The §, 6’, V, and V 
functions in equations (8)-(11) are hereby completely defined, 
and through them, all the stress and displacement components 


may be calculated from equations (1)~(7 


Design Formulas 
When the 


against rotation and radial displacement (that is 6 = O and u = 0 


inner and outer edges of the shell are restrained 
it the two edges in accordance with the boundary conditions just 
described for welded bellows) the maximum stress in the shell will 


occur in the meridional direction at a certain distance from the 


vertex of the shell toward the inner edge, defined by y ut 


sin @ = 22. The magnitude of this stress is 


b 
To.max = 0.59P 
’ ath’ 


78. max; 


(15) 


The maximum circumferential stress, occurs near to 
the vertex and its magnitude is about 30 per cent less than the 
foregoing 7%. max-value 

The maximum deflection A, 


vertical) displacements between outer and inner edges, can be 


that is the difference in the axial 


calculated from 


Vv 121 — v?) Pb 


F f (16) 
T Eh? 1 


A = 


where F; is a function of y pw ‘* sin ¥:, ¥: being the half angle 
of opening of the shell, and its magnitude for any given value of y 
can be taken from the graph in Fig. 4 

The foregoing formulas remain valid even if the maximum de- 
flection exceeds several times the thickness of the shell, providing 
that the over-all geometry of the shell is not altered greatly in this 
process. In case of very shallow shells, where the depth of dish- 
or 3 times the thickness, the ap- 


limited, of 


ing may be not more than 2 


plicability of these formulas will be course, to a 
correspondingly smaller range in the deflections 
The design formulas in equations (15)-( 16) afford an interesting 


insight into the behavior of annular shells. For instance, it is 


seen from equation (15) that the y-angle of opening of the shell 
has no influence on the maximum stress produced by an axial load 
P. With regard to the deflections caused by the same loading, we 
i that the value of F, in equation (16) is nearly 
‘sin y:. In the 


5.0, which generally covers a range from quite 


743 


find from Fig 
constant for a wide range of the variable y, = yu 
interval 1.8 < y 


SEPTEMBER 1960 





shallow shells to shells with semicircular cross section, the total 
variation of F; is from 1.2 to 1.57. Since F; is nearly constant, we 
find from equation (16) that the deflection of the shell under the 
P-load depends, besides the shell thickness A, principally on the Q=(1+ 
b-radius of curvature of the cross section, and is practically inde- nJ*/s n)'/eJ'/e (1+ n)'/2 
pendent of the distance a and the y-angle of opening of the | 
shell. Providing that 6 and A are kept the same, the flexibility of 020 1.003 009 
a small segment of the shell around the vertex may be nearly the * 040 1.007 019 

1 

l 


Table 1 Auxiliary functions used in analysis 


O11 029 
O15 039 


same as that of an entire semicircular cross section. 059 
By comparing equations (15) and (16) we find that, apart from 

the small influence of 6b on the value of F,, the deflection A is a 019 048 

linear function of 6, while the maximum stress is proportional to - 7 O22 058 

the cubic root of b. This point is of considerable importance since ‘ . po pa 


in practice it is by no means simple to ascertain the exact, or 033 OR6 


equivalent, value of the b-radius of curvature. On account of the 
elastic recovery which takes place after the cold-forming opera- : o 036 
tion on these shells, the curvature seldom remains constant, and = 043 
considerable deviations may occur. Assuming a 10 per cent error 046 
in the determination of 6, we find from equation (16) that this 28 266 050 
will amount to a 10 per cent deviation in the deflection, while the a 
change in the maximum stress of equation (15) will be, at the 25: yon 
060 
063 
rectly the maximum stress than the deflection. This is an unusual 38 356 066 
situation in stress analysis, where ordinarily the reverse is the 
rule, and it is only in the theory of beams on elastic foundation 
where similar conditions can be found. There we find that a 


same time, only 3 per cent. Thus we may say that in an ap- 
proximate calculation of these shells it is easier to estimate cor- 


069 
O72 
074 
deviation in the value of the foundation modulus produces much 8 26 O77 
greater differences in the deflection than in the stress in the beam. 081 
Of course, there is a fundamental similarity between problems of O84 
axial symmetrically deformed shells and those involving beams on O86 
elastic foundations, and the foregoing feature is merely a further o4 Si as O89 
evidence of this relationship. — . ‘ aoa 

\ graphical illustration of the preceding conclusions is shown ; 
in Fig. 5. The three shell segments shown there in the first three 096 
figures have identical a, b, and h-values, and differ only in their y ‘ 55s 099 
angles of opening. Calculating in each case the A-deflection and 
the max @ stress values, we find that, in spite of the considerable 
difference in size, all three shells have about the same strength 
and flexibility. The deflection of the smallest segment, in Fig. 
5(a), is only 24 per cent less than the deflection of the largest 
shown in Fig. 5(c), while the maximum stress due to P remains the 
same. Thus the small segment is capable of replacing the large 
section for most practical purposes. 

The same design formulas are also suitable for estimating 
stresses and deflections in multiple corrugations of the type 
shown in Fig. 5(d). By comparing two adjoining corrugations we 


26 30 42 46 





+ y,-¢ ay. 

| somes | 

n-VAT=33 | 
Formula for Spring @nstant’ 5 


Doundary Condilions u-0, -0 





Fig. 4 Parameter for spring constant 
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Table 1 Avxiliary functions used in analysis (continved) 
nd */s Q = (1 + 9)'/J'’* (1 4+ 9)'4 Q'/r»Q 
0 l l 0 0000 
—0.0201 0.9959 0.9899 0.204: 9979 
—() 0402 0.9918 0.9798 0.2093 9957 
—(). 0607 0.9876 0.9695 36 9935 
—(Q) O813 0.9833 0.9592 . 5 9912 


—0. 1021 0.9789 0.9487 224: 9896 
—0.1246 0.9744 0.9381 22 9870 

1442 0.9697 0.227 2336 9842 
—(. 1654 0.9650 0.9165 2 9822 
—0.1870 0.9611 0.9055 247 9801 


2088 9561 0.8944 2521 9769 
2308 9511 0.8832 2506 9746 
2527 9458 0.8718 2665 9710 
2753 9405 0. 8602 275 9692 
2982 9358 0.8485 282: 9653 


3213 9302 0.8367 2926 9632 
3443 9254 0.8246 3007 9599 
3679 9193 0.8124 311: 9572 
3917 9132 0.8000 3° 9534 
4161 9078 0.7874 33: 9504 


4400 9012 0.7746 3433 9461 
4645 8954 0.7616 35 9416 
4897 8884 0.7483 3688 9377 
5152 8820 0.7348 3832 9335 
5405 8747 0.7211 398) 9290 


5675 8678 0.7071 3f 9250 
5938 8606 0.6928 34 9197 
6210 R531 0.6782 45: 9149 
6479 8445 0.6633 4752 9089 
6763 8364 0.6481 4992 9032 


7050 8278 0.6324 525 8978 
7341 S188 0.6164 554: 8911 
7635 8004 0.6000 586: R846 
7946 7995 0.5831 9215 R766 
§242 7890 0.5657 6629 S687 


8561 7786 0.5477 7087 8607 
8878 7668 0.5292 7607 8512 
9178 7541 0.5099 8220 8412 
9530 7405 0.4899; 8944 8301 
9875 0.7266 0.4690 9773 8177 


74 


x 


find that the direction and magnitude of the applied forces are and u = 0), while in Case II the edges were simply supported 


about the same for both, while their shape is the opposite, one (WY = 0 and My = 0). Only the first of these cases represents 
being convex and the other concave. Hence we can conclude that conditions which can actually occur in connection with bellows 
if each corrugation is independently and freely supported, the The second case, which involves simply supported edges, is pre- 
neighboring end points would tend to move and rotate in opposite sented here merely for sake of comparison. As a matter of fact, 
direction. Since the continuity of the material does not permit the preliminary tests and calculations made in this series dealt 
any such difference in displacement or slope, we find that the only with simply supported shells because such edge conditions 
juncture points will be subject to approximately the same edge were the easiest to reproduce experimentally 

conditions which were assumed in the derivation of the formulas in The methods used for determining the exact dimensions of the 
equations (15)-(16); namely that 8 = 0 and u = 0 at both edges shell and the constants of its material ( Monel 
The maximum stresses and deflections calculated on this basis in the next section on experimental procedure 
from the design formulas for the corrugated shell of Fig. 5(d) are the measurements were as follows: 

shown with the same figure. It is seen that the contribution of 
each corrugation to the total deflection under the P-load is very 


will be described 
The results of 


Modulus of elasticity, E = 27,000,000 psi 


Poisson's ratio, y = 0.32 
nearly the same and hence the deflection curve of the center line 


of the entire diaphragm is a straight line. The strength and 
flexibility of this shell under axial loading is about the same as of 
that in Fig. 5(c) 


Radial distance of vertex from axis, a = 2.94 in. 
Radius of curvature of cross-section, b = 1.38 in 
Thickness of shell, A = 0.023 in. 
Angle of opening at outside edge, y,; = 0.792 rad = 4 
Angle of opening at inside edge, y. = —0.737 rad = —42° 15’ 


Numerical Solutions and Their Comparison With Test Results 


The difference between these two angles is due to the circum- 
For the subject of this comparative study a typical dished shell 


stance that the inside edge was at a slightly higher elevation than 
was chosen that is being used at present by one of the manufac- the outside edge, in order to facilitate the welding of adjoining 
turers in the construction of bellows. This same shell was in- convolutions in the construction of bellows. 

vestigated analytically, and tested subsequently, under two types From the foregoing data the following constants were calculated 
of edge conditions. In Case I both edges were restrained (G6 = 0 for use in the subsequent analysis: 
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Jotal Load P h-ourw" 


. 3p 
dy S 4= S354 ? 
max 6 = 248 P 
Y- 179 
4°18 


Boundary audios 
aa Zach Crise 
U-0, A-0 


6 


7 y h- 0019" 
| 


4, 2.8 
2) %-1a00| tT 
' Jno S76 . 


| 
» Y 
Y,- 35; waar Oe AEP 
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| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 


A009", maxd™ 


| 


ov . 
244+ 2 Si wf 


Fig. 5 Comparison between various shell shapes 


A = b/a = 0.469, m 
u = mb*/ah = 
r the outer edge 
c b sin ¥,; = 0.982 in. 
m = Asin ¥; = 0.334 
y= (u'/*/X)m [J(m)]*/* cos ~? 
For the inner edge 
, = bsin y: = —0.928 in. 
A sin Ye —0.316 
= (m'/*/X)m2[J (ns) |"/* cos 


Che dishing to thickness ratio is defined as 6/h = b(1 
For the shell under consideration 6 Ih = 17.9. 


— cos Y h 


The principal parts of the analysis will be outlined separately in 


the following for each of the afore-mentioned two cases 


Case I—Restrained Edges 

Assuming that the P-load will be acting downward at the 
circumference of the inner edge, the vertical resultant V will be 
negative in accordance with the notation indicated in Fig. 1, and 
we will have for the loading function the constant 

mP 
~ Qe Eh? 


c? on 


By substituting numerical values from the tables into equations 
(13) and (14), the conditions that u = Oand B = Oat @ = y; and 
at @ = ‘2 are represented by the following four simultaneous 
linear equations 


—7.78A — 16.00B + 0.007C + 0.020D = —0.2402 
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Table 2 Real and imaginary parts, T, and T,, of the function Tiy), and 
their derivatives with respect to y 
y T qT; / iF 
. 28790 0 
. 28291 .09368 
26803 18607 
24353 27593 


20987 36207 


U3850 
93247 
91333 
88104 
83901 


.09969 
19751 
.29165 
38040 


16768 
11771 
06087 
99814 
93062 


.44338 
51886 
58765 

.64903 
70244 


.46219 
.53564 
59958 
65311 
69557 


78552 
72268 
65189 
57469 
.49275 


.85941 
78568 
71057 
63520 
56063 


74748 
78394 
81177 
83110 
$4217 


72659 
74608 
75423 
75114 
73840 


40775 
32144 
23545 
1514) 
O7076 
48784 
41772 
35105 
28849 


23057 


84541 
$4133 
83059 
$1387 


79197 


71595 
68515 
64713 
OOS LS 


55457 


00516 
O7524 
13856 
19440 
24229 
17768 
13010 
08796 
05129 
01998 


76568 
73585 
70328 
66877 
63308 


50267 
14872 
39401 
33964 
28670 


28197 
31338 
33669 
285992 
DIL) 


36047 


00612 
02733 
04394 
05639 
06504 


59690 
56087 
52554 
49139 
15881 


23604 
LSS48 
14456 
10878 
06946 


36205 
35765 
34811 
33420 


51682 


07044 
07294 
O7311 
07128 
06797 


42812 
39952 
37320 
34918 


32755 


O3873 29673 
25173 
PRR >» 
20486 


OLZ58 
VO90S 
02635 
03961 


06348 
05824 
05248 
04652 
04057 


30818 
29108 
27601 
26297 


25158 


O4919 -0. 18225 
05549 ~(). 16053 
O5889 —(. 14040 
05992 —().12174 
O5884 0. 10509 


03481 
02936 
02432 
01982 
01576 


24191 —0 05634 —(0) 09010 
23347 —0 05243 —() 07724 
22642 —(). 04798 -0. 06601 
22019 —(0 04264 0.05675 
21503 —() 03752 -(). 04895 


01237 
00932 
00704 
00488 
00372 


21034 —0.03184 —0.04277 
20644 —0.02699 — 0.03785 
20273 —( 02169 —0.03401 
19958 —(0.01770 0.03134 
19640 —() 01356 —() 02914 
00211 


19369 —0.01030 —() 02802 


182.60A — 65.65B — 0.213C — 0.101D 3.3912 


0.002A — 0.028B — 9.120C — 10.400D —0.2852 


—0.154A + 0.124B — 87.670C + 10.017D = 3.228Q 


The solution of these equations gives for the integration constants 


A = —0.02882, B = 0.02892, C = —0.00432, D = —0.06612 
The principal parts of the rest of the analysis are shown in 
tabular form. 
Case I—Numerical solution and stress values on convex and 
concave sides of shell, Tables 3, 4, 5; and a comparison between 


the calculated and the measured values of the resultant stresses 
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a4 and og on the convex side of the shell is indicated in Fig. 6. A cos 


, + 3=0 
i+Asnd 


The spring constant P/A was calculated on the basis of equa- 
tion (7). The deflection, that is the relative vertical displace- 
ment between the outer and inner edges, is defined as 

mbP  g 
A= @ ©08 odd 


2r Eh? F 


@ = y, and at @ = ¥2 


By means of equations (9), (1), (8), and (10) these two boundary 


~ ‘ ;, , conditions can be written in the form 
rhe integral in this formula was evaluated by Simpson’s one- 


third rule, getting thus 


eo). 79% 3 
cos ddd = —2.96 

0 

0.737 ~* 


This gave for the spring constant P/A = 6700 lb/per in., while 
the corresponding experimental value was found to be P/4 = 
6920 lb/per in 


Case 11—Simply Supported Edges 


( 


The loading function © will b 
that is, &2 = mP/2xEh* 


To satisfy the conditions of simply-supported edges, which in- 


same no 1s in Case I 


volve no restraints against horizontal lispl ements or rotations, 
we must have H O and M 0 at both edges. This means 
that 


Case I: Numerical solution 


0.316 

-0 300 

0.240 

-) SO 

0.120 

0 O60 —). 
0 —5. 
0.060 - 
0.120 —s 
0.180 —1.% 
0.240 0 
0.300 U.¢ 


Fig. 6 Case I, restrained edges (uv = , - stress components 
0.334 0 


oe and oc on convex side of shell 


Table 4 Casel: Stress valves on convex side of shell 


. — B Sa 06,1 
—(). 316 79.1P OP 1.9P 5.3 27 .2P 
—0). 300 92 P 17.0P 54.9 P 6P ; 23.1P 
—0.240 2 —45.2P 35.9 P 33.9 P 3 20.8 P 
—0. 180 124 OP 3.0P 3.0P —21.2P 
—0.120 10.40 P —155.0P 5.0P iP 3. —90.6P 
—0) 060 6.10 P -104.0P 98 .0P - 5: —132.0P 
0 0.05 P 0.3P iP 94.° . —116.0P 
0.060 -5 0O1P 93.6 P , 6P 7 —57.9P 
0.120 -7 44P 132.0 P OP 31.6 7.0P 
0.180 -7.24P 108 OP OP f ( 15.9P 
0.240 —5 68 P 52.3P 6P 41.5P 
0.300 —4 42P —13.4P 7.8P ( : 4 &8P 
0.33 -4.14P -—65.1P 2P ( —21.7P 


) 3 oe 


Table 5 Casel: Stress values on concove side of shell 


Te.D Te.B »D 

316 7.94P —79.1P 9 P 

300 92 P —47.0P 3¢ P 5.6P 
240 9 26P 45.2P 54.5P 3.9P 
180 1.20P 124.0P 35.0P 23.0P 
120 10 P 155.0 P OP iP 
060 5.10 P 104.0 P OP 77.7P 
05 P —0.3P 3P 94.2P 
060 5.01 P —93.6P 6P 70.1P 
120 7.44P —132.0P OP 24.6P 
180 24 P —108.0P OP 5.0P 

240 5.68 P —52.3P OP iP 7.3P 

0.300 —4.42P 13.4P 9.0P 9P : 11.0P 

0.334 —4 14P 65.1P 51.0 P 9P 19.9 P 
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Bhy + Ahyy + Dho, -+ Che; -+ uw QT; 0 


A cos o 
l 


(0.5 — nt (Ah, — Bhi; + Cha — Dho; 


Bh,’ + Ah’ + Dha,’ + Cho,’ 


— p/QT,') = 0 


Substituting here numerical values from the tables we get four 
simultaneous equations 


16.030A — 7.783B — 0.020C + 0.007D 


1.2432 


-68.530A + 176.60B — 0.099C + 0.221D = —1.5612 


0.0281A + 0.0019B — 10.380C — 9.117D 


— 1.3882 


0.12384 4 7 


0.14948 + 8.642C + 89.190D = 0.817Q, 
the solution of which is A = 0.09052, B = 0.02642, C = 0.13800 
D = —0.00442. 


The rest of the calculation is outlined in a tabular form (Tables 
7, 8; Case Il—Numerical solution and stress values on con- 
vex and concave sides of shell). 


0, @, 


Experimentally obtained stress 
values on the convex side of the shell are indicated in Fig. 7 
The analytically derived value of the spring constant was P/A 


Table 6 Case Il: 
B/Q v/Q 
—1.02 0 
—0.88 
—0.31 

26 

25 

15 

79 

00 

31 

51 

56 

71 


97 


Numerical solution 
B’ 
0.16 
3.94 
—0.97 
—11.70 
—16.10 
— 10.60 
0.83 
10.70 
14.10 
10.10 
2.53 
—2.83 
0.08 


? 


+ 
—21 
-—17 
—Y 
-4 
6 

16 
19 


n Q Q 
—0 
—0 
—U 
0 
—0 
—U 
0 
0 


316 
300 
240 
180 
120 
060 


70 
10 
52 
DE 


«wd 


40) 
60 
SU 
90 
54 
15 
50 
90 
5.40 


060 
120 
0.180 
0.240 
0.300 
0.334 


Table 7 Case Il: 


G¢g.bD 
2.32P 
4.72 P 
9.76P 
12.00 P 
10.90 P 
6.27 P 
—0.12P 
—5.41P 
—8.04P 
—7.88P 
—5.97P 
—3.31P 
—1.25P 


C¢.B 


8P 
4P 
OP 
OP 
5.0 P 
3P 
of a 
25.0 P 
OP 
2.7P 
5P 


Table 8 Case Il: 

G¢.D 
2.32 P 
72P 
76P 
2.00 P 
90 P 
}.27 P 
1i2P 
41 P 
5.04 P 
88 P 
97 P 
31 P 


25 P 


C¢.B 
0 
—34 
9 
109 
153 
105 
0 
—91 
—125.0P 
—91.0P 
ae 
26.5 P 


o 
—0.316 
—0.300 
—0. 240 
—0.180 
—(0).120 
—0.060 
0 
060 
120 
180 
240 
300 
334 


8 P 
4P 
OP 
OP 
OP 
3P 
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= 5700 lb per in., while the experimentally obtained value was 
found to be P/A = 5800 lb per in. 


Description of Testing Procedure 

The tests made for checking the analytical sol 
and II were carriod out with considerable prec 
experience derived from a large number of prelimit 


itions in Cases | 
tions, based on 
It 


was observed in the preliminary experimentation that there were 


ul 
lary tests 


two main sources of error which were likely to « 
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scattering in the results. One ofthese was the presence of ap- 
parently large residual stresses in the sample shells, due partly 
to the rolling of the original sheets and partly to the cold-working 
process of dishing these shells The second source of errors was 
found to be inconstancy of the meridional radius of curvature, 
which was particularly effective in influencing the spring constant 
of the shells 


taken to stress-relieve the Monel samples used in these tests by 


Being aware of these influences, special care was 
annealing. When welded pieces were to be tested, the annealing 
was carried out after welding, and each time some plane coupons 
of the same Monel metal were annealed together with the test 
pieces so that the determination of the material constants could 
be made with specimens which have been subjected to exactly 
the same annealing cycle 

The tension specimens cut out of the annealed coupons were | 
in. wide, 5 in. long, and their thickness was the same as that of the 
shells: 0.023 in 


these test pieces, two on each side 


There were four SR-4 strain gages attached to 
one of which was in the axial 
and the other in the lateral direction. By taking the average 
reading of two corresponding gages on the two sides, the effect of 
transverse bending was eliminated from the results. The average 
modulus of elasticity was found to be E = 27.0 & 10* psi, which 
value was used in the calculation 

In the determination of Poisson’s ratio, the transverse sensi- 
tivity of the SR-4 gages were taken into account. It can be shown 
that the exact value of Poisson’s ratio may be obtained under 


these circumstances as 


where €, and ¢€, are the strain readings taken in the axial and 


lateral directions and & is the measure of the transverse sensi- 
For the 


tests, the value of this constant is‘ k = 


tivity of the strain ages A-8 type of gage used in these 


0.02 


‘RR. Baumberger and F. Hines, ‘Practical Reduction Formulas for 
Use of Bonded Wire Strain G ages in T wo-l Jimensional Stress I ields a 
Proceedings of the 
1944, pp. 113-127 


Society for Experimental Stress Analysis, vol. 2 


The arrangement used for measuring the meridional contour of 
the bellows is shown in Fig. 8. It consisted of a dial gage mounted 
on the stage of a traveling microscope. The smallest division on 
the horizontal slide was 0.1 millimeter, and on the dial gage it was 
10~* inches 


the equivalent curvatures for a large number of horizontal sections 


From the readings taken in this co-ordinate system 


were derived analytically, and it was found that for the annealed 
shells used in these tests the radius of curvature of the meridian 
was very nearly a constant value b = 1.38 inches 
In each type of test there were five positions on the shell where 
strain readings were taken. In each of these positions there was 
one gage in the meridional and one in the circumferential direc- 
tion and, for sake of comparison, the entire set was repeated, 
which was a simple matter in view of the axial symmetry of the 
problem 


of test 


Thus a total number of 20 gages were used in each type 
From the strain readings the stress values were derived 
The maximum 
axial load applied to the specimens was P = 59.1 lb 


by the established bi-axial stress-strain relations 
In deter- 
mining the spring-constants six runs were taken for each test 
piece, deflection values being read for ascending as well as for 
descending loads 
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APPENDIX 
Derivation of General Solution 


The complete solution of a problem involving axially sym- 
metrical deformation of a thin shell of revolution requires the de- 
termination of seven quantities. These are usually chosen as the 
five stress resultants Ny, Ng, My, Me, and Q acting per unit length 
on the sides of a shell element, and two displacement components, 
the radial (horizontal) displacement u and the rotation of the 
meridional tangent £B. 

In order to fulfill the requirements of equilibrium and con- 
tinuity of deformation, the foregoing seven quantities have to 
satisfy seven conditions. 
tions of equilibrium. 


The first three of these are the equa- 
For a shell generated by the revolution of a 
circular are of radius } at a center distance of a from the axis, and 
defined by the parametric equations, Fig. 1, 


r=a+bsin@andz = 


—b cos ¢, 
e equilibrium equations can be written as 
rV)’ =0 
(rH)’ — bNg = 0 
(rM4)' — r’Mg — rbQ = 0 


where primes denote differentiation with respect to the variable 


ngle QD 
vertical and horizontal stress resultants which are related to the 
previously introduced Ng and Q-components as 


The symbols V and H in these equations represent the 


No = Heos@? + V sing 
v= 


(b) 
—H sind + V cos @ | 


The other four equations are furnished by the existing stress- 
strain relationships in an element of the shell; namely, 


N, < Ne 
me oe 


(No = vN¢), 


(a +o 8), 
r 


Et 1 (r’ 
= (Z B 4 v8"), 


12(1 — v?) b r 


z (A5 
Eh ” 
Eht 


A6) 
12(1 


_ p”) b 
(A7) 


where h is the thickness of the shell, Z the modulus of elasticity, 
and v Poisson’s ratio of the material. The symbols e, and €¢ de- 
note the direct strain components in the meridional, ¢, and cir- 
cumferential, @, directions, respectively, which are related to the 
previously introduced u and §-quantities as follows: 


u 
and «= (c) 
rT 


It can be shown that the axial (vertical) deflection w is also de- 
fined by the foregoing quantities as 


— fi(r'B - 2’€g)dd, (d) 


w= 


where the second term in the parentheses becomes negligibly 
small in most practical cases. 

By successive elimination the seven equation (Al to A7), with 
the aid of relationships (a) to (c), can be reduced to two simul- 
taneous differential equations of the second order, each containing 


two of the seven original unknowns. It was shown by E. Reissner 
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[1] that considerable simplifications may be attained by choosing 
for these two unknowns the meridional rotation @ and a function 
W of the horizontal stress resultant H, where 


> V12(1 — »?) - 
Eh? 
The resulting two simultaneous equations are 
L(8) — vAB + wp = 
L(V) + vrAv — pB = G4 
where the differential operator L denotes 
1+Asing 


Li. = : Cocke 4 
sin @ 


A cos @ 
1+Asingd 


( X cos @o 8 
1+ A sir ad 


F = pw cot d 


A? cos o 
G = vA cot @ + ) SZ 
l T \ sin re) 
Clark [2 


Here, following the notations of R. A the symbol 22 


represents the loading function 


b mb? 
A=-, w= and m= ¥Y 12(1 
a ah 
In the following an asymptotic solution of equations (A8, 9) 
will be developed by means of the method established by R. E. 
Langer [3]. In this derivation use will be made of the inequality 


iA sin d| < 1, 


which, as seen in Fig. 1, is always satisfied since A sin @ = 6 sin 
@/a and in any case } sin @ < a.® 
Use also will be made of the fact that for thin-walled shells 


be mb? a? a 
= mi “a” l 


\? ts ah b? h 


5 In all four previous analyses that are known in the literature on 
shells of the toroidal class, by H. Wissler [4], K. Stange [5], J. A. 
Haringx [6], and R. A. Clark [2], the solution was obtained under 
the assumption that A < 1, which is not fulfilled in case of shallow 
shells of large radius of curvature such as used in the construction of 
welded bellows. According to the Webster dictionary the definition 
of a torus is ‘‘the surface of a solid formed by rotating a conic section 
about a straight line lying in the plane of the curve but not intersect- 
ing the curve."" Since the condition of nonintersection is equivalent 
to the statement that A < 1, we find that all the afore-mentioned 
papers dealt with truly toroidal shells, while the present investigation 
is concerned chiefly with the intersecting type that is not toroidal 
in this sense of the word. This is the reason why the use of the term 
‘toroidal’ was avoided in the title of the present paper 

While Wissler and Stange obtained, under simplifying conditions, 
the solution of equations (A8, 9) by means of cumbersome power- 
series expansions, Haringx and Clark recognized independently, 
and at about the same time, that in an asymptotic solution of the 
same equations use can be made of the Harvard tables of modified 
Hankel functions, which were not available in the time of Wissler 
and Stange. 

In basing the present derivation on Langer’s method, the procedure 
of Clark will be followed in general, with the exception of the con- 
sequences implied in his limiting assumption mentioned previously. 
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With the foregoing inequalities in mind, and neglecting terms 
like vA sin @ in comparison with A* cos? ¢, equations (A8, 9) can 
be written in the following sim plifie d form: 

A? cos? QD 3 
1+Asin@ 
+ p(sin dV = F sind 


A sin @)B" + (A cos o)8 


\! cos? 
A cos OV Py 


A sin o)¥’" 
—— ' 1+Asin¢d 


1 + 


~ p(sin @)8 = Gsin @ 


Letting 


these reduce wo 


1+Asin d)U’ + (A cos d)U 


( A? cos? @ \ 
‘ 


ip sin ¢) U = (F + iG) sing 
+ Asin d 
The first derivative in this equation can be eliminated by a change 


of variable 


l i + Asin @) /*W, 


through which, when disregarding the resulting A sin @-term in 
comparison with i sin @, we get 


we ipsing 3 (. Acosd \*l - 


M +Asind j Asin d/ § 
F + iG 


V1 


sin @ 
+ Asin d 


A10 


is known, the 8 and W-fune- 


means of which all force and dis- 


Once the solution of this equation 
tions and their derivatives by 
placement components in the shell are defined, can be obtained as 


= (1 A sin d WwW. 


l+Xsing W, 


X\ cos 2 


T A sin v8) 
A sin @ 


’ = (1 
71 4 


XA cos oO 


W=0) 
A sin & 


+ Asin d 
2(1 + 
where W, and W, denote the real and the imaginary part of W, 
and W,’ and W,,’ denote the real and the imaginary part of W 
Since up >A, the second term in the brackets in equation (A10 
will be small, though not negligible, in comparison with the first 
term, except in the vicinity of @¢ = 0. Under these conditions, it 
is possible to replace equation (A10) by one of the following form: 
d?y ) tu sin d Q”" | 


= . A oe Me Bk CAN 
dd? 


11 + Asin @ Q 4 /1+Xsing 
where 

Y(¢, A QO, A)A(iy), 
h(iy) being the solution of the equation 
d*h 
diy)? 


iy)h = fliy), (A13) 
and Q(¢@, A) is a function chosen in such a manner that the solu- 
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tion of equation 
of equation 
taking 


All 
A110) for large values of M. 


? sin @ ‘s } 
, f (; + A sin ;) do 


Ad, A, w) = p’/43Bw/2)’ | 
| 


will represent a solution asymptotic to that 
This is accomplished by 


Od, A» 


the last two bei g connected by the relation 


dy pi’ 
dp @Q 
All 


we find that in the latter equation we 


Substituting these into and comparing the re- 


A13 


equation 
sult with equation 


must have 


sin 
A sin @ 


QYUF + iG) 

y 
BOoV iI 
Since we are limiting ourselves for the present to cases when the 
shell is subjec ted to edge loadings only, that is to V, H, and Me 
components at the inner and outer edges, we find from the expres- 
sions for F and G A8, 9) that both F and @ will 
vanish if the edge loadings consist only of horizontal edge forces 


In equations 


and moments, while in case of vertical edge force we will have 
F = pu. cot d, 2 being a constant, and G will be at the same time 
negligibly small on account of 4 >A. By substituting into the 
resulting expression the formula for Q from equation (g) we can 


write 


QQu'/* cos @ (3w/2)'/*y'/*2 cos @ 
1+Asin@d ‘)’ + Asin @ 


w’)/*%1 


Using, for brevity’s sake, \ sin @ = 7, the function w(@, A) can be 


evaluated from 
l ” ‘/e 
vod fe) 
VA Jo \i+n 


dn 


Xo, A) = w(n, 
“Pe ” A cos @ 


For values of @ < 20 deg where cos @ = 1, as follows: 


J, (GR) @ 


sn “9 (: is. 135. 
= ) : — I/p 4 nt — od 
. "* @a* 2.4.6" 


wn, A) = A 


/0 


This can also be written in the form 


w(n, A . ( 


1 — 0.300n + 0.161n? — 0.104n* + 0.0746n‘ 
— 0.0568 + 


where 


J(n) = 
. (j) 


Since it was assumed that cos @ ~ 1, the approximate value of 
w(7, A) will be evidently small. A limit can be assigned on the 
bounds of w(7, A) as follows: 

i ' 
~ : n * J(n) 
2 J(n) < true value of |w(A, </}? ( 
(2) ad Pere on bet - XN cos 
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Hence we find that the foregoing approximation can be im- 
prpved if we introduce a correction factor of the type cos" ¢, . 
wich would give hoiy) = E (iy)’ | aH) 02 

s\" : 
a 2 “os” . : 
wn, ) si ( NY ) J(n) cos" $, which have been tabulated by the Harvard Computation Labora- 
tory [7]. 


A particular solution of equation (A14) is ku’ "27(iy), where 


with the value of n between 0 and 1, and suitable value to be 
selected later on. T(iy) is a solution of 
By means of equation (h) the function y(@, A, 4) can be written = 
d?T (iy) 


as - + (iy)T(iy) = —|] 
d(iy)? ; 


: ify 1 72/, »Qg2n/3 
— % J” (9) cor %, or, its equivalent form 
d?T(y) 


while. for w'(@, ) we get — — (iy)T(y) = 1 
d(iy)? 


w'(d, A) = (n/A)~ 741 + 9) 772 
— } f 1 wy’ i bi The particular integral can be obtained in terms of the A-func- 
subs se e ress 8 f ) the las . , . : 
y substituting these expressions for w and w’ into the last tions by the method of variation of parameters which gives 


formula for f(iy), it can be written in the form 


1 . 
42) J(n)} “1 + )'/* cos"? & cos @ T(iy) = Ww }hi(iy) S ho iy)d iy) — heoliy) J hiliy)d(iy)} 


Kw) = —p 
As seen in Table 1, the quantity {J(m)}'/({1 + )'/* remains where 
This means that, since m is 


close to unity for a wide range in 7. 
The best choice 


a negative number, f(7y) will be nearly constant. 
for m is such as to make cos"? @ cos @ ~ 1 while keeping w n, A) 
This may be accomplished is the Wronekian of A, and A». 

Thus we get for the real and imaginary parts of 


as near to its true value as possible. 
hy taking m = —3 Hence we get 


9 4/2 
~ ” ‘ »— 3/5 2 ° 
wn, A) == (7) J(n) cos~ ”* 9, T{y) = -- (<) ‘ere rae ee 


the 7-function 


Q = (1 + n)'/4J"* cos—'/* @, 


Aeos'/?d@ (1+ 7)'2 — J cos" 


Q’ = 
hy, ty \dy, h,,* 


“ = 4J° “4 re n) ‘ n i 

) 

lor small values of @ the latter can be written as u 
= f hefiy)dy, has* 

0 


r ( 
v= ;: 3 = 
(1 +) /* \ 5 


' ] 
. ‘ . ‘ = h Aiyjdy = 
Finally, the function f(7y) is approximated by a constant f : , V: 


fliy) = —p'/Qk, x 2 
I, = f hy (iy)dy = ( ) 
. 3 
0 


where k is the mean value of 
J'/41 + )'/* cos’ ‘0 @, Table 2 gives the numerical values of 7,, 7; and their deriva- 
es , tives, calculated for every 0.1 increment of the argument by 
and may be taken equal to unity in most practical cases. ; means of the foregoing formulas. 
hus when the shell is subjected to edge loads only, equation The general solution of equation (A14) is thus obtained: 


13) is reduced to 
h = (A + Bijhi(iy) + (C + Didheliy) + ku’ QT(y), 


dh , 
eae ta = —hy'/t) ) ’ ; : 
diy)? + (ty)h ke (Al4) which yields an approximate asymptotic solution of equation 
(A10) in the form 


where, as pointed out before, Q = (m/Eh?)rV is constant when ‘ ‘ 

; ‘ : ; [ = i Cc Di)holiy) + ky’ OT(y)} 
axial edge forces are applied, and Q is zero when the edge loadings W Qi(A + Bi)hiiy) + (C + Dijholi Ku T(y)}, 
consist of horizontal forces H and bending moments Mg. 

Two linearly independent solutions of the homogeneous part of __ i 
equation (A14) are furnished by the modified Hankel functions W’ = - W+ = {(A + Bi)h,"(iy) + (C + Di)he'(iy)} 


of ! 's order 
kp’/QT"(y) 


9 9 
hi(iy) = |; "| aH, ASD E cn" | + Q 
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Substituting the real and the imaginary parts of W and W’ into 
, we obtain 8, V and 8’, V’ of equa- 


in the first part of the paper 


the formulas in equation (g 
tions (8) to (11 By means of these, 
the stress and displacement components can be calculated from 


equations (1) to (7 


Derivation of Design Formulas 


In the following it will be assumed that both edges of the shell 
are restrained against rotation and radial (horizontal) displace- 
ment, 8 = 0 and u = 0, corresponding to the boundary condi- 
tions existing in bellows of the type shown in Fig. 3 

In the derivation of design formulas for stresses and deflections, 
the first step is to establish approximate expressions for the inte- 
gration constants. Since for positive values of y, that is at the 
outer edge of the shell, the A,-terms are much larger than the h,- 
terms, the latter can be neglected in comparison. Similarly, in 
writing the boundary conditions for the inner edges, the A,-terms 
may be disregarded in comparison with the A;. A further simpli- 
fication is obtained by taking Q = 1, Q’ = O, and neglecting terms 
With 


these approximations, for a shell that is symmetrical with respect 


multiplied by A, in comparison with those multiplied by u 


to its vertex (y, = —y: = y in Fig. 1), the following formulas are 


obtained for the integration constants 


It es be 


occurs where T has ima 


shown that the maximum meridional stress, which 


m value, that is at y = —1.22, is 
ilways somewhat larger than the maximum circumferential stress 


shell 


numerical examples, i.e., at y = 1.22 


curring near to the vertex of the It was found in the 
that is toward the inner 
edge from the top of the shell, where the maximum stress occurs 


$y neglecting 8 in comparison with its derivative 8’, the ap- 


proximate formula for the meridional bending stress is obtained 


1] 


from equations (1) and (10) as follows 
6M, 
h? 

6Eh 


mb 


{/} 


C? o- 


mP/2rEh* 


rhe bending stresses calcul 


where ind P is the total axial load 
ited from the foregoing expression 
ure usu 


ally quite accurate. By a trial-and-error approach, through 


repeated applic ition of this formula, it is possible to find such 
proportions for each bellows that the meridional bending stress 
will vanish at the welded edges, which is a desirable condition 
In prac tice 

In order to obtain a simple, explicit expression for the maximum 
value of ogg, a further approximation may be made by disregard- 
ing the A-terms ir 


122 m = 33 


comparison with 7',’. Substituting then y = 


ind expressing {2 by means of P, we get 
v/a*/syi/s 


Ton = 0.53Pb 


his formula does not include the effect of direct stress which 


amounts to about 10 per cent of the magnitude of the bending 
at this point 


On the 


stress 


as found in fully executed numerical ex- 
amples basis of these considerations the constant in this 
formula should be increased by a factor 1.10, giving thus for the 


maximum stress in the shell 


Cmax = (To)yei.2e = 0.59Pb*/alh’ 
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Since the axial (vertical) deflection w is obtained by integrating 
8 according to equation (7), the relative displacements between 
the outer and inner edges of the shell under a total axial load P 
will be 


A = Aw), = —2b | 8 cos @ do 


By making use here of a simplified expression for 6, obtained by 
substituting the foregoing approximate values for the integration 
constants, we get for the spring constant P/A the formula 


P wEh? 1 


A Iams F ’ 
where 
o*) + Bhi — ha*) — w'/OT) 


a function of y, = w/* sin ¥ only 


The A*-terms here represent the previously introduced inte- 


r= f rividy 
0 


d against y; in Fig. 4. 


grals, while 


Values of FP, are plott 


DISCUSSION 
Norman C. Dahl 


The authors are to be congratulated on their paper which will 
be welcomed by designers of welded bellows. The present writer 
has had access to the analysis in the form of KAPL Report 1089 
and has made numerous experimental checks of the theory when 
applied to welded bellows of the type shown in Fig. 3. However, 
when the single corrugation results are applied to bellows with 
multiple corrugations in the manner suggested by the authors in 
Fig. 5(d), the calculated deflections are less than those found 
experimentally. The reason for this discrepancy lies in an error 
the authors make with regard to the boundary conditions at the 
juncture between adjacent corrugations. The authors conclude 
“that if each corrugation is independently and freely supported, 
the neighboring end points would tend to move and rotate in 
opposite direction .. . . (and) we find that the juncture points will 
be subject to approximately the same edge conditions which were 
(16 
In fact, if each corrugation is 


assumed in the derivation of equations (15 
8B = Oand u 
independently and freely supported, the neighboring end points 


namely that 
: 0 at both edges.’ 


would tend to move in opposite directions but they would rotate 
in the same direction. As a result, the boundary conditions of 
the juncture between adjacent corrugations are more nearly those 
of Mg = Oand u 0 rather than 8 = Oandu = 0. The effect 
of this change in boundary condition will be to increase the theo- 
retical deflection, and thus bring it into better agreement with 
experiment 


J. D. Howell’ 


In estimating stresses and deflections of corrugated bellows, 
the authors say, “By comparing two adjoining corrugations we 
find that the direction and magnitude of the applied forces are 
about the same for both, while their shape is the opposite, one 
being convex and the other concave. Hence we can conclude that 
if each corrugation is independently and freely supported, the 
neighboring end points would tend to move and rotate in opposite 
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direction.” The writer would like to question this statement as 
to rotation. 

If we examine Fig. 3 and put in circular arrows to denote rota- 
tion, assuming simply supported edges, rotation will be clock- 
wise throughout the right side of shell a and the left side of shell 
b, and counterclockwise throughout the left side of shell a and 
the right side of shell b from the calculations of ease II. Assuming 
that F and A remain “practically independent of the radius a”’ 
with simply supported edges, we may expand shell b until its 
inner edge is the same diameter as the outer edge of shell a. 
Rotation of shell b, with its associated forces and rotations, 
through 180 deg about a diameter perpendicular to the paper 
will then give an arrangement fitting the case of the corrugated 
diaphragm. This rotation will bring the left side of b with its 
clock-wise rotation over to the right side of a with its rotation 
in the same sense. Also, from case Il, we may assume that these 
rotations are approximately equal at the neighboring end points, 
a condition that should increase the deflection considerably over 
that given in Fig. 5(d). 


Melville F. Peters® 


The authors have made a valuable contribution in indicating 
procedures to follow for calculating the stresses and spring con- 
stants in axially loaded ring-shaped shells of circular cross section 
and have given approximate formulas for calculating the maxi- 
mum stress and spring constants in these shells when they are 
subjected to axial loading. The experimental results used to 
substantiate these equations are limited to the curves and the 
plotted measured value in Fig. 6, which gives the stresses in ring- 
shaped shells when the edges of the shells are restrained and Fig. 7 
which gives similar values for the calculated and measured 
The 
values indicated by the curves in the two figures are made upon 


stresses in the shells when the edges are simply supported. 


one shell or like shells and consequently there are no experimental 
results to show that the equations will estimate the spring con- 
stant and stresses in the shells after a plurality of the shells are 
welded together to form a bellows. 

The authors state that in an approximate calculation of these 
shells it is easier to estimate correctly the maximum stress than 
it is the deflection. Substituting the following values a = 2.94 
1.38 in., EF = 27 X 106 lb/in.?, h = 0.023 in., m = 3.28, 
y = 3.50 in the formula shown in Fig. 4, the approximate calcu- 
lated spring constant P/A is found to be 6655 lb/in., while the 
measured value for the spring constant is 6920 lb/in. These two 
values agree to 3.8 per cent which is only slightly greater than the 
agreement obtained between the measured and the calculated 
value on the basis of equation (7). 

teferring to Fig. 6 it will be found that the maximum difference 
between the measured and calculated stress Ggmax nearest to the 
outside edge is 15 per cent and the maximum difference between 
the measured and calculated stress Ggmax nearest to the inside 
edge is 10 per cent. A stress of 172 P lb/in., which is 16 per cent 
greater than the measured stress is obtained for Ogmax when the 
values previously given for a, b, h, are substituted in equation 
(15). Assuming the measurement of the curvature of cross sec- 
tion b is good to 10 per cent, then it follows that since the de- 
flection A is a linear function of b, while the maximum stress is 


in., b 


* Breeze Corporations, Inc., Union, N. J. 


Calculated P/A ecanctl 
Shell 2 
734 Ib/in. 
2162 \lb/in. 


h Shell 1 
0.003 747 \|b/in. 
0.005 2193 Ib/in. 

Shell 1 a 

50 deg 12 min 

—47 deg 25 min 


0.404 in. 1 = 
0.218 in. y2 = 
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Table 9 


proportional to the cubic root of b, that if equation (15) estimated 
the maximum stresses in the shells as closely as equation (16) 
estimated the deflection of the shells, the percentage difference 
between the measured and calculated maximum stress would 
have been only 1 or 2 per cent. 

In assembling ring-shaped shells of circular cross section to 
form bellows it is common practice to have a lip or flat surface 
around the outer and inner edges of the circular portion of the 
ring-shaped shell. These lips are provided to weld the shells to- 
gether to form the bellows and it is known that changing the 
breadth of the lip and depth of the weld will change both the 
spring constant and the stresses in the plate. Furthermore, it is 
well known that the circular portion of the shell is distorted when 
the lips of the shell are welded together. Attempts to measure 
difficuit and the values obtained for the 
changes which take place in the radius of curvature of the circular 
section of the shells during the welding operation cannot be done 
with the procedure outlined by the authors. Attempts to meas- 
ure the stresses in the shells of a bellows when subjected to axial 
loading have proved equally difficult. 

The magnitude of the changes which take place in the radius of 
the curved section of the shell during the assembling of the 
bellows can be estimated if it is assumed the equations are cor- 


this distortion are 


rect, or if it is assumed the changes which take place during the 
welding operation are negligible, the validity of the equations can 
be determined. Neither of these free 
criticism, but if the measured spring constant of the completed 


statements is from 
bellows should show close agreement with the calculated spring 
constants of the shells before the shells are welded together, it 
will probably be safe to assume that the caleulations made on the 
shells can be used to estimate the spring constant of the bellows 

This comparison has been made for two bellows and the values 
in Table 9 give the calculated spring constants of the four shells 
and the measured spring constants of the shells after they are 
welded together to form a bellows 

Alternate shells in a bellows have slightly different dimensions 
to simplify the welding operation and in Table 9 the two shells 
are designed as shell 1 and shell 2. When the bellows are re- 
quired to operate at high pressures it is good practice to make 
the shells which contact the high pressure on the convex side 
thicker than the shell contacting the pressure on the concave side 
tegardless of the thickness of alternate shells the spring constant 
of the pair of shells is obtained by assuming shell 1 which has a 
spring constant K, moves a distance z while shell 2 which has a 
spring constant K2 moves a distance (1 — z) when the bellows is 
subjected to unit displacement by a force P, so that Kyz KA 
— z)and K,z + Kl — z) 
culated. 


P, from which z and P can be cal- 


The agreement of 13 and 10 per cent between the spring con 
stant calculated from the shells and the spring constant measured 
on the assembled shells as shown in column 6 of Table 2, is 
sufficiently good to justify the use of equation (16) in estimating 
the spring constant of bellows based upon the calculations made 
on the unassembled shells, for the s'~ of shells given in Table 9 
Similar comparisons should be m: 
larger diameters and varying thick 
distortion of the shells during the welu 


n bellows composed of 
f shells to see if the 
yperation will give a 

measured spring constant of the bellows which agrees with the 

calculated spring constant of the shells 


Difference, 
Average Measured per cent 
40) 654 13 
75 2420 10 


—Shell 2 


= (0.410 in. v1 
= 0.218 in. 2 = 


47 deg 44 min 
— 56 deg 19 min 
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Authors’ Closure 


Professor Dahl and Mr. Howell are entirely correct in pointing 
out that, in case of multiple corrugations such as shown in Fig 
5(d), the juncture points are not fully restrained against hori- 
The actual situation cor- 
esponds more closely to an almost full restraint against hori- 


zontal displacement and rotation. 


zontal displacement, with a nearly complete freedom regarding 
rotation, 

\ calculation corresponding to this case could be carried out 
by the same analytical procedure as the one presented in the 
paper, but ite effect on the spring constant is likely to be small 
l:vidence of this is seen by 


comparing the stress distribution 


rves in Figs. 6 and 7, the first of which corresponds to fully 
restrained edges, while the second one represents edges completely 
free of restraints, with respect to displacement as well as rotation 
hese two figures are so much alike that in setting up the pre- 
print copies, quite excusably, they were interchanged by the 
The difference is 
shell, which regions are 
known to have only minor influence on the deflection 


printers (they are in the correct order now 


ippreciable only at the edges of the 
Since the 
difference between these two extreme conditions of edge restraint 
resulted only in a 15 per cent change in the spring constant, a 
partial relaxation of these restraints, in permitting the edges to 
rotate, 


would produce merely a fraction of this difference It 


appears reasonable to assume that the actual deflections may be 
ibout 5 per cent larger than the values obtained from the ap- 


proximate design formulas given in the paper. The difference is 


likely to be larger for very shallow corrugations, though in such 
ises, in addition to the uncertainties resulting from the manu- 
facturing process, the load-deflection linearity itself becomes ques- 


tionable, making the accuracy of analytical predictions rather 


sory 


Dr. Peters points out some of t fundamental differences be 


tween manufactured bellows and the presumably equivalent 
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~onfigurations assumed in analytical treatments of this subject. 
These observations, which are the result of Dr. Peters’ extensive 
experience in this field, are most welcome and appropriate. 
The test results quoted by Dr. Peters, indicating a 10 to 13 per 
ent deviation between measured and calculated values of the 
spring constants, may be regarded as very satisfactory, particu- 
larly in view of the fact that the adjoining convolutions in this 
of different thicknesses and, due to 


‘ase were this, the complete 
fixation assumed for the edges in the analytical treatment were 
t full It should be 


not fully realized 
the measured deflection was 13 per cent smaller, whereas in the 


noted also that in the first case 
second case it was 10 per cent larger than the corresponding 


ilculated values, thus making the total flexibility of such an 


sssembly very near indeed to the predicted value 
In the tests reported in the paper, the meridional radius of 
380 in. In 


s, the authors had considerable difficulty in ascertain- 


urvature of the shell was unusually large, 6 = 1 
pite of thi 


ng the magnitude and, particularly, the constancy of this cur- 


vature along the entire shell. For the much smaller convolutions 


tested by Dr. Peters, an equivalent of b = 0.218 in., the true 


value of the curvature would necessarily be much less defined, 


und in case it would turn out to be variable, we would have no 


means to take this into account in the calculation 


lhe differences make one aware of the fundamental problem 
curring in the analysis of any object of design. In such cases 


one has only the choice between two alternatives, either to estab 


lish the true physical characteristics of the object and then repre- 
sent these adequately in the mathematical treatment, or to make 
ertain assumptions in the calculation and see to it that these are 


fully realized in the execution of the design. The manufacturing 


” welded bellows happens to represent a field where neither of 


these approaches can be completely realized and, as long as this 


is the case, the proper use of analytical information will always 


be subject to judicious choice and interpretation based on ex 


peri net 
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Cavitation Problems in Cryogenics 





R. B. JACOBS' AND K. B. MARTIN? 


THE PURPOSE of this paper is threefold: 1 To point out that 
cavitation problems in eryogenics are, in fact, not unique to 
cryogenics, 2 to present an analysis which indicates the basic 
problem areas in cavitation, and which may permit the predic- 
tion of cavitation characteristics, 3 to discuss some of the areas 
where cavitation has been encountered in cryogenies, what has 
been observed, and some conclusions that may be drawn from 
these observations. 

The authors calculate the head depression, below the pressure 
at which vaporization starts (this is not necessarily the vapor pres- 
sure), required to generate a cavitating volume of vapor and say 
that differences in this head can account for some of the differences 
in cavitating characteristics of different fluids. This head de- 
pression can be reduced to the form: 


dv 
Ah, = —! W(N, Q, fluid), (1) 
Vv, 


where the function Y must be obtained experimentally by running 
cavitation tests on the pump at different operating points, and 
with different fluids. A is the latent heat of vaporization, v, the 
specific volume of the liquid, and v, that of the vapor 

Consider the drop in head Ah, experienced by a particle of 
liquid as it travels from the region where the NPSH is measured 
to the region where the cavitation is occurring. If it is assumed 
that vapor starts to form as soon as the static pressure equals 


the vapor pressure, it follows that 


Ah (NPSH) — Ah 


Both Ah, and NPSH are positive, while Ah, is negative.) 
NPSH), — (dh NPSH)2 — (Ah.)2 = (NPSH), — (4A,), 
= aconstant, (3) 

the sul . designate different fluids. 
A second relationship between NPSH and Ah, is presented 
here because it approximately predicts some NPSH’s which were 


where Po ripts l 


measured with liquid hydrogen, liquid nitrogen, and liquid oxygen. 
It is not even as justifiable as equation (2). Because NPSH 
should decrease as (— Ah.) increases, we assume that 


NPSH) (Ah 


a constant (4 


( Ah.) 
NPSH )s NPSH), X : 
. I “a 


The quantity in the brackets is the “cavitation tendency ratio.”’ 


‘Cryogenic Engineering Laboratories, 
National Bureau of Standards, U. 8S. 
Boulder, Colo 

Argonne National Laboratories, Chicago, Ill. 

Contributed by the Cavitation Subcommittee of the Hydrauli 
Division and based on a paper presented at the Gas Turbine Power & 
Hydraulic Conference, Houston, Texas, March 6-9, 1960, of Txt 
AMERICAN SoOcreETY OF MECHANICAL ENGINEERS. Manuscript re- 
ceived at ASME Headquarters, May 12, 1960. 
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The measured values of minimum NPSH required to suppress 
symptoms of cavitation are given in Table | 


Table 1 
Quantity 
Latent heat of vaporization, 
A, cal/g 
Ratio of specific volume of 
saturated vapor to that of 


saturated liquid 50 
Measured NPSH, ft 0.167 


Hydrogen Nitrogen Oxygen 


106.5 50.8 


265 
10.6-15.7 


Fig. 1 is a schematic of the preliminary test apparatus used to 
obtain the data. The pump was a ten stage submersible water 
pump rated at 3450 rpm, 9.7 gpm, and 100 ft discharge head 
Table 2 compares the experimental results with the theoretical 
predictions which are in qualitative agreement 


Table 2 


rheoretical cavi- 
tat ion-tendency 
ratios 


Experimental 
(NPSH 
Fluids ratio 
Nitrogen: Hydrogen 42 
Oxygen: Nitrogen 1.51 to 2.24 
Oxygen: Hydrogen 64 to 94 


Flow measurement is another area in cryogenics where there 
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Fig. 2 Orifice calibration curve 


ire cavitation problems During an investigation to determine 192 inches of liq tid below the vapor pressure These were the 


the behaviors of sharp-edged orifices with water, liquid nitrogen lowest pressures attainable in the apparatus The only way that 


nd lic tid hydrogen, it was not possible to produce cavitation symptoms of cavitation could be produced was to have two-phase 
symptoms as long as pure liquid entered the orifices. With liquid flow entering the orifices; in many tests, even when tt wo- 
nitrogen, the pressures at the venae contractae were as much as phase flow entered the orifices, cavitation symptoms were not evi- 
170 inches of liquid below the vapor pressure, while with liquid dent. Fig. 2 is included here to show the results of some of the 


hydrogen the pressures at the venae contractae were as much as tests 
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